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ADVERTISEMENT 

BY THE EDITOR. 

# 

THE Recreations, Mathematical and Philosophical, of 
M. Ozanam, have always been justly esteemed the most 
rational and complete of all that have ever been composed 
in any country; having gone through numerous editions, 
and been translated into various languages^ even in their 
rudest state and form. 

Many things, however, in the original work required 
much alteration and improvement, in corrections, altera*- 
tions, and additions, to adapt it to the actual improved 
state of the liberal sciences. Accordingly, this task has 
been very ably performed by M. Montucia, the very 
learned author of the celebrated History of the Mathe- 
matics, who has just published a new edition of those Re- 
creations , in four large volumes, embellished with a great 
number of elegant copper plates. Under his hand the 
work assumes a quite different form and appearance, hav- 
ing been wholly new cast and composed, the puerilities 
and improprieties expunged, the materials properly ar- 
ranged, and the whole greatly enlarged, with thé new 
sciences and the numerous improvements that have been 
made for nearly the last 200 years, since Ozanam first 
compiled his .original work. So that the whole appears 
now rather as a new work, of the present times, than a 
new edition of the old one. The circumstances of which 
are particularly described in M. Montucla's own preface. 

The excellence of Montucla*s work, then, has induced 
me to render it still more useful to the English reader, by 
the present translation ; which is also further augmented 
by the addition of many notes, remarks, and dissertations, 
relating to several particulars which have been omitted 

VOL. I. a 
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eren by Riontucia himself; which the reader vrïtt find dir- - 
pcised through all the yolumes and ail the parts of this 
work ; a work in which ivill he found an easy and familiar 
account of every thing the most amusing and curious in 
all'.the branches of the mathematical and philosophical 
sciences: Thus, in Arithmetic; we have the difTerent sys' 
terns and kinds of arithmetic ; short and curious ways of 
computing ; arithmetical machines and Napier's rods ; 
palpable arithmetic ; curious properties of numbers, per-r 
^ feet, amicable, prime, squares, cubes, &c, figurate, trian- 
gular, &c, pyramidal, progressions, musical; combina- 
tions, probabilities, chances, sports and pastimes, divifia* 
tions or guesses, cards, dice, magic squares and clrclss ; 
Political arithmetic, proportion of the malen to the females, 
the numbers of persons of all ages, proportion of births to 
the number of persons and families, £cc, &c, Sic. — ^In 
Geometry, the various properties, constructions, transform- 
ations, and measures of geometrical figures; as triangles, 
squares, parallelograms, trapeziums, polygons, circles, 
luncs, ellipses, spheres, &c; quadrature and rectification 
of the circle ; geometrical problems, botJi on paper and ' 
on the ground ; select and new geometriciil theorems, 
more extensive and general than formerly; the most ad- 
vantageous form and position of the ceils in honey comb. 
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moon, comets, eclipses, constellations, system of the uni- 
verse, chronology, calendars, epochs, Scc^—On Gnomonics 
or Dialling, all kinds of curious dials, both on plane and 
curved surfaces.-— In Navigation, the governing and ma* 
poeuvring of ships, finding the latitude and longitude at 
sea, history of the longitude, &c.— >In Architecture, the 
construction of walls, vaults, arches, bridges, domes, &c. 
—In Pyrotechny, the mixture of powder and composi- 
tions, for muskets, cannon, ail kinds of fire-works, stars, 
rockets, serpents, marroons, jets, wheels, suns, fire that 
burns under water, &c. — In Chemistry, Philosophy, &c. 
of fire, air, water, earth, thunder, winds, hydraulics, hydro- 
statics, barometers, thermometers, hygrometers, air-pumps, 
m^ater-pumps, syphons, fountains, odours, light, heat, 
cold, ice, magnets natural and artificial, electric fire, 
lightening, metals, earths, salts, phosphorus, sympathetic 
-inks, metallic vegetations, perpetual lamps, palingenesy, 
&c, &c. The particulars of all which are stated at length 
in the table of contents at the beginning of each volume; 
besides the more ample account of the whole work, in the 
preface inserted in the first part, by Montucla, the learned 
editor of the new French edition. 

wJ:(^!oc\Xmu \ CHA. HUTTON, 
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SOME ACCOUNT 



LIFE AND WRITINGS 



MO NT UCLA. 



JOHN STEPHEN MONTUCLA, member of the Na- 
tional Institute^ and of the academy of Berlin, censor royal 
for mathematical books, and author of this new-modelled 
and enlarged edition of the Mathematical Recreations of 
Ozanam, was born at Lyons, the 5th of September 1725. 
His father was a banker, by whom he was intended for 
the same profession; but the science of calculations, to 
which he was early introduced, soon produced a discovery 
of the natural bent of his mind. In the Jesuits college at 
Lyons he laid a good foundation in the ancient languages, 
as ^rell as in the mathematical sciences, which enabled 
him afterwards easily to acquire a competent acquaintance 
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in the united societies of the literati, such as Diderot, 
Dalembert, Degua, Lalande, Blondel, Cochin, Courtou» 
le Blond, Sec, among whom he found friends for the rest 
of his life, and which fixed and determined his choice and 
pursuit of the mathematical and philosophical sciences, in 
which he afterwards distinguished himself in so eminent a 
degree» It was only in relaxing and unbending his mind, 
from such severe exercises, that he could sometimes 
occupy himself privately on «subjects of less magnitude: 
such as when he in a mank " made an entire new book of 
Ozanam's Mathematical RecreaiL v^^ by the multitude of 
articles added, abridged, or substitutc«I on which occasion 
he had so closely concealed from every ^'erson the secret 
of bis concern in that neat and improved ec^tion, that the 
work was actually sent to him to examine ai; ^ authorize 
in bis capacity of public censor for mathematical ^ooks, an 
honorary office to which he had some time befoi i been 
appointed. To the last edition of these Recreations how- 
ever, from whence these four volumes have been trans- 
lated, he set the initials of his name* ^ 

Many other pieces were in the like anonymous manner 
composed by Montucla ; among which may be here noticed 
an ingenious ^nd learned History of Researches relating to 
the Quadrature of the Circle j published in 1754; a work 
very interesting, on account of the number of speculators 
who have gone astray after that seducing phantom, and 
of the curious properties which the researches have given 
rise to« 

On occasion of introducing into France, in 1756, the 
practice of inoculation, which had been brought to Eng- 
land in 1721, by lady Montague, on her return from Con- 
stantinople, Montucla made a translation from the En«- 
glish of the principal writings on that subject, which he 
added to the Mémoire of la Condamine. 

In the year 1758, came out Montucla's grand work, the 
History of Mathematics y in 2 large volumes in quarto: a 
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work of profound reading and learning, and upon whicbf 
young as he was, he had spent a great many years of Ms 
life. This performance, of immense labour and erudition, 
published at 33 years of his age, justly procured to tbe 
author a most distiuguisbed place in the learned world. 
This history, so truly admirable, whether we comdder tbe 
extreme clearness and precision with which tbe subjects 
«re treated, or the profoaml learning it exhibits, haviag 
been long out of print, the'''<'athor's employment under 
the government, as first comr-'isary of the king's build- 
ings, for many years pr»-":nted him from fully yielding to 
the solicitations qf ^is learned friends, to cootinue the 
work through t'.o iSih century, in a new and enlai^ed 
edition. But the unfortunate loss of his fortune and em- 
ployment,' ly the late revolution in France, left him but 
too muc^i leisure for that purpose. Tbe consequence, 
bappy II this instance for the sciences, has been a new 
edition in 4 large volumes; in which the history is con- 
tir led down to the end of tlie 18th century, and the for- 
mer parts also very much enlarged and corrected. 

In 175$, Montucla was elected an associated member of 
the academy at Berlin. And in 1761 he was placed at 
Grenoble as secretary to the office of intendance, where 
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inserted near the enH of the 4th volume o^ these Re- 
creations. . 

Soon after his return, Montucla was s^ppointed at Ver- 
sailles to the honourable and profitable office of first com- 
missioner of the royal and public buildings ; an employ- 
aient which he executed with great ability and usefulness 
during more than 9,5 years, till the overthrow of the mo- 
narchy put an end at once to his office, and the little for- 
tune his regularity and œc tomy had enabled him to save, 
throwing him again on the world, in his old age, naked 
and stript of every -thing except his integrity, and the love 
and respect of his friends ! 

The modesty and integrity of Montucla were not less 
remarkable than his erudition. * He was offered a place in 
the Academy of Sciçnces of Paris ; which' through deli- 
cacy he refused, as he felt he should not have Jeisure. suf- 
ficient properly to attend to the duties of it. The por- 
tions of time which others would give to their pleasures, 
or amusements in their families, he always devoted to the 
details of the duties of his office, or to his studies. The 
translation from the English, of Carver^s Travels in North 
Amerkay was the sole monument of his pen, during that 
long interval. And even this was produced properly in 
the faithful discharge of the public duties with which he 
was charged. Being particularly entrusted by the govern- 
ment with the correspondence relating to the voyages 
which it ordered, he made it his duty and care to collect 
all the accounts he could find relating to such enterprizes 
by other countries. With this view, at first onlj' amusing 
his family with the reading of Carver's travels, finding it 
entertaining and instructives, he completed and published 
the whole translation. 

Montucla was named a member of the National Institute 
from the time of its commenceitient. And the govern- 
ment of 1795 employed him in examining and analyzing 
the treatises deposited in the national archives. Ha was 
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named professor of mathematics of the central school at 
Paris ; but the bad state of his health would not permit 
him to accept it ; and the Department honoured faio) with 
« place in the jnry of central instruction. But a place in 
the office for the national lottery vas the only resource for 
his family during two years ; a pension of 2400 francs 
(lOOl.), giren him by tlie minister Neufchateau on the 
death of Saussure, and which he enjoyed only four months 
before his decease, which happened the 18th of December 
1199. It was chiefly occasioned, as it often happens to 
literary and sedentary men, by a retention of urine: leav- 
ing a widow, as also a daughter, married in 1783, and 
a son employed in the office of the minister for the in- 
terior, 

Montucia was one of the many considerable mathe- 
maticians of the I Sth century; being well acquainted with 
all the branches and improvements in those abstruse sci- 
ences. His taste however, always chaste and clear, led 
him to prefer the pure and luminous methods of the an- 
cient mathematicians, and to blame, in the French and the 
Germans, the great neglect of the same principles, which 
they showed on all occasions by their preference of the 
mere modern analysis. 

qualities of his heart too Montucia was truly esti- 
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OZANAM, 

THE FIRST AUTHOR OV THESE 

MATHEMATICAL RECREATIONS. 



JAMES OZANAM, whose fame is established as an 
«minent Mathematician, was born at BoUgneux in Bressia, 
in the year 1640: he was descended from a family of 
Jewish extraction, but which had long been converts to 
the Romish faith, and some of whom had held consi- 
derable places in the parliaments of Provence. Being a 
younger son, though of an opulent family, it was thought 
proper to educate him for the church, that he might be 
qualified for some small benefices belonging to tlie family : 
he accordingly studied divinity four years, but this was 
purely in obedience to the will of his father, on whose 
death he relinquished his theological pursuits, and, follow- 
ing his natural inclinations, devoted himself to the study 
of the mathematics. Having considerable genius, as well 
as much industry, he made very great progress, though 
unassisted by a master, and at the juvenile age of 15 years 
be wrote a mathematical treatise. 

While very young he removed to Lyons, arid, for a 
maintenance, taught the mathematics, with tolerable suc- 
cess : but his generosity soon procured him a better re- 
sidency. Among his pupils were two foreigners, who, 
being disappointed of some bills of exchange for a journey 
to Paris, mentioned the circumstance to him: finding that 
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50 pistoles were necessary to. enable them to accomplish 
their purpose, he immediately supplied them with the 
money, even without tbeir note for it. On their arrival at 
Paris, they mentioned this generous action to M. Dugus- 
seau, father of the chancellor; who being struck with 
this trait in his character, engaged these young gentle- 
men to invite Ozanam to Paris, with a promise of his 
&vour. He embraced this opportunity with eagerness, 
andj at Paris, the employment of giving instructions in 
.mathematics soon brought him in a considerable income ; 
though his business, however, procured him plenty of 
'money, be saved none ; for, being addicted both to gaming 
and gallantry, these continually drained his purse. After 
a few years of dissipation and expense he began to wish 
for domestic enjoyments, and loon entered into the con- 
nubial state with ayoung woman, who, though she brought 
him no fortune, was formed to give liim happiness, being 
discreet, modest, virtuous, and of a sweet disposition. From 
the period of his marriage, be long enjoyed much comfort, 
and, besides attending to his business as a mathematical 
master, he wrote a great number of useful works. Among 
these we cannot help mentioning his Treatise on Lines of 
the first Order, and on the Construction of Equations, 
the Mathemat 
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circumstances reduced him to a very melancholy state; 
from which he had merely a temporary reUef, in conse- 
quence of his being admitted an eleve of the Royal Aca- 
denay of Sciences; but he never recovered his wonted 
health and spirits ; so that, though hé lingered through a 
few dull years, with a strong presentiment of his approach* 
ing dissolution, he might rather he said to exist than to 
live, until the year 1717, when he was ^seized with an 
apoplexy, which terminated his existence on the third of 
April, at 77 years of age. 

Ozanam possessed a mild and calm disposition, a cheer- 
ful and pleasant temper, an inventive genius, and a gene» 
rosity almost unparalleled. After marriage his conduct 
was irreproachable: and, at the same time that he was 
sincerely pious, he had a great aversion to disputes about 
theology. On this subject he used to say, that it was the 
business of the Sorbonne doctors to discuss, of the Pope 
to decide, and of a Mathematician to go straight to heaven 
in a perpendicular line. 
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RECREATIONS. 



PART FIRST. 



Containing the most curious Problems^ and most interesting 

Truths y in regard to Arithmetic. 

Arithmetic and geometry, according to Plato, are 
the two wings of the mathematician. The object indeed of all 
mathematical questions, is to determine the ratios of num- 
bers, or of magnitudes ; and it may eren be said, to con- 
tinue the comparison of the ancient philosopher, that 
arithmetic is the mathematician's right wing ; for it is an 
incontestable truth, that geometrical determinations would, 
for the most part, present nothing satisfactory to the mind, 
if the ratios thus determined could not be reduced to 
numerical ratios. This justifies the common practice, 
which we shall here follow, of beginning with arithmetic. 
This science affords a wide field for speculation and 
curious research; but in the collection which we here pre- 
sent to the reader, we have confined ourselves to what is 
best calculated to excite the curiosity of those who have a 
taste for mathematical pursuits. 

VOL. I. ai 



DIFPBBBNT KIKDS 



CHAPTER I. 



Of tm,r Numerical System, and the different Kinds of 
Ar^hmetic. 

ITliasbecn generally remarked, that all, or most oftbe 
nations with which we are acquainted, reckon by periods 
of ten ; that is to say, after having couuted the units from 
I to 10, they begin and add units to tlie ten; having at- 
tained to two tens or 20, they continue to add units as far 
IS SO, or three tens ; and so oo in succession, till they 
come to ten tens, or a hundred ; of ten times a hundred 
tbey form a tbouxand, and so on. Did this arise from 
necessity} was it occasioned by any physical cause; or 
was it merely the effect of chance ? 

No person, aller the least reflection on this unanimoni 
l^eement, will entertain any idea of its being the effect 
of chance. It is not only probable, but might almost be 
proved, that this system derives its origin from our physical 
conformation. All men have ten fingers ; a very few ex- 
capted, who, fay some lusus naturse, have twelve. The 
first men began to reckon on their fingers. When tbey 
bad exhausted them by reckoning tbe units, it was neces* 
sary that they should form a first total, and again b^ia to 
reckon the same fingers, till they exhausted them a second 
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twelve plus one, twelve plus two, Slc, as far as two dozens; 
our hundred would have been twelve dozens, &c. A six^ 
fingered people would certainly have had an arithmetic of 
this kind, which indeed would have sufficiently answered 
every arithmetical purpose, or rather would have been 
atteaded with various advantages, which our numerical 
system^ does not possess. 

In consequence of an idea of this kind, philosophers 
have been induced to examine the properties of other 
numerical systems. The celebrated Leibnitz proposed 
one, in which only two characters, 1 and 0, were to be 
employed. In this system of arithmetic, the addition of 
an multiplied every thing by two, as it does by ten in 
common arithmetic, and the numbers were expressed as 
follows : 
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, II t itrtf OQiitted. It serves to ex- 

^■.tt'tii. 1 iSiânex symbol, which has oc- 

uOdiraawiiL'i^t to the learned who have 

..i«v .1 ;:x* Chinese antiquities. This 

. ii,!;\ revered by the Chinese, who 

. ...h:«.iti .-(ujtororFohi, consists of certain 

,. ■« :i«' iii&rrent comUnations of a small 

. .'.Mt«>: .>iic. Father Souset, a celebrated 

.^^ 'v'liH.' 'Atat in China as a missionary, 

.'.j.tii/.'« ideas, observed, that if the 

„f.(«.-!«ù tv> represent our i, and the 

;vM.' ^'UujcterB would be nothing else 

«v.s ^-Nprx-ssed by binary arithmetic. 

I L':iinese enigma should Bnd its 
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to express ten and eleven^ would have been as little 
burthensome to the memory as the present characters, and 
would have been attended with advantages which ought 
to make us regret that this system was not orginally 
adopted. 

It is not improbable, however, that the duodenary 
system would have been preferred had philosophy presided 
at the invention; for it would have been readily seen that 
twelve, of all the numbers from 1 to 20, is that which pos- 
sesses the advantage of being small, and of having the 
greatest number of divisors; for there are no less than four 
divisors by which it can be divided without a fraction, viz. 
2, 3, 4 and 6. The number 18 indeed has four divisors 
also; but being larger than 12, the latter deserves to be 
preferred for measuring the periods of numeration. The 
first of these periods, from one to twelve, would have had 
the advantage of being divisibleby 2, 3,4, 6 ; and the second, 
from one to 144, by 2, 3, 4, 6, 8, 9> 12, 16, 18, 24, 36, 48, 
72; whereas, in our system the first period, from one to 
10, has only two divisors, â and 5 ; and the second, from 
one to a hundred, has only 2, 4, 5, 10, 20, 25, 50. It is 
evident therefore, that fractions would less frequently have 
occurred in the designation of numbers in that way, namely 
by twelves. 

But what would have been most convenient in this mode 
of numeration, is that, in the divisions and sub-divisions of 
measures, it would have introduced a duodecimal progrès^ 
sion. Thus, as the foot has by chance been divided into 
12 inches, the inch into 12 lines, and the line into 12 
points ; the pound would have been divided into 12 ounces, 
the ounce into 12 drams, and the dram into 12 grains, or 
parts of any other denominations ; the day would have 
been divided into 12 equal portions^ called hours, the hour 
into 12 other parts, each equal to 10 minutes, each of these 
parts into 12 others; and so on successively. The case 
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wooU hare been the same in regard to mowsna of 
capacity. 

Should it be asked, what wonld be the adraitagea of 
SDch a dinsion? we might reply as followB. It is well 
known by daily experience, that when it is neceaaary t» 
dvide any measure into 3, 4, or 6 parts, an integer num- 
ber in tbe measores of a lower denomination cannot be^ 
found, or at least only by chance. Thos, tbe third or tbe 
6th of a pound averdupois does not give an exact nnmber 
ofooDces; and tbe third of a poand sterling, does not gire 
an integer nnmber of shillings. The case is the same in' 
f^ayd to the bushel, and the greater part of the other 
measures of capacity. These inconTeniences, which ren- 
der calculations exceedingly complex, would not take 
l^e if the daodecimal progression were erery-wbore 
ft^wed. 

There is still another advantage which would reault 
from a combination of duodenary arithmetic, with .this 
duodécimal progression. Any number of ponnds, shil- 
lings, and pence; of feet, inches, and lines, or of pounda^ 
ounces, &c, being given, they would be expressed as 
whole numbers of tbe same kind usually are in com- 
mon arithmetic. Thus, for example, supposing the fti- 
thom to consist of 12 feet, aa must necessarily be the 
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the result would in like manner express^ according to the 
order of the figures, lines, inches, feet, &c. 

It may easily be conceived how convenient this would 
be in practice. On this account Stevin, a Dutch mathe* 
matician, proposed to adapt the subdivisions of weights 
and measures to our present systetn of numeration, by 
making them decrease in decimal progression. According 
to this plan, the fathom would have contained 10 feet, the 
loot 10 inches, the inch 10 lines, &c. But he did not re- 
flect on the inconvenience of depriving himself of the ad« 
▼antage of being able to divide his measures &c, by 8, 4 
and 6, without a fraction, which is indeed of some ini> 
portance. 

It is evident that in the duodenary arithmetic, the nine 
first numbers might be expressed as usual, by the nine 
known characters 1, 2, 3, &c; but as the period ought to 
terminate only at twelve, it would be necessary to express 
ten and eleyen by simple characters. In this case we 
might choose p to denote ten, and ^ to denote eleven^ 
and then it is evident that, 
10 would express twelve 



11 • . 


» • • thirteen 


12 . . 


> • • fourteen 


13 . 


. « • fifteen 


14 • . 


. • . sixteen 


15 . . 


. • • seventeen 


16 . , 


, • • eighteen 


17 . . 


, • • nineteen 


18 . . 


, . • twenty 


19 . . 


► , . twenty-one 


1? . . 


• • twenty-two 


1» . . 


• • twenty-three 


20 . < 


» • • twenty-four 


30 * , 


> • • thirty-six 


40 . , 


» • • forty-eight 
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60 .... seventy-two 
100 .... a hundred and forty-four 
800 .... two hundred and eighty-eight 
SOO .... four hundred and thirty-two 
jQQQ 5 "ii^ thousand seren hundred and 

I twenty-eight 
QQQf. r three thousand four hundred and 

* ' ' I fifty-six 
10000 -f ***"*y tïioiisand seven hundred 

' * • I and thirtysix 

Itwo hundred and forty-eight thoa> 
sand eight hundred and thirty- 
two \ 
Thus the number denoted by the figures f 943 would be 
eighteen thousand six hundred and twenty-seven; for 
fOOO is eighteen thousand two hundred and eigh^, 900, 
is one thousand two hundred and ninety-six, 40 is for^* 
eight, and 3 is three, numbers which if added will form 
the above sum. 

It would be easy to form a set of rules for this new 
arithmetic, similar to those of common arithmetic ; bat as 
it does not seem likely that this mode of calculation will 
ever be brought into general use, we shall confine our- 
selves to what has been already sud on the subject, and 




SHORT METHODS OF COMPUTING. 9 

CHAPTER IL 

Of some Short Methods of performing Arithmetical 

Operations. 

§1. 

Method of Subtracting several Numbers from several other 
given Numbers J without making partial Additions» 

TO give the reader an idea of this operation^ one ex- 
ample will be sufficient. Let it be proposed to subtract 
all the sums below the line at B^ from all those above it at 
A. Add, in the usual manner, all the lower figures of the 
first column on the right, which will make 14, 5f 243^ 
and subtract their sum from the next highest 84564 1 « 
number of tens, or 20. Add the remainder 3252 I ^ 
6 to the corresponding column above at A, 26848 J 
and the sum total will be 23. Write down 2942*1 
3 at the bottom, and because there were here ^fï \ 
two tens, as before, there is nothing to be— — — — "^ 
reserved or carried. Add, in like manner, *^2003 
the figures of the second lower column, which will amount 
to 9^ and this sum taken from 10 will leave 1 ; add 1 there- 
fore to the second column of the upper numbers, the sum 
of which will be 20 ; write down at the bottom, and be* 
cause there were here two tens, while in the lower column 
there was only one, reserve the difference, and subtract it 
from the next column of the numbers marked B before you 
begin to add. In the contrary case, that is to say, when 
there are more tens in any one of the columns marked B 
than in the corresponding column above it, the difference 
must be added. In the last place, when it happens that this 
difierence cannot be taken from the next column below, 
for want of more significant figures, as is the case here in 
the fifth column, we must add it to the upper one, and 
write down the whole sum below the line. By proceeding 
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ïo tbis manner, we shall have, ia the present instaace* 
162008 for the renmader of the subtracUon required. 

J II. 
Multiplication by the Fingert. 
To multiply any two nambers, for example, 9 by 8 ; • 
first take the difference between 9 and 10, which ia I, and 
having raised up the ten fingers of both bands, bend dowo 
1 finger of one hand, for example the left. Then take the 
di&rence between 8 and 10 also, wliûïh is 2, and bend 
down 2 fingers of the right hand. 

Count the fingers still raised up, which in this case wet 
7, and the sum will be the number of tens in the product. 
Multiply the number of the fingers bent down of one hand, 
by that of the fingers bent down of the other, and the re^ 
suit will be the number of units in the product. By this 
operation it will be found, in the present instance, that 9 
multiplied by 8 makes 72. 

It may hence be seen, that in general, we must take tiM 
difference between 10 and each of the given numbers ; that 
the product of these differences, denoted by the fingers 
bent down of each hand, will give the units of the product, 
and tbatthenumber of the fingers which remain raised up, 
will give that of the tens of the 
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knows, that to multiply any number by 10» nothing is ne- 
cessary but to add to it a cipher ; that to multiply by 100, 
two ciphers must be added ; and so on. 

Hence it follows, that to multiply by 5, we have only to 
suppose a cipher added to the number, and then to divide 
it by 2. Thus, if it were required to multiply 127 by 5; 
suppose a cipher added to the former, which will give 
1270, and then divide by 2 : the quotient 635 will be the 
product required. 

In like manner, to multiply any number by 25, we must 
suppose it multiplied by 100, or increased by two ciphers» 
and then divide by 4. Thus, 127 multiplied by 25, will 
give 3175. For 127 when increased by two ciphers makes 
12700, which being divided by 4, produces 8175. 

According to the same principle, to multiply by 1€5, it 
will be sufficient to add three ciphers to the multiplicand» 
or to suppose them added, and then to divide by 8. The 
reason of these operations may be so readily conceived» 
that it is not necessary to explain it. 

II. The multiplication of any number by 1 1 may be re- 
duced to simple addition. For it is evident that to multi- 
ply a number by 11, is nothing else than to add the num« 
hex to its decuple, that is to say, to itself followed by a 
cipher. 

Let the proposed number» for example be . 67583 
To multiply this number by eleven say 3 and 743413 
xoàkeS ; write down 3 in the units place; then add 
8 and 3, which make 1 1 ; write down 1 in the place of tens» 
and carry 1 ; then 5 and 8 and 1 carried make 14 ; write 
down 4 in the third place, or that of hundreds, and carry 
1. Continue in this manner» adding every figure to its 
next following one, till the operation is finished, and the 
product will be 743413, as above. 

The same number may be multiplied in like manner» by 
1 1 1, if we first write down the 3, then the sum of 8 and 3» 
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« worth while to perform the 

^utilar kind may be employed 
. » in dividing, for example, a 
rti- whatever of 5. Thus, if it 
•^ by 5; we must double it. 
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Short Meilwd of performing Multiplication and Division by 

Napier^s Rods or Bones» 

When large numbers are to be multiplied, it is evident 
that the operation might be performed much readier^ by 
haying a table previously formed of each number of the 
multiplicand, when doubled, tripled, quadrupled, and so 
GO. Such a table indeed might be procured by simple 
addition, since nothing would be necessary but to add any 
number to itself, and we should have the double; then to 
add it to the double, and we should have the triple, &c» 
But unless the same figure should ^equently recur in the 
multiplicand, this method would be more tedious than that 
which we wished to avoid/ 

The celebrated Napier, the sole object of whose re- 
searches seems to have been to shorten the operations of 
arithmetic and trigonometry, and to whom we are in* 
debted for the ingenious and ever-memorable invention of 
logarithms, devised a method of forming a table of this 
kind in a moment, by means of certain rods, which he has 
described in his work entitled Rabdologia^ printed at Edin- 
burgh in 1617. The construction of them is as follows : 

Provide several slips of card or ivory or metal rodsj 
about nine times as long as they are broad, and divide 
each of them into 9 equal squares. {Plate h Jig* 1.) In- 
scribe at the. top, that is to say in the first square of each 
slip or rod, one of the numbers of the natural series 1, 2, 
3, 4, &c, as far as 9 inclusively. Then divide each of the 
lower squares into two parts by a diagonal, drawn from 
the upper angle on the right hand to the lower one on the 
lefît, and inscribe in each of these triangular divisions, 
proceeding down wards, the double, triple, quadruple, &c, 
of the number inscribed at the top ; taking care', when 
the multiple consists of only one figure, to place it in the 
lower triangle, and when it consists of two^ to place the 
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product of the above number by 8, ^hiçfa must; be written 
down. Then find the sum of the figures in the horizontal 
column opposite to S, and write the sum down as before, 
but carrying it one place farther to the left. Continue in 
this manner till you have gone through all the figures of 
the multiplier, and if the several partial products be then 
SMlded as usual, you will have the total product, as above 
expressed. 

A similar artifice may be employed to shorten division, 
especially when large sums are to be often divided by the 
same divisor. Thus, for example, if the number 1492992 
is to be divided by 432, and if the same divisor must fre- 
quently occur, construct, in the manner above described, a 
table of the multiples of 4S2, which will scarcely require 
any farther trouble than that of transcribing the numbers, 
as may be seen here on the left. 

1 .... 432 1492992 (3456 

2 .... 864 1296 

3 .... 1296 1969 

4 .... 1728 1728 



5 .... 2160 ^^,^ 

6 .... 2592 ^t^f, 

7 .... 3024 21Î1 



8 .... 3456 2592 

9 .•.. 3888 2592 

0000 



When this is done, it may be readily perceived, that 
«nee 432 is not contained in the first three figures of tlie 
dividend, some multiple of it must be contained in the first 
four figures, viz. 1492. To find this multiple, you need 
only cast your eye on the table, to observe that the next 
less multiple of 432 is 1296, which stands opposite to 3 ; 
write down 3 therefore in the quotient, and 1296 under 
1492, then subtract the former from the latter, and there 
will remain 196, to which if you bring down the next figure 
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units in the lower triangle, 
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m the year 1735, to the Royal Society of London, a minute 
description of a machine of the same kind, invented by 
himself. We shall not enlarge farther on this subject, but 
proceed to give an account, which we hope will be ac^ 
ceptable to the curious reader, of an ingenious method of 
performing the operations of arithmetic, invented by Mn 
Saunderson, a celebrated mathematician, who was blind 
from his infauc3\ 

§V. 

Palpable Arithmetic^ or a method of performing arithme- 
tical operations, which may he practised by the blind, or in 
the dark. 

What is here announced may, on the first view, appear 
to be a paradox ; but it is certain that this method of per- 
forming arithmetical operations was practised by the cele- 
brated Dr. Saunderson, who, though he had lost his sight 
when a child of a year old, made so great progress in the 
mathematics, as to be able to fill a professor's chair in the 
university of Cambridge. The apparatus he employed to 
«upply the deficiency of sight, was as follows. 

Let the square abcd (PI. 3 fig. 2.) be divided into four 
other squares, by two lines parallel to the sides, and inter- 
secting each other in the centre. These two lines form 
with the sides of the square four points of intersection, and 
these added to the four angles of jbhe primitive square, give 
altogether, with the centre, nine f>oints. If a hole be made 
in each of these points, into which a pin or peg can be 
fixed, it is evident that there will be nine distinct places 
for the nine simple and significant figures of our arithme- 
tical system, and nothing further will be necessary but to 
establish some order in which these points or places, des- 
tined to receive a moveable peg, ought to be counted. To 
mark 1, it may be placed in the centre; to express 2, it 

VOL. I* C 
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maj be pUeed immedîntely above tbs centre ; to expcea» 
3, at-thfi uppfeF angle on the right ; and so on in succession, 
round the sides of the square, as marked by the numbert 
opposite to each point. Pi, S fig. 1. 

Bat there is still another character to be expressed, wit. 
the 0, which in our arithmetic is of very great importance. 
This character might be expressed in a manner exceed- 
ingly simple, by leaving the boles empty ; but Saunderson 
preferred placing in the middle one a large-headed pin, 
unless when having unity to express, he was obliged to 
substitute in its stead a small-headed pin. By these meaiw 
be obtained the advantage of being better able to direct 
bis bands, and to distinguish with more ease, by the rals. 
tive position of the small-headed pins, ia regard to the 
large one in the centre, what the former expressed. 7^8 
method therefore ought to be adopted ; for Saundersoa 
DO doubt made choice of those means which were most 
ngmficant to bis fingers. 

As the reader has here seen with what ease a simple 
number maybe expressed in this manner, we shall now 
■how that a compound number may be expressed with 
equal facility. If we suppose several squares to be 
cMinstructed like the preceding, ranged in a line, and 
separated from each other by small intervals, that they 
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may be better distinguished ; and if all the squares of the 
same order, in each of the bands^ be so arranged, as to 
correspond to each other in a perpendicular direction; 
you may perform, by means of this machine, all the differ- 
ent operations of arithmetic. The reader will find, Plate 3 
fig. 4, a representation of the method of adding four num» 
bers, and expressing their sum by a machine of this kind. 
Saunderson employed this ingenious machine, not only 
for arithmetical operations, but also for representing geo- 
metrical figures, by arranging his pins in a certain order, 
and extending threads from the one to the other. But 
irbat has been said is sufficient on this subject ; those per- 
sons who are desirous of farther information respecting it, 
may consult Saunderson's Algebra, or the French trans- 
lation of Wolf's Elements Abridged, where this palpable 
arithmetic is explained at full length. 

# 

Problem. 

To multiply \\£, l\s. ajid i\d. ly \\£. lU. and \\d. 

This problem was once proposed by a sworn account- 
ant, to a young man who had been recommended to him as 
perfectly well acquainted with arithmetic. And indeed, 
besides the difficulty which results from the multiplication 
of quantities of different kinds, and from their reduction, 
it is well calculated to try the ingenuity of an arithme- 
tician. But it is not improbable that the proposer would 
Imve been embiirrassed by the following simple question : 
what is the nature of the product of pounds shillings and 
pence multiplied by pounds shiUings and pence? We 
know that the product of a yard by a yard represents a 
square yard, because geometricians have agreed to give 
that appellation to a square surface one yard in length and 
one in breadth; and 6 yards multiplied by 4 yards make 
24 square yards ; for a rectangular superficies 6 yards in 

c2 
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length and 4 in breadth, contains 84 square yards, in the 
same manner as the prodnct of 4 by 6 contains 24 units. 
But who can tell what the product of a penny by a penny 
is, or of a penny by a poimd? 

The question considered in this point of view, is there- 
fore absurd, though ordinary aritbineticians Bometîmesare 
not sensible of it. 

It may however be con«dered under different pointa of 
view, which will render it susceptible of a solution. The 
first is to observe that a pound contains 20 shillings, or 940 
pence ; so that the problem may be reduced to the follow*- 
ingj in abstract numbers: to multiply 1 1 phis 44 plu* wn 
by 1 1 plus 44 p'"^ -r^ i &i>d in this case, the product will 
be 134 plus ^ plus ^^ plus ttthj^ 

The second way of considering this question, is to ob- 
serve that every product is the fourth term of a propor- 
tion, the first term of which is unity, while the two quanti- 
ties to be multiplied are the second and third terms. No- 
thing therefore is necessary but to fix that kind of uoitj 
which ought to be the first term of the proportion. 
We may say, for example, if a pound employed in anjr 
' way has produced 1 1£. 1 Is. and 1 Id. hew much will llÀ 
1I«. and lid. produce? The product here will be the 
same as above, viz, 134/. 9*. 3d. and /^ of a penny. 
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CHAPTER HI. 



Of certain Properties of Numbers. 

' WE do not here mean to examine those properties of 
fuimbers which engaged so much the attention of the 
tacients, and in which they pretended to find so many 
mysterious virtues. Every one^ whose mind is not tine- 
tared with the spirit of creduhty^ must laugh to think of 
the good canon of Cezene, Peter Bungus, collecting in a 
large quarto volume entitled De Mysteriis Numerorum^ 
all the ridiculous ideas which Nichomachus, Ptolemy, Por- 
phyry^ and several more of the ancients, childishly propa- 
gated respecting numbers. How could it enter the minds 
of reasonable beings, to ascribe physical energy to things 
entkdy metaphysical? For numbers are mere conceptions 
of: the mind, and consequently can have no influence in 
nature. 

None therefore but old women and people of weak 
minds can believe in the virtues of numbers. Some ima- 
gine, that if thirteen persons sit down at the same table, 
cue of them will die in the course of the year; but there 
it a much greater probability that one will die if the num- 
b€r be twenty-four. 

I. 

Ths number 9 possesses this property, that the figures 
which compose its multiples, if added together, are always 
a multiple of 9; so that by adding them, and rejecting .9 
as often as the sum exceeds that number, the remainder 
will always be 0. This may be easily proved by trying 
different multiples of 9, such as 18, 27, 36, 8cc. 

This observation may be of utility to enable us to dis- 
cover whether a given number be divisible by 9 ; for in all 
cases^ when the figures which express any number, on 
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1 

9. .9 
2 



18..1-|-8»9 
3 

27..2+755S9 
4 

36..3-f6=9 

8 6 

73..7-j-«=:9 54..5-K=s9 

9 7 

■Has ^■■M 

81.. 8+1=9. 63.. 

The component figures of the product, made by tjat 
multiplication of every digit into the number 9^ when 
added together, make nikb. 

The order of those component figures is reversedgiafter 
the said number has been multiplied by 5. 

The component figures of the amount of the multipliers, 
(viz* 45), when added together make kike. 

The amount of the several products, or multiples of 9 
(viz. 405), when divided by 9, gives for a quotient, 45 ; 
that is 4+5=sKiKE. 

The amount of the first product (viz. 9), when added 
to the other products, whose respective component figures 
make 9, is 81 ; which is the square of kike. 

The said number 81, when added to the above-œen« 
tioned amount of the several products, or multiples of 9 
(viz. 405), makes 486 ; which, if divided by 9, gives for a 
quotient 54; that is 5-(-4=:kikb. 

It is also observable that the number of changes that 
may be rung on nine bells, is 362880; which figures, 
added together, make 27; that is, 2+7skikb. 



bcin. 
mav 



• 9, is 40320 J 



. Js with one of 

■ in L'ven number 

, , . ■!:•*. This may be 

- t-nabling us to ilis- 

•,iF though a num- 

.> not always how- 

^:<.*. xrlicn it does not 

•_: it is not a square, 

In regard to cubic 

■^,irc whatever; hut if 

> . St be in number either 

>.■ with a 4, the last figure 
,1$ in (}4, and 144, and 



with J, it will terminate 
-. &c, 

rich ai. odd di^it, the Jast 
III the squares 81, 529, 
laie with any even digit, 
ill be odd ; as in these 
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when diminished by unity. This may be easily tried on 
any square number at pleasure.— Thus 4 less 1^ 16 less 1^ 
25 less 1, 121 less 1, &c. are all divisible by 3; and the 
case is the same with other square numbers. 

Every square number is divisible also by 4, or becomes 
so when diminished by unity. This may be proved with 
the same ease as the former. 

Every square number is divisible likewise by 5, or be* 
comes so when increased, or else diminished by unity. 
Thus, for example, 36-1, 49 + 1, 64+1, 81 — 1, &c. are 
all divisible by 5. 

Every odd square number is a multiple of 8 increased 
by unity. We have examples of this property in the 
numbers 9, 25, 49, 81, &c ; from which if 1 be deducted^ 
the remainders will be divisible by 8. 

If a square number be either multiplied or divided by a 
square, the product or quotient will be a square. 

If a number be not a complete square, its square root 
cannot be expressed, either by an integer, or by a rational 
fraction, either proper or improper. 

IV. 

Every number is either a square, or divisible into two 
or three or four squares. Thus 30 is equal to 25+4+ 1 ; 
81 =25 + 4+1 + 1 ; 33 = 16 + 16+ 1 ; 63=49+9+4+1, or 
=36+25+1 + 1. 

We shall here add, by anticipation, though we have not 
. yet informed the reader what triangular, or pentagonal^ 
&c, numbers are, that 

Every number is either triangular, or composed of two 
or of three triangular numbers* And that 

Every number is either pentagonal, or composed of 
two or three or four or five pentagonals, and so of the 
. rest, 

. We shall add also, that every even square, after the first 



■qoftie 1, may be resolved at least into four equal squares; 
and that every odd square may be resolved ioto three, if 
not into two. Thus 81=36+36+9; 121=:8l+â6+4; 
I69ssl44+25i 625=400+144+81. 

V. 

Etbby power of 5, or of €, necessarily ends with 5 or 
with 6. 

VI. 

If we talie any two numbers whatever ; then either one 
of them, or th«r sum, or their différence, is necessarily 
diri^hle by 3. Let the numbers assumed he 20 and 17 ; 
though neither of these numbers, nor their sum 37^ is di- 
visible by 3, yet their difference is, for it is 3. 

It might easily be demonstrated, that this must necessa^ 
rily be the case, whatever be the numbers assumed. 

VII. 

If two numbers are of such a nature, that theit squares 
when added together form a square, the product of these 
two numbers is divisible by 6. 

Of this kind) for example, are the numbers 3 and 4, the 
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of their sqeares, we shall have two numbert, the suca of 
whose squares is equal to another square number ; for 
these squares are 144 and 25, which when added make 
169, the square of IS. 

VIII. 

When two numbers are such, that the difference of 
their squares is a square number ; the sum and difference 
of these numbers are themselves square numbers, or the 
double of square numbers. 

Thus, for example, the numbers IS and 12, when 
squared, give 169 and 144, the difference of which, 25, is 
also a square number ; then 25, the sum of these num- 
bers, is a square number, and also their difference 1. 

In like manner, 6 and IÛ, when squared produce 36 
and 100, the difference of which 64 is also a square num- 
ber; then it will be found, that their sum 16 is a square 
number, as well as their difference 4. 

The numbers 8 and 10 give for the difference of their 
squares 36; and it may be readily seen, that 18, the sum 
of these numbers, is the double of 9, which is a square 
number, and that their difference 2 is the double of 1, 
which is also a square number. 

IX. 

If two numbers, the difference of which is 2, be multi- 
plied together, their product increased by un^ty will be 
the square of the intermediate number. 

Thus, the product of 12 and 14 is 168, which being in- 
creased by 1, gives 169, the square of 13, the mean num- 
ber between 12 and 14* 

Nothing is easier than to demonstrate, that this must 
always be the case ; and it will be found in general» that 
the product of two numbers increased by the square of 
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half thm difierence, will give the square of the mon 
number. 

X. 

A prône number, is that which has no other divisor bat 
unity. Numbers of this kind, the number 2 excepted, 
CBQ never be even, nor can any of them tennioide in 5, 
except 5 itself; hence it follows, that except those con. 
tained in the first period of ten, they must necessarily ter- 
minate in 1 or 3 or 7 or 9. 

One curious property of prime numbers is, that every 
prime number, 3 and 3 excepted, if increased or dimi- 
nished, by nnity, is divisible by 6. This may be readily 
tcoi) in any numbers tate» at pleasure, as 5, 7, 11, 13, 17) 
19, fiS, 29, SI, &c; but I do not know, that any one has 
ever "yet demonstrated this property a priori. But the 
inverse of this is not true, that is, every number which 
when increased or diminished by unity is divisible by 6, 
it not> on that account, necessarily a prime number. 

The product ariâng from two diSerent prime numbers, 
cannot be a square number. 

As it is often of utility to be able to know, without 
having recourse to calculation, whether a number be prime 
or not, we have here subjoined a table of all the prime 
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TABLE 
Of the prime numbers Jrom 1 to 10,000. 



/^ 



2 
S 
3 

7 

11 

-13 

17 

19 
83 

29 
31 

37 
41 
43 

47 
53 

59 
61 
67 
71 
78 

79 

63 

€9 

97 
101 

103 

107 
109 

113 

127 
131 

137 

139 
149 

151 

157 

163 

167 
173 

\Bl 
J9i 



193 
197 
199 

211 
293 

227 
229 
233 
239 
241 
251 
^57 
2(53 
269 
271 

277 
281 

283 
293 
307 
311 

313 
317 
331 
337 
347 
349 
353 
359 
367 
373 

379 
383 

389 

397 
401 

Aog 
419 

42] 

431 
433 
439 
443 



449 
457 
461 
463 
467 

479 
487 
491 

499 
503 

509 
521 
533 
541 
547 
557 
563 
5G9 

577 
587 
593 

599 
601 

607 
613 

617 

619 
631 
641 
643 

647 
653 
659 
661 
673 

677 
683 

691 
701 
709 

719 

7^7 



733 

739 

743 

751 

757 

761 

769 

77'à 

787 

797 
811 

821 
823 

827 
829 
839 
•853 
857 
859 
863 

877 
881 
883 
887 
907 
911 
919 
929 

937 
941 

9^7 
953 

967 

971 
977 
983 

991 

997 
1009 

1013 

1019 

102t 

1031 



1033 1 


327 1< 


1039 1 


361 11 


1049 1 


367 1< 


1051 J 


1373 1 


1061 ] 


138 1 1 


1063 ] 


1399 1 


1069 ] 


1409 1 


1087 ^ 


1423 1 


1091 


1427 1 


1093 


1429 1 


1097 


1433 1 


1103 ] 


1439 1 


11Q9 


1447 1 


1117 


1451 I 


1123 


1453 1 


1129 


1459 1 


1151 


1471 1 


1153 : 


1481 1 


1163 . 


1483 1 


1171 


1487 1 


1181 


1489 1 


1187 ■ 


1493 1 


1193 . 


1499 1 


1201 ] 


1511 1 


1213 : 


1523 1 


1217 I 


1531 I 


1223 ] 


1543 1 


1229 : 


1549 1 


1231 J 


1553 1 


1237 i 


i55ij 1 


1249 i 


1567 1 


1259 ] 


1571 11 


1277 ^ 


1579 1 


1279 ^ 


1583 1, 


1283 J 


1597 1, 


1289 ^ 


l6oi 1 


1291 1 


1607 1. 


1297 ) 


1609 I 


1301 ] 


L613 1 


1303 ] 


1619 1 


1307 ^ 


1621 1 


1319 ] 


1627 1 


1321 ] 


1637 1 



657 

663 

667 
6Ô9 
693 

697 
699 

709 
721 
723 
733 
741 
747 
753 

759 
777 

783 
787 
789 
801 
811 
823 
831 
847 
8^1 
867 
871 
873 

877 

879 

889 
901 

907 

913 

931 

933 

949 
951 
973 

979 
987 
993 
997 



.1999 

2003 

2011 

2017 

2027 

2029 

203ft^ 

2053 

2063 

2069 

2081 

2083 

2087 

2O89 

2099 
2111 

2113 

2129 
2131 

2137 
2141 
2143 
2153 
2161 

2179,^ 
2203' 

2207 
2213 

22il 

2237 
2239 
2243 
2251 
2267 
2269 
2273 
2281 
5^237 
2293 
2297 
2309 
2311 
2^33 



2339 
2341 
2347 
2351 
2357 
2371 
2377 
2381 
2383 
23b9 
2393 

2399 
2411 

2417 
2423 
2437 
2441 
2447 
2459 
2467 
2473 

2477 V 

2503;, 
2521 
2531 
2539; 
2543 . 
2549 . 
2551 
255/ - 

2579 :, 

2591 
2593 . 
26O9 ' 

2617 
2621 
2633 

2647 
2657 
2659 

2663 
2671 

2677 



r- 
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xr. 

Another kind of numbers which possess a singular and 
curious property, are tliose called perfect numbers. ThU 
name is given to every number, the aliquot parts of whicfa, 
when added together, form exactly that number itself. Of 
this we have an example in the number 6 ; for ita aliquot 
parts are ], 2, 3, which together make 6. The number 
S8 possesses the same property ; for its aliquot parts are 
\, 2, 4, 1, 14, the sum of which is 28; 

To find all the perfect numbers of the numerical pro^ 
grcssion, take the double progression 2, 4, S, 16, S2, 64, 
128, 256, 512, 1024, 2048, 4096, 8192, Sk ; and examine 
those terms of it, which, when diminished by unity^ an 
prime numbers. Those to which this property belongs, 
will be found to be 4, S, 32, 128, 8192; for these tenni 
when diminished by unity, are 3, 7, 31, 12'^» 8191. MuItU 
ply therefore each of these numbers by that number in 
the geometrical progression which preceded the one from 
which it is deduced, for example 3 by 2, 7 by 4, SI by 16f 
127 by 64, 8191 by 4096, 6cc ; and the result will be 6, 
28, 496, 81S8, 33550336, which are perfect numbers. 

These numbers however are far from being so numeron» 
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* 6 

• 28 

♦ 496 

♦ 8128 
130816 
2096128 

^ 38550336 
^36854528 

* 8589869056 

* 137438691328 
2199022206976 
35184367894528 
562949936644096 
9007199187632128 
144115187807420416 

# 2305843008139952128 
36893488143124135936 

Thas we find that between 1 and 10 there is only one per^- 
fect number; that there is one between 10 and 100^ one 
between 100 and 1000, and one between 1000 and 10000; 
but those would be mistaken who should believe that there 
isione also between ten thousand and a hundred thousand, 
one between a hundred thousand and a million, Sec ; for 
there is only one between ten thousand and eight hundred 
millions. The rarity of perfect numbers, says a certain 
author, is a symbol of that of perfection. 

All the perfect numbers terminate with 6 or £8, but not 
alternately or conversely* 

xn. 

Thers are some numbers called aniicabU numbers^ on 
aocovBt of a certain property which gives them a kind of 
«fifllty -or reciprocity, and which conusts in their being 
matwdly equal to the sum of each others aliquot parts. 
Of tins kind are, the numbers 220 and 284 ; for the first 

YOU t» D 



S4 AIIieA.BI.E NQMBBM. 

220 is equal to the aliquot parts of 284, viz. 1, 2, 4, 11, 
142 ; and, reciprocally, 284 is equal to the aliquot parts, 
1, 2, 4, 5, 10, 11, 20, 22, 44, S5, HO, of the Other aum- 
ber 220. 

Amicable number^ may be found by the folbiriag 
method. Write down, as in the subjoined example, the 
terms of a duublc geometrical progression, or having the 
ratio 2, and beginning with 2; then triple each of thete 
terms, and place these triple numbers each under that 
from which it has been formed j these numbers dimioisbed 
by unity, 5, U, 23, Sic, if placed each over its corre- 
sponding number in the geometrical progression, will form 
a third series above the latter. In the last place, to obtain 
the numbers of the lowest series 71, 287, &c, multiply 
each of the terms of the series, 6, 12, 24, &c, by the one 
preceding it, and subtract unity from the prodnct. 

5 II 23 47 95 191 38S' 
3 4 8 16 32 6i 188. 

6 12 24 48 96 193 A84 
71 «87 lUl 4607 18431 737S7 

-Take any number of the lowest series, for ezam^ 71, çl 
which its corresponding number in the first series, vis. ]], 
and the one preceding the latter, viz. 8, as well as 71,.ue 
prime numbers: multiply 5 by 11, and the product Why 
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with S83 and 191, will give two more amicable numbers, 
936S584 and 9437056. 

By these examples it may be seen, that if perfect num- 
bers are rare, amicable numbers are much more so, the 
leason of which may be easily conceived. 

xni. 

If we write down a series of the squares of the natural 
numbersy viz. 1, 4, 9, IÇ, 25, 36, 49, &c; and take the 
difierence between each term and that which follows it, 
and then the differences of these differences ; the latter 
will each be equal to 2, as may be seen in the following 
example. 

1 4 9 16 25 36 49 
1st. DiflF. 3 5 7 9 11 13 

Sd.Diff. 2 2 2 2 2 

It hence appears, that the square numbers are formed by 
die continual addition of the. odd numbers 1, 3, 5, &c, 
which exceed each other by 2. 

In the series of the cubes of the natural numbers, vizt 1, 
ti £7, &c, the third, instead of the second differences, arc 
equal, and are always 6, as may be seen in the following 
example. 

Cubes 1 8 27 64 125 216 

1st. DifF. 7 19 37 61 91 

2d. DiflF. 12 18 24 30 

Sd. DiflF. 6 6 6 

In regard to the series of theftmrth powers, or biquadrates, 
of the natural numbers, the fourth diflFerences only are 
equal, and are always 24. In the fifth powers, the fifth 
diflRsrences only are equal, and are invariably 1£0. 

These différences, 2, 6, 24, 120, 8cc, may be found by 
nraltiplying the series of the numbers 1, 2, 3, 4, 5, 6, &c. 
For the second power, multiply the first two; for the 
third power, the first thre^ and so on. 

d2 



XIV. 

The progreeùon of the cubes 1, 8, 37, 64, 135, &c, of 
the natural numbers, 1, 2, 3, 4, 5, 6, &c, possesses this re- 
markable property, that if any number of its terms what- 
erer, from the beginning, be added together, their sum 
will always be a square. Thus, I and S make 9 ; if ire 
add to tins sum S7, we shall hare 36, which is still a square 
number ; and if we add 64, «e shall hare 100, and so on. 

Tbe root of each square thus constituted, is always 
equal to the sum of tbe roots of all tbe component cubes. 
As, tbe sum of 1, 8, 37, 64, 125, or of V, 2% 3>, 4>, 5>, is 
235 = 15» the square ofl + a + 3 + 4 + 5. 

XV. 
The number 12t> bas the property, of being equal to 
half the sum of its aliquot parts, or dirisors, viz. 1, S, 3, 4^ 
ft, 6, 8, 10, IS, 15, 20, 24, 30, 40, 60, which together 
make 240. The number 672 is also equal to half tbe sum 
of its aliquot purtSf 1344. Several other numbers of tbe 
nke kind may be found, and some even which would form 
only a third, or fourth, of tbe sum of their aliquot parts, or 
which would be the double, triple, or quadruple of that 
sum: but what has been here said, will be sufficient to 
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term, the sum of the first two, that of the first three, and 
80 on ; the result will be a new series of numbers, 1, S, 6, 
10, 15, 21, 28, &c, called triangular numbers^ because 
they can always be ranged in such a manner as to form an 
equilateral triangle, as may be seen Plate 1 jig. S. 

The square numbers, as 1, 4, 9, 16, 95, %6j &c, arise 
from a like addition of the first terms of the arithmetical 
progression, 1, 3, 5, 7, 9, 11, &c, the common difierence 
of which is 2. These numbers, as is well known, may be 
arranged so as to form square figures. See PI. 1 fig. 4. 

A similar addition of the terms of the arithmetical pro- 
gression 1, 4, 7, 10, 13, &c, the common difference of 
which is 3, will produce the numbers 1, 5, 12, 22, 8cc; 
which are called pentagonal numbers, because they re- 
present the number of points which may be arranged on 
the sides and in the interior part of a regular pentagon \ 
as may be seen Plate I fig, 5 ; where there are three pen- 
tagons, haying one common angle, representing the num- 
ber of points which increase arithmetically; the first 
haying two points on each side, the second three, and the 
third four ; and which progression it is evident, might be 
continued ever so far. 

It is in this sense, and in this manner, that we must con- 
ceive the figurate numbers to be arranged* 

It is almost needless to say, that the progression 1, 5, 9, 
13, 17, &c, the common difference of which is 4, pro- 
duces, by a similar addition^ the hexagonal numbers, which 
are 1, 6, 15^ 28, 45, &c ; and that in like manner may be 
found the heptagonals, the octagonals, 8cc. 

There is another kind of polygonal numbers, which re- 
sult from the number of points that can be ranged in the 
middle, and on the sides^ of one or more similar polygons, 
haying a common centre. These are different from the 
'preceding ; for the series of the triangulars of this kind is 
1, 4, 10, 19, 31, &c, which are formed by the successive 
addition of the numbers, 1, 3, 6, 9, 12, 



The central square numbers are I, J, IS, 25, 41, 61* 
. Sec ; formed, in like manoer, by the succeuive addition of 
the numbers 1 , 4, S, 12, 16, 20, 8cc. 

The central pentagonal nnmbers are 1,6, \S, 31, 51, 76, 
Sec ; formed by the addition of the numbers 1, 5, 10, 15» 
CO, See. 

But we shall not enlarge further on tfajs kind of poly* 
gonal numbers, because they are not those to wbicb ma* 
thematiciaoB usually gire that name. Let us return tbere> 
fore to the ordinary polygonal numbers. 

The radix of a polygonal number, is the number of the 
terms of the progression necessary to be added in order to 
obtfun that number. Thus, the radix of the triangular 
Dumber2I, is 6, because that number results from tbetoe- 
cessire addition of the six numbers 1, S, 3, 4, 5, 6. lo 
like manner, 4 is the radix of the square number 16, con- 
sidered as a figurate number, because that number is pro> 
duced by adding theyôwr terms 1,3,5, 7, of the progres- 
sion of the odd numbers. 

Having giren this explanation of the nature of poly- 
gonal numbers, we shall now present the reader with a 
few problems respecting them. 
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a perfect square^ the given number is a polygon^ of the 
kind proposed. ^ 

It may easily be seen, that as the number of the angles 
in the triangle are 3, in the square 4, in the pentagqn S, 
èui, we shaU have, as the multipUer of the proposed num- 
ber, in the case of the triangular number, 8 ; in that of 
the quadrangular number, 16 ; in that of the pentagonal, 
2é; and in that of the hexagonal, 32. 

In like manner, as the number of the angles less 4, gives 
for the triangle — 1 ; for the square O ; for the pentagon 
1; for the hexagon 2 ; &c; the numbers to be added to 
the product, as before mentioned, will be for the triangle 
1 (because the square of — 1 is 1^ ; for the square 0; for 
the pentagon, 1 ; for the hexagon, 4 ; for the heptagon, 
9 } &c. From these principles we may deiluce the foU 
lowing rules, which we shall illustrate by examples. 

Suppose it were required to know whether 21 be a tri- 
angular number. 

Multiply 21 by 8, to the product add 1, and the sum 
will be 169, which is a perfect square : consequently 21 is 
a triangular number. 

If we are desirous of knowing whether 35 be a penta^^^ 
gonal number, we must multiply 35 by 24, and the pro- 
duct will be 840; to this product if 1 be added, we shall 
have 841, which is a square number: we may therefore 
rest assured that S5 is a pentagonal number. 

PROBLEM II. 

A Triangular f or amf Figuraie "Number whateoer] being 
given; to find its Radix ^ or the Number of the Terms of 
the Arithmetical Progression of which it is the Sum* 

First perform the operation described in the preceding 
problem ; and having foundthe square root, the possibility 
of which will indicate whether the number be figurate or 
not ; add to this root a number equal to that of the angles 



of the proposed polygoa less 4, and divide the ram by tfafl 
idouble of the same number <^ angles less 3 : the qnoticM 
ifill be the radix of the polygoo. 

The number to be added is, for the triangle — I, that ia 
to say 1 to be deducted; for the square it is 0; for the 
pentagon 1 ; for the hexagon 8 ; &c. 

As to the divisor, it may be easily seen that for the tri* 
angle it is 3 (because the double of 3 less a i» 3), for tibe 
square i, for the pentagon 6, for the hexagon 6, ke. 

Let it bo required therefore to find the radix ttf the tii> 
angular number 36. 

Having performed the operation explained in the pre* 
ceding problem, and found the product 269, the square 
root of which is 17, subtract unity from this number, ^"à 
divide the remainder by 2; the quotient 8 will be the r^ 
dix or àde of the triangular nun^er 36, 

Let the radix of the pentagonal number S j be required. 

Having found, as befcNre, the radix 29, add to it 1, which 
«ill give SO, and divide by 6; the quotient 5 'twill be the 
radix of this pentagonal number, that is to say, of the 
number formed by the addition of the 5 terms of the se- ' 
ties 1,4, 7, 10, 13. 



PROBLEM III. 
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j^ves— 12t but according to the rule — 12 ought to be 
iiibtracted, which is the same thing as adding 12; in that 
case you will haire 156, which being divided by 2 gives 
78. 

What is the heptagonal number the radix of which is 
20? 

To find the number required, take the square of 20, 
which is 400; then multiply 20 by 3, which is the num- 
ber of the angles less 4, and subtract 60, the product, from 
400; if you then divide the remainder 340 by 2, the quo- 
tient 170 will be the number sought, or the heptagon the 
ndix of which is 20. 

It may not be improper here to remark, that the same 
iramber may be a polygon or figurate number in diâèr- 
ent ways. Every number greater than 3 is a polygon, of 
a number of sides or angles equal to that of its units. 
' Thus 36 is a polygon of 36 sides, the radix of which is 
2; for the first two terms of the progression are 1, 85. 
The same number 36 is a square; and lastly, it is triangu- 
lar, having 8 for its radix. 

In the like manner, 21 is a polygon of 21 sides; it is 
also triangular; and lastly it is octagonal. 

PROBLEM IV. 

To find the Sum of as many Triangtdar^ or of as mani/ 
Square J or of as many Pentagonal Numbers, as we choose. 

As by the successive addition of the terms of difierene 
arithmetical progressions, we obtain new progressions of 
numbers, called triangular numbers, square numbers, pen* 
tagonals, &c; we can add also these last progressions, 
which will give rise to new figurate numbers, of a higher 
order, called pyramidal numbers. Those which arise from 
the progression of triangular numbers, are called pyni* 
mid^s of the first order ; those produced by the addition 



of the square numbers, pyramidals of the second order ;- 
wd those by tbe prt^ression of the pentagonal natnben, 
jiyTaimdais of the third order. The same operation awy 
be performed with the pyramidals ; which gives liie to tibv 
pyramido-pyramidals. But as these Dumbers are of little 
utility, and can answer no other purpose than that of exer» 
ciùng the genius of such as are fond of analytical iaves- 
ttg;atioD, we shall not enlarge farther on the subject. ' We 
shall therefore confine ourselves to giving a general rule 
for adding as many figurate numbers as the reader may 
choose. 

Multiply tbe cube of tbe number of terms to he addedy 
by the nuuiber of the angles of the polygon less S ; to tbe 
sum add three times the square of the sud number of 
terms, and subtract from it the product of tbe same nam^ 
ber multiplied by that of the angles less 5 : if you then- 
divide the remainder by 6, you will have the sum of d» 
terms of tbe progression. 

For example, suppose it were required to find the iiiia' 
of the eight first triangular numbers. 
■ The cube of 8 is 51 S ; which being multiplied by dw 
number of the angles of the polygon less 2, or by 1, givei 
still S12; add to this number the triple of tbe square of S, 
or 192. which will make 704 ; then, as the number of tbe 
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unity» or by II, and then by the double of the aiune num- 
b^ plus unity, that is to say by 21: the product of these 
three numbers, 2310, if divided by 6,* gires 385, for the 
sum of the first ten square numbers 1, 4, 9, 16, &c. 



CHAPTER V. 

Of RightangUd Triangles in Nuhibers. 

A RiOHTANGLED triangle in numbers, consists of three 
numbers of such a nature, that the sum of the squares of 
two of them is equal to the square of the third. Of this 
kind, for example, are the three numbers 3, 4, 5, which 
express the simplest rigbtangled triangle of all ; for, if 9 
the square of 3, be added to 16 the square of 4, the sum 
will be 25, which is the square of 5. The numbers 3, 4, 
5, express therefore the three sides of a righ tangled tri- 
angle. 

It may here be observed, that these numbers must ne* 
cessarily be unequal ; for if fcwo of them were equal, they 
would be the two sides of a rigbtangled isosceles triangle: 
but it can be demonstrated that, in such cases, it is impos- 
whle to express the hypothenuse by a rational number, 
ether whole or fractional, because a triangle of this kind 
is the half of a square, the two equal sides of the triangle 
being the sides, and the hypothenuse the diagonal ; and it 
is well known that the diagonal of a square is incommen- 
surable to the side. 

It is necessary also that the three numbers which form 
the triangle should be rational numbers, either whole or 
fractional; otherwise it would require no art to find as 
many numbers of this kind as we might choose; for we 
would have nothing -more to do, than to take any two 
numbers whatever, as 2 and 6, the sum of the squares of 
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which is 40, and the hypoUwDuse would bei/40; bntVM 
bu no precise signification^ and only shows that the iqiiKre 
{root of 40 must be extracted, which it is ioipowbte is 
finite terms to do. 

The area of a rightangled triangle, whose sides are ra- 
tionalj cannot be equal to a rational square. 

If a, b, c represent the three sides of a triangle, and c 
the angle contained by the two sides a and b: then, 
- . if <^+A» =c*, the angle c = SC, 

if o'+<i4+fi*=c', - - c = l«0', 
if tf»-a4+A»=c', - - c = 60". 

Having made tliese previous observations, we shall4M>w 
propose a few of the most curious and easy problems re- 
specting rightangled triangles in numbers. 



To^find as many Rightangled Triangles m Numbers, as we 
please. 
Take any two numbers at pleasure, for example 1 and 
3, which we shall call generating numbers ; multiplytbem 
together ; then having doubled the product, we obtain one 
of the sides of the triangle, which in this case will be 4- 
If we then square each of the eeneratine numbers, which 
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common series, and hare unity for their common difier- 
ence. 2d. The numerators of the fractions, annexed to 
the whole numbers, are also the pâturai numbers. 3d. 
The denominators of these fractions are the odd numbers, 
3, £1, 7, ^. 

Take any term of this progression, for example Sf, and 
reduce it to an improper fraction, by multiplying the 
whole number 3 by 7, and adding to 31^, the product, the- 
numerator 3, which will give y. The numbers 1 and 24^ 
will' be the sides of a rightangled triangle, the hypothei^use 
of which may be found by adding together the squares of 
these two numbers, viz. 49 and 576, and extracting the 
square root of the sum. The sum in this case being 625, the 
square root of which is 25, this number will be the bypo- 
tjhenuse required. The sides therefore of the triangle 
produced by the above term of the generating progression, 
are 7, 24, 25. 

In like manner, the first lerm l-f will give the rightaiv- 
gled triangle 3, 4, 5. 

The second term 2^^ will give 5, 12, 13. 

The fourth 4^ will give 9, 40, 41. All these triangles 
have the ratio of their sides difierent ; and they all possess 
this property, that the greatest side and the hypothenuse 
di£kr only by unity. 

The progression H^ 2f|, 3^^, 44^, &c, is of the s^ine 
kind as the preceding. The first term of it gives the 
rightangled triangle 8, 15, 17; the second term gives the 
triangle 12, S5, 37; the third the triangle 16, 63, 65; &c 
All these triangles, it is evident, are different in r^ard to 
the proportion of their sides; and they all have this pecu* 
liar property! that the difference between the greater aide 
and the hypothenuse, is always the number 2% 
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'«OBUM II. 

3w^- r \uu^naie<i Triangles in Numbers, 
.^ . -. j..t /UM i{^ onlif In/ Urtùy, 

.- -.i-oitfi). '«^ mus: find out such num- 
.U4UM 1 --^ir «qtMivs plus or minus unity 
, _«.- uiucwr». Ot' thb kind arc the num- 
■^. ■■. .«>;: Kt twice the square of 1 is 3, 
^.^ -* .- Mirei» 1 , a square number. In 
.... >my^\btnot'SKS, to which if we add 
.. o J -st«aiv num'uer. And so on. 

«h: ntiiiser», take any two of them 

„. -.■tr* <M:h other, as I and 2, or 2 and 
;,tu«(n«ing numhers. The right- 
.3- .-»i*^ '"roai them will be of such a 
,^ ^„Ofc «'il Juferfrom each other only by 
^.._.s^ > 1 ;^hle, of these triangles» with 
• * ---«"^ 

SIdfi. Hypotli. 
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NUMBERS. 




Gêner. Namb. 




Sidief. . 


Hjrpotli. 


1 2 


3 


. 4 


5 


2 S 


5 


12 


13 


3 4 


^ 


24 


25 


4 9 


9 


40 


4L 


5 6 


11 


60 


61 


6 7 


13 


84 


85 
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If we assume, as generating number»^ the respective 
sides of the preceding series of triangles^ we shall have a 
new series of rightangled triangles, the hypothenuses of 
which will always be square numbers ; as may be seen in 
the following table. 



Gener. Numb. 




Stdea. 


Mypoth. 


Rooti. 


3 4 


7 


24 


25 


5 


5 12 


119 


120 


169 


IS 


7 24 


336 


527 


625 


25 


9 40 


720 


1519 


168 i 


41 


11 60 


1320 


3479 


3721 


61 


13 84 


2184 


6887 


7225 


85 



It may here be observed, that the roots of the hypbthe» 
Duses are always equal to the greater of the genehtting 
numbers increased by unity. 

But if the second side and the hypotbenuse of each tri* 
angle in the above table, which differ only by unity, were 
assumed as the generating numbers, we should have a 
series of rightangled triangles, the least sides of which 
would always be squares. A few of these are as follow : 



Gener. 


Numb. 




Sides. 


HyiKKh. 


.4 


5 


9 


40" 


41 


12 


13 


25 


3ia , 


813 


24 


2,5 


49 


1200 


1201 


40 


41 


81 


3280 


3281 



In the last place, if it were required to find a series of 
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rightaagled triangles, one of the sides of which shall be 
always a cube, we have nothing to do but to take, as ge- 
nerating numbers, two following terms in die progreswon 
of triangular numbers, as I, 3, 6, 10, 15, 31, See. By my 
of example we shall here give the first four of theae 
triangles : 

Oenn. Numb. Sidw. HjrpeUi 



120 

300 



FBOBLBM III. 

TojM Three different Rightangled Triangles, the Areas 
of which shaU be aU SqutU. 

The following are three rightangled triangles which 
possess this property. The sides of the first are, 40, 43, 
48 ; those of the second 24, 70, 74 ; and those of the third, 
IJ, lis, 113. 

The method in which these triangles are found,, is i^ 
follows : 

Add the product of any two numbers to the sum of their ' 
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as many as we choose in fractions or mixed numbers, by 
means of the following formula : 

With the hypothenuse of one of the above triangles» 
and the quadruple of its area^ form another rightangled 
triangle, and divide it by double the product which arises 
from multiplying the hypothenuse of the triangle you 
made choice of by the difference of the squares of the two 
other sides : the triangle thence produced will be the one 
required. 

r 

« 

PROBLEM IV. 

Tojmd a RigJUangled Triangle ^ the Sides of which shall he 

in Arithmetical Progression. 

Take two generating numbers which have to each 
other the ratio of 1 to 2 ; the sides of the rectangled tri- 
angle thence produced will be in arithmetical progression. 
" The simplest of these triangles, is that which has for its 
sides 3, 4 and 5, arising from the numbers ] and 2 a»* 
stHned as generating lumbers. But it is to be observed, 
that all the other triangles, which possess the same pro- 
perty, are similar to this onie, and are only multiples of it. 
That there can be no other kind, might easily be demooe- 
strated in a great many different ways. 

REMARK. 

If it were required to find a rightangled triangle, the 
three sides of which should be in geometrical proportion, 
we must observe that none such can be found in whole 
numbers ; for the two generating numbers ought to be 
iq the ratio of 1 to ^(v/5— 2), which is an irrational 
number. 
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PBOBLEH V. 

Tit find a S^hlangled Triangle, the Area t^ whkh, ex- 
pressed m Numbert, shall be ejuat to the Perimeter, or in 
a given ratio to it. 

Of any square nuoiber, and the same square iocreaseil 
by 2, form a rightangled triangle, and divide each ctf its 
sides by thatisquare nmober : the quotients wilt give tbe 
sides of a new rightangled tiiangle, tbe area of whtcfa, 
expressed namerically, will be equal to the perimeter. 

ThuJ> if we take, as generating numbers, 1 and 3, we 
shall have the triangle 6,^, 10, tbeùdesof whichifâivided 
by unity give the same 6, 8, 10, forming a triangle having 
tbe property required ; for the area and the perimeter are 
each equal to 24. In like manner, if «e take 2 and 6 as 
generating numbers, we obtain for the required triangle 5» ' 
12, IS, which on trial will be found to possess the same 
property. 

These triangles are the only two of the kind which cu 
be found in whole numbers; but we may find abundasGC 
of them in fractional nnmbers, by meaos of the sqoarct 9, 
16, &c; such as the following: ^, ^^■, i^; or ^, V^, 
Vs I or in their least terms, y , if^, ^. 
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CHAPTER VI. 

Sbme Curious Probkms respecting Squarelmd Cube 

'Sumbers* 

PEOBLEM I. 

Afnf Square Number being given^ to divide it into 2\vo other 

Squares^ 

Innumebablb solutions may be found to this problem^ 
m the following manner. Let 16, for example, whose 
root is 4, be the square to be divided into two other 
square, which, as may be easily seen, can only be frac- 
tions. 

Take any two numbers, as 3 and 2; multiply them 
together ; and by their product multiply the double of 4, 
the root of the proposed square ; the last product, which 
in this case is 48, will be the numerator of a fraction, the 
denominator of which will be 13, the sum of the squares 
of the above numbers S and 2 : the fraction -ff therefore 
will give the side of the first square required, which square 
consequently will be V^- 

To obtain the second, multiply the given square 16, by 
the above denomiaator 169, and from the product 2704^ 
subtract the numerator 2304: if we then take 20, the 
root of 400 the remainder, (which will be always a square}^ 
lor a numerator, and 15 for a denominator, we shall have 
die fraction ^ for the side of the second square. 

The two sides of the required squares therefore, are 44 
and^, the squares of which, V^ ^nd 4^» will be found 
equal to the square number 16. 

If we had taken for the primitive numbers 2 and 1, we 
should have had the roots '^ aud Y> ^^^ squares of which 
are V; ^^à. '^V * ^^ ^^^ ^^ which is ^ or 16. 

E 2 
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Tbe nambers 4 and 3 would have giveo the roots ^ 
and 14) ^^^ squares of which y^ and -^f} «till make up 
l«î^ or 16. 

It may here be seen, that by varying the fint two lap- 
posed numbers at pleasure» tbe tolutioDS also may be 
varied without end. 



Should it here be asked whether a given cube can, in 
like manner, be divided into two other cubes ? We ahall 
reply, on the audtority d an eminent analyst, M. de 
Fermât, that it is not possible^ It is equally imposable to 
divide any power above tbe square into two parts, which 
shall be powers of the same kind ; for example, a Uqaa^ 
drate into two biquadrates. 

PEOBLBM II. 

To dioide a Number, which is the Sum of 7\iio Spuara, mto 
Two other Sjuara. 

Let the proposed number be IS, which is composed of 
tbe two squares 9 and 4 : it is required to divide it into two 
other squares. 

Take any two numbers, for example, 4 and 3 ; and 
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willbê^; and if you add the other tothe tnde of the 
smaller square contained in 13, tIz. 2, you wiH have ff.. 
These two fractions then, ^ and ||, will be the sides of 
thé two squares sought, viz. ^^ and ^^,^hich together 
are equal to IS, as may be easily proved. 

By supposing other numbers, other squares may be 
obtsdned ; but these are sufficient to show the method of 
finding them. 

BEMABK. 

For a number to be divisible, in a variety ol ways, into 
two squares, it must be either a square, or eoçopoaed of 
two squares. Of this kind, taking them in order, wee thç 
numbers 1, 2, 4, 5, 8, 9, 10, 13, 16, 17, 25, 26, 29, 32, S4, 
36, 37, &c. We do not know, nor do we think it possible 
to find, any method of dividing into two squares, any 
number which is not a square, or the sum of two squares ; 
and we are of opinion that it may be established as a rule, 
that every whole number, which is not a square or composed 
of two squares, in whole numbers, cannot be divided, in 
any manner, into two squares. A demonstration of this 
would be curious. 

But every number is divisible, in a great variety of 
ways, into four squares ; for there is no number which is 
not either a square, or the sum of two, or of three, or of 
four squares. Bachet de Meziriac advanced this proposi* 
tion^, the truth of which he ascertained as far as possible 
by trying all the numbers from 1 to 325. It is added, by 
M. de Fermât f, that he was able to demonstrate the fol- 
lowing general and curious properties of numbers, viz. 

That every number is either triangular, or composed of 
two or three triangular numbers. 

* Diophanti Alezandrini Aritlinifeticorum lib. tL cnm Comm. C. G. Bu^ 
dMtw Tolow. WHO. foK p. 179. f Ibid. p. ISO. 
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Tfai^ eTwy number ii either square, or compoiad of 
two, or three, or four (quare nundters. 

Aod that every number is either pentsgoniJ, or coo»* 
prwed of two, or three, or four* or five pentagonal niu^ 
bers. And so of the rest. 

A demonstration of these properties of numbers, if tbey 
be real, would be truly curioos. 

PHOBLEH lU. 

Tojmd Four Cubes, two of which taken together, shall he 
equal to the Sum of the other two. • 

Tliis problem 'may be solved by the following nmple 
method. Take any two numbers of such a natnre, that 
double the cube of the less shall exceed that of the greater ; 
then from double the greater cube subtract the less ; and 
multiply the reminder, as well as the snm of the cubes, 
by the lesser of the assumed nuoibers : the two products 
will be the sides of the two first cubes required. 

In like manner, take the cube of the greater of the 
assumed numbers from double the cube of the less ; and 
multiply the remainder, as well as the sum of these two 
cubes, by the greater of the assumed numbers ; the two 
new products -will be the sides of the other two cubes. 
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sible to find two other cahès, the sum of which shall be 
equal to the former two. Vieta was of a contrary opi- 
mon ; bat M. de Fermât, in his Observations on the Arith- 
metical Questions of Diophautus, with a commentary by 
Bachet de Meziriac, has pointed out a method by which 
such cubes can be found. The calculation indeed extends 
to numbers which are exceedingly complex,- and sufficient 
to firighten the boldest arithmetician ; as may be seen by 
the following example, where it is required to divide the 
sum of the two cubes 8 and 1 into two other cubes. By 
following the method of M. de Fermât, Father de Billy 
found that the sides of the two new cubes were the follow- 
ing fractional numbers : 

12486 17773S990097836481 
60962383566137297449' 
and 48726717A714352336560 

60962383566137297449* 
We must take these numbers on. Father de Billyhs word ; 
for we do not know that any one will ever venture to ex* 
amine whether he has been deceived. 

But it is possible to resolve, without much trouble, an* 
other question of a similar kind, which is.: to find three 
cubes which, tak^a together, shall be equal to a fourth. 
By following the method pointed out in the above men- 
tioned work, it will be found that the least whole numbers, 
which resolve the question, are 3, 4 and 5 ; for their cubes 
added together make 216, which is the cube of 6. 

We have confined ourselves to a few questions of this 
kind, but they might be varied almost without end. They 
are attended with a peculiar kind of difficulQr which ren- 
ders them interesting, and on that account they have been 
an object of attention to various analysts ; such as Dio- 
phttntus of Alexandria, among the ancients, who wrote 
thirteen books on arithmetical questions, of which the first 
six only remain, with another on polygonal numbers. 
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Vieta too ezenjiecl hUingeoutty on questions of Ûm Uad ; 
u did alio Bachet de Meziriac^ who wrote a eommentary 
CD tbe above work of the Greek Aritbrnetician. Bat àà» ■ 
species of aoalysis was carried farther than ever it had 
been before by the celebrated M. de Fermât. Father de 
Billj, aboat the same time^ gave proofs of the acuteness 
of his talents in this way, by bis work entitled Diophaittui 
iîei/nwu.f,inwhichheffir excelled tbe ancient analyst. M. 
Ozanam likewise showed great ability in this Bpeciea of 
analysis, by the resolution of several prc^Iems, which bad 
been considered as insoluble. He wrote a work on dût- 
subject, but it was never published ; and the manuscript, 
after bis death, catne into tbe bands of tbe late M. Dague»- 
seau, as we are informed by tbe historian of the Academy 
of Sciences *. 



CHAPTER VII. 

0/ Arithmetical and Geometrieal Progreuiotu, and ^ . 
certain Prvblems which depend on them. 

H. 

Esptamtim of the mint remarkable propertia of an dritJ^ 
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The series of nambers 1, £, 3, é, 5, 6, &c ; or 1, S, 9, 
IS9 &c; or 20| 18, 16, 14, 1£, 8cc ; or 15, 12, 9, 6, S, are 
therefore arithmetical progressions ; for in the first, the dif- 
ference between each term and the following one, which 
exceeds it, is always 1 ; in the second it is 4 : in like man- 
ner this difference is always 2 in the third series,, which 
goes on decreasing, and in the fourth it is 3* 

It may be readily seen, that an increasing arithmetical 
progression may be continued ad infinitum ; but this can« 
not.be the case, in one sense, with a decreasing series ; for 
we must always arrive at some term, from which if the 
coomion difierence be taken, the remainder will be D, or 
else a negative quantity. Thus, the progression 19^ 15, 
1 1, 7, S, cannot be carried farther, at least in positive num- 
bers ; for it is impossible to take 4 from 3, or if it betaken 
we shall have, according «to analytical expression, —1*; 
and by continuing the subtraction we should have — 5, 
— 9, &c. 

The chief properties of arithmetical progressions may 
be easily deduced from the definition which we have here 
given. For a little attention will show, 

1st, That each term is nothing else than the first, plus or 
minus the common difference multiplied by the number of 
intervals between that term and the first. Thus, in the 
pr<^ression, 2, 5, 8, 11, 14, 17, &c, the difference of which 
is 3., there are five intervals between the sixth term and 
the first ; and for this reason the sixth term is equal to thé 
first plus 15, the product of the common difference S by 
5.. But as the number of intervals is alwajrs less by unity 
than the number of terms, it thence follows, that we may 

* As the quantities called negative are real quantities, taken in a sense 
contrary to that of the quantities called positive, it is evident that, according 
to mathematical and analytical strictness, an arithmetical progression may 
he continued ad infinitum, decreasing as well as increasing; but we her* 
speak agreeably to the vulgar mode of expression only. 



w.«.;: n :oe series in known, 

.iXKTrr.:cit by the number ex- 

itXï.-niing to this rule, the 

,i:'i jr-wression will be equal 

.sic-.-a dilTereacC' If it be 

■.K r.nt term minus that 



-Mi.-a therefore, the c 
•■-■' wrro the place of which 
:.'<T iitTerence by the num- 

L-Nr unity, and add the pro- 
:-.-\;ri'Jsioii be increasing^, but 

: '.e sum or remainder will 



., ■:-.'i;ri.>ssion,thcsumof thefirst 
là. i>t' the second and the last 
., ;■. viand tlic last but two; &c; 
,. ii.i.i.:!o terms if the number of 
.■A< liouble of the middle term if 

1. iuo( 'it rated from what has been 
M-^ term A, and let us suppose 
.11^ n the profrression ; if it be in- 
K.'Ti wilt be equal to A plus nine- 
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progresaîoo may be readily found : for, as the first and last 
terms make the same aum as the second and last but one, 
and as the third and the last but two, &c ; in .shorty as the 
two middle terms, if the number of terms be even ; it 
thence follows, that the whole progression contains as 
many times the sum of the first and the last terms, as there 
are pairs of such terms. But the number of pairs is equal 
to half the number of the terms ; consequently the sum of 
the whole progression, is equal to the product of the sum 
of the first and last terms multiplied by half the number of 
terms, or, what amounts to the same, to half the product 
of the sum of the first and the last terms by the number of 
the terms of the progression. 

If the number of the terms be odd, as 9 for example; it 
may be readily seen that the middle term will be equal to 
half the sum of the two next to itj and consequently of the 
sum of the first and the last. But the sum of all the terms, 
the middle term excepted, is equal to the product of ttie 
sum of the first and last terms by the number of terms less 
unity, for example 8 in the case here proposed, where 
there are 9 terms ; consequent^, by adding the middle 
term, which will complete the sum of the progression j and 
which is equal to half the sum of the first and the last 
terms, we shall have, for the sum total of the progression, 
as many times the half sum above mentioned, as there are 
terms in the progression ; which is the same thing as the 
|»oduct of half the sum of the first aiid last terms by the 
jptumber of the terms, or the product of the whole sum by 
half the number of terms. 

r When these rales are well understood, it will be easy to 
resolve the following questions. 

PROBLSM 1. 

ffa himdred stones are placed m a straight tine^ at the dism 
iance of a yard from each other; howifnamf yards mutt 
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find any term, the place of which in the leries ,jf („ 

if we multiply the commoD difference bj the „ frum 

presùng that place less unity. According to ; 

hundredth term of an increasing progreMon , . 

to the first plus 99 times the common difierr ^ . ■^ . 

decrea^ni;, it will be equal to the first ter ' , , ° '* 
, "' ^ o-oad he must 

In every arithmetical progression tberefc ' Is a r1 

difference being given, to find any term t' . 

is known ; multiply the common differs ' ' , * 

I ,...11 1 . . _: îl'irsc numbers 

ber which indicates that place less unit* , , . 

, , _ .- , ilic luinibcr of 

duct to the first term, if the progressir 

subtract it if it be decreasing: the sur ' ' ,^,„„ 

, . ^ . , ^ . :?l>y iO, or 10100 

be the term required. , , , ,» 

, . ^ . , . , . « oilcs and a naif. 

2d. In every arithmetical progrM^^H^^Hi^arv«vHMl 

and last terms, is equal to that of tl '■ ■ 

bat one ; and to that of the third an'' 

in short, to the sum of the oiidJli: 

the terms be even, or to the dmi' ff^M the jirsl yard 

the number of the terms be odd . /'"■ the third, and sa 

This may easily be (îemonst , r-re ^ expected to find 

said : for let us call the first t . *rkkiai/er when he had 

that there are twenty terms ir 

creasing, the twentieth temi -..tgered. by the rules al- 




"lEBSIONS. 



61 






iîLEM III. 

(/ bricklayer to sink a well to thé 

and agreed to give him 20/. for the 

ncklayer falling sick^ when he had finish' 

^'uj i/, was unable to go on with the work : 

"i iticn due to hith f 

yiit imagine that two fifths of the whole 
'o the workman, because 8 yards are two 
vh agreed on, would certainly be mistaken ; 
easily seen that, in cases of this kind, the 
L^es in proportion to the depth. We shall 
c:, for it would be difficult to determine it with 
;'xy, that the labour increases arithmetically as 
li ; consequently the price ought to increase in the 
dinner . 
determine this problem, therefore, 20L or 400 shit 
must be divided into 20 terms in arithmetical pro* 
>ion, and the sum of the first eight of these will be 
at was due to the bricklayer for his labour. 
But 400 shillings may be divided into twenty terms^ in 
.tithmetical proportion, a great many different ways, ac- 
cording, to the value of the first term, which is here unde- 
termined : if we suppose it, for example, to be 1 shillings 
the progression will be 1, 3, 5, 7, Sec, the last term of 
which, will be 39 ; and consequently the sum of the first 
eight .terms will be 64 shillings. On the other band, if we 
êoppoBe the first term to be lOj^, the series of terms will 
he 10^, Hi, 12i, 13^, 14|, which will give 112 shillings 
for the sum of the first eight terms. 

But| to resolve the problem in a proper manner, so as to 
give to the bricklayer his just due for the commencement 
fif the work, we must determine what is the fair value of a 
jard of work, similar to the first, and then assqme that 



-.--.::.. We shall here 
'.i.^ ir.J in that case the 

' >^^, and the last term 

•-. » :ch is necessary be- 

• T-< fght terms, multiply 

:,..:î will givelly^, and 

- -•.-. which will give the 

^^ :ri^ to the Brst term, 

■ » i-^e product, 84^, will 

■•:•-. -•■T what was due to the 

: T.-rk he had completed. 

•■ -weive 84-^ shillings, or 



. ^tbf, one of his tredtlorSf 
. .V give him an acquittance 
: ■i.'.'t- sum in 1 2 monthly in~ 
I. ike first mouth, and to in- 
■:jiii sum each succeeding 
. when the whole debt would 
i u-as the pai/atent of each 
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we must then multiply the number of terms less unity, or 
1 1, by half the number of terms, or 6, and we shall have 
6€ ; by which if the remainder 660 be divided, the q«iotîent 
lO will be the difference required. The first payment 
therefore being 100, ^he second payment must have been 

1 10, the third 120, and the last 210. 

I 

§ IL 

Of Geometrical Progressions^ with an explanation of theùt 

Principal Properties. 

If there be a series of terms, each of which is the pro-*- 
duct of the preceding by a common multiplier ; ofj what 
amounts to the same thing, each of which is in the same 
ratio to the preceding ; such a series forms what is called 
a geometrical progression. Thus 1, d, 4, 8, 16, flcc^form 
a geometrical progression ; for the second is the double of 
the first, the third the double of the second, and so #n in 
succession. The terms 1, 8, 9, 27, 81, &c, form also a 
geometrical progression, each term being the triple of that 
which precedes it. 

I. The principal property of a geometrical progression 
is, that if we take any three following terms, as S, 9, 27, 
the product 81 , of the extremes, will be equal to the square 
of the middle term 9 ; in like manner, if we take four fol- 
lowing terms, as S, 9| 27, 81, the product of the extremes^ 
243, will be equal to the product of the two means or 
middle terms, 9 and 27. 

In the last place, if we take any successive number €â 
terms, as 2, 4, 8, 16, 32, 64, the. product of the extremes, 
2 and 64, will be equal to the product of any two which 
are equally distant from them, viz. 4 and 32, or 8 and 16. 
If the number of the terms were odd, it is evident that 
there would be only one term equally distant from the two 
extremes ; and in diat case, the square of this term would- 



. -mes, or to that of any 

- lu the mean term. 

. ..:;mietical progression 

. .ixrrves here to be men- 

'.^;t; r«:»uJts are obtained in 

..cation and divisdon, as 

- .i.i:'.;ion and subtraction. 

'. '^.['or the third, we em* 

.'i~ the square, cuhe, &c, 

jt-o! ini-an between any two 
.-_ 'i2, »"c iidd the two given 
.-.' ilicir sum 15, will be the 
i; J. geometrical mean between 
::.'.![ij)ly the two extremes, and 
:'.i.i(- [iiuduct. Thus, if the 
; I'J, by extracting the square 
^h.lll huve G for the number 

^'.i> prugrestiiun whatever, ag, 
...A write it down as in the sub- 
- ;ns lit' an arithmetical progrès- 
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bers of the upper series corresponding to them will be 1, 
4y 6, 9^ which are- in arithmeticar proportion; for the 
difference between 4 and 1 is the same as that between 9 
and 6. 

Sd. In the lower series, if we take any square number, 
for example 64, and in the upper series the term corre» 
sponding to it, viz. 6, the half of the latter will be found 
to correspond to the square root of 64, the former, viz, 8* 

By taking, in the lower series, a cube» for example 51f , 
and in the upper series, the corresponding number 9, it will 
be found that the third of the latter, which is $, will cor» 
répond to the cube root of the former 512, which is^. 

Thus, it is eyident, that what is multiplication in geo- 
metrical progression, is addition in arithmetical ; that what 
is division in the former, is subtraction in the latter ; and, 
in the last place, that what is extraction of the square, 
cube, &c, roots, in geometrical progression, is simple di- 
vision by 2, 3, &c, in arithmetical. 

This remarkable analogy is the foundation of the com- 
mon theory of logarithms ; and on that account, seenied 
-worthy of some illustration. 

III. It is evident that all the powers of the same number, 
taken in regular order, form a geometrical progression ; as 
may be seen in the following example, which is a series of 
the powers of the number 2, 

2 4 8 16 S2 64 128 &c. 

The case is the same with the powers of the number S, 
which form the series, 

3 9 2Y 81 243 729 &c. 

The first of thede series has this peculiar property, that 
if we take the first, second, fourth, eighth, sixteenth, and 
thirty-second terms, and to them, add unity, the result 
will be prime numbers. 

^^■b.The common ratio of a geometrical progression, is 
oPBUber that results from the division of any term by 



00 OBOHITKICIX 

that which precedes ft. Thus, in the ^ometiical progrct* 
noaa,8,32, 128, 512, the ratio is 4; for if we divide 18B 
by 32, 32 by S, or 8 by 2, the quotient will be always 4. 
The ratio therefore acts an important part in geometrical 
progression ; the same that the common difference does in 
arithmetical, that is to say, it is always constant. 

To find any term dien, for example the 8th, of a geo- 
metrical prc^ressio», the ratio and first term of which ure 
known, multiply the ratio by itself 7 times, or as many 
times as tbeee are units in the place of the required term 
less one ; or, what is the same thii^, raise the ratio to the 
7th power ; then multiply the first term by the product, 
and the new product will be the 8th term required. For 
example, let the first term of the progression be 3, and the 
ratio S ; to find the 8tb term, raise 2 to the 7th power, 
which will be 138, and multiply 188 by the first tenn S, 
the product 384 will give the Stfa term of the progreedm 
required. 

We shall here observe, that bad the 8th term of an 
arithmetical progression been required, the first term and 
the common diSerence being given, we should have molt^ 
plied that diSerence by 7, and added the product to the 
first term ; which is a proof of the analogy already owd- 
tioaed in the second paragraph. 
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diflference then be diyided by 3^ the diflSsrence of the firrt 
and second terms, we shall have for quotient the number 
765, which will be the sum of these eight terms. 

YL A geometrical progression may decrease in ivfinkumf 
without ever reaching ; for it is evident that any part of 
the quantity greater than can never become 0. Â de« 
creasing geometrical progression therefore may be ex^ 
tended without end ; for by dividing the last term by the 
ratio of the progression, we shall have the following term. 

We shall here subjoin two of these decreasing progres- 
sions, by way of examples : 

IX X I X I X t^f% 

9 T9 T> TJ T1Sr> TT» TSTJ ^^* 

^> •§•> y> -^9 TT9 TTT> TÎT> ^* 

Vn. The sum of an increasing geometrical progression 
is evidently infinite ; but that of a decreasing geometrical 
progression, whatever be the number of terms assumed j is 
always finite. Thus the sum of all the terms, in infinitum^ 
of the progression 1> 4, j-, •{-, &c, is only 2 ; that of the 
progression 1» f» •§-, -erf &c> *^ injiniium, is only 1^ ; tec. 
Tins necessarily follows from the method already given> 
for finding the sum of any number of torms whatever of a 
geometrical progression ; for if we. suppose it prolonged 
m infimiumj and decreasing» the last term will be infinitely 
small, or ; the product of the second term by the last wilt 
therefore be O ; and consequently, to find the sum, nothing 
will be necessary but to divide the square of the first term 
by the difference of the first and the second: In this man« 
ner it will be found diat the sum of 1, ^, ^j -I, &c, coiv 
tinned «n infinUumj is fi ; and that of 1, •}., ^, will be !• or 
ïi ; for the square of 1 is 1, the difference of 1 and 4 ^it 
and unity divided by ^ gives 2 ; in like manner, 1 being 
^^^^ by f, wliich is the difference of 1 and f , gives |« 

RBMARK. 

When, we say that a {«(cession continued m ir^imtwm 

F2 
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mty be equal to a (intte quantity, we do not, like Fonte- 
nelle, pretend to assert that infinity can have a real exiit- 
ence. What is here meant, and what ought to be undel^ 
stood, by all such expressions, is, that whatever be the 
number of terms of a progression assumed, their sum iievBr 
can equal the determined finite quantity, though it tn^ 
approach to it in such a manner, that their dtftrence irlll 
become smaller than any as«gnable qtiantity. 



IfAchUles can walk ten times as fast as a iortoùet whkh û 
a/urlong before Am, can crawls vïU the former over- 
take the latter^ ani how far must he walk htfare he does 

. »? 

This problem has been thought worthy of notice menlj 
because Zeno, the founder of the sect of the Stokf, pr^ 
tended to prove by a sophism, that Achillea conld never 
overtake the tortoise ; for while Achilles, said he, is walk- 
ing a furlong, the tortoise will have advanced the tendi td 
a furlong ; and while the former is walking tfaattei^t the 
tortmse will have advanced the hundredth part of afioF* 
long, and so on m ir^nitum ,- consequently an infinite amài' 
ber of instants must elapse before the hero c 
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pose that he has walked the first furlong in 10 minutes, he 
will require only one minute to vralk the tenth of a fur- 
Ipng, and -^ of a minute to walk the hundredth, &c. The 
intervals of time therefore, which Achilles will require to 
pass over the space gained by the tortoise, during the pre- 
«Seding time, will go on decreasing in the following man* 
.Mn 10, 1, ^, ,,-Sv, rAruy ^^î *"^ t^** series^ forms a 
■sub-decuple geometrical progression, the sum of which is 
equal to 11-g., or the interval of time at the end of which 
Achilles will have reached the tortoise. 

PROBLEM II. 

If the hour and minute hands of a clock both begin to move 
exacthf at noon; at what points of the dial-plate wUl they 
he successively in conjunction^ during a whole revolution 
rfthe twelve hours f 

. This problem, considered in a certain manner, is in 
nothing different from the preceding. The minute hand 
acts here the part which Achilles did in the former, and 
the hour hand, which moves twelve times slower, that of 
^le tortoise. In the last place, if we suppose the hour 
hand to be beginning a second revolution, and the minute 
band to be beginning a first, the distance which the one 
has gained over the other will be a whole revolution of the 
dial-plate. When the minute hand has made one revolu- 
tion, the hour band will have made but one twelfth of a 
levoliitiony and so on progressively. To resolve the pro- 
blem therefore, we need only apply to these data, the 
method employed in the former case, and we shall find^ 
that the interval from nocm, to the point where the two 
Jiands come again into conjunction, will he^ of a whole 
levolution, or, what amounts to the same thing, one hour 
and ^ of an hour. They will afterwards be in conjunc- 
timi at 2 hours and •^, 3 hours and ^, 4 hours and -fy, 
Ice ; and, lastly, at 11 hours H^ that is to say at 1^ hours. 
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A courtier haomg per/ortaed same very impartant service to 
his sovereign, the latter, wishing to corner oh him a suit- 
able reward, desired Aim to ask whatever he thought 
proper, promising that it should be granted. The courtier, 
who was well acquainted with the science of }tumbers,.onfy 
requested that the monarch xeouid give him a quant^ f^ 
wheat equal to thai w/ach would arise from one gram 
doubled sixty-three times successively. What was the 
value of the reward f 

The origin of this problem is related in so curioiu a 
manner hy Al-Sephadi, an Arabian anthor, that it deaerves 
to be mentioned, A mathematician named Sessa, says he, 
the son of Daher, the subject of an IniJian prince, having 
invented the game of chess, his sovereign was highly 
pleased with the iiivention, and wishing to confer on him 
some reward worthy of his magnificence, desired him to 
ask whatever he thought proper, assuring him that it 
flhontd be granted. The mathematician, However, only 
asked a grain of wheat for the first square of the obei^ 
board, two for the second, four for the third, and so oo to 
the last or «ixty-fourth. The prince at first was almost 
incensed at this demand, conceiving that it was ill «uited 




PBOOBBSSIONS. Il 

Such is then the origin of the game of chess, at least 
according to the A^bian historian Al-Sephadi. But it is 
not our business here to discuss the truth of this story ; 
our business being to calculate the number of grains de* 
manded by the mathematician Sessa. 

It will be found by calculation^ that the 64th term 
of the double progression, beginning with unity^ is 
1^22337203(6854775808. But the sum of all the terms of a 
double progression^ beginning with unity, may be obtiûned 
by doubling the last term and subtracting from it unity. 
The number therefore of the grains of wheat equal to Sessa's 
demand, will be 18446744073709^51615. Now, if a 
standard pint contains 9216 grains of wheat, a gallon will 
contain 73728, and, as eight gallons make one bushel, if 
we divide the above result by eight times 73728, we shall 
have 31274997412295 for the number of the bushels of 
wheat necessary to discharge the promise of the Indian 
king ; and if we suppose that one acre of land is capable 
of producing in one year, thirty bushels of wheat, to pro- 
duce this quantity would require 1042499918743 acres, 
which make more than eight, times the surface of the 
whole globe ; for the diameter * of the earth being sup* 
posed equal to 7930 miles, its whole surface, comprehend- 
ing land and water, will amount to very little more than 
126437889177 square acres. 

Dr. Wallis considers the matter in a manner somewhat 
different, and says, in his Arithmetic, that the quantity of 
wheat necessary to diq^harge the promise made to S^sa, 
would form a pyramid nine miles English in length, 
breadth and height ; which is equal to a parallelepiped 
DoasB having nine square leagues for its base, and of the 
uniform height of one league* But as one league con* 
tains 15840 feet, this solid would be equivalent to another 
one foot in hdght and having a base equal to 142560 
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at^uare leagun. Hence Lt foilovs, that tbe above ^ 
of «beat would corer, to tbe beight of one foot, 14S5W 
aqwure leagues ; an extent i^ sarface equal to eleven tÛMB 
t^t of Britain, wfaicb when every reduction is made w31 
be found to contain little more tfaan 12674 sqaare leagaoh 
If tbe price of a bushel of wbeat be estimated at tea 
■hillings, the value of tbe above quantity will amoont to 
l«G3749e7oei47/. 10*. a sum whicb^ in all prob^ility, far 
•urpasses all the riches on tbe eartfa. 

Another problem of the same kind is proposed in die 
following manner : 

Ji gentleman taking a fancy to a horse, which a hone-JtaUt 
wished to dispose of at as high a price as he could, the Im^ 
ter, to induce the gentleman to become a purchaser, tfieni 
to let him have the horse for the v(due of the tweti^-Jbmrtk 
nail in his shoes, reckoning one farthing for the first msHg 
two for the second, four for (he tkird, and so m to the 
twentyfourth. The gentleman, thinking he thouid hope 
a good bargain, accepted the offer: what was the price ^ 
the horsed 

By calculating as before, the 24tb term of the progre»- 
ùon 1, 2, 4, 8} &c, «ill be found to be 8388608, cqnsl'to 
the number of farthings the purchaser ought to give fat the 
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and the progressive multiplication, of animals and vege- 
tables, which would take place, if the powers of nature 
were not continually meeting with obstacles. 

I. It is not astonishing that the race of Abraham, after 
scgouming 260 years in Eg3rpt, should have formed a na- 
tion capable of giving uneasiness to the sovereigns of that 
country. We are told in the sacred writings, that Jacob 
settled in Egypt with 70 persons ; now if we suppose that 
among these70persons,there were twenty too far advanced 
in life, or too young, to have children ; that, of the re- 
maining 50, 25 were males and as many females, forming 
2S married couples, and that each couple, in the space of 
C5 years produced, one with another, 8 children, which 
will not appear incredible in a country celebrated for the 
fecundity of its inhabitants, we shall find that, at the end 
of 25 years, the above 70 persons may have increased to 
SJO; from which if we deduct those who died, there will 
perhaps be no exaggeration in making them amount to 
210» The race of Jacob therefore, after sojourning 25 
years in Egypt, may have been tripled. In like manner, 
these 210 persons, after 25 years more, may have increased 
to 690 ; and so on in triple geometrical progression : hence 
it follows that, at the end of 225 years, the population may 
have amounted to 1377810 persons, among whom there 
might easily be five or Ax hundred thousand adults fit to 
bear arms. 

II. If we suppose that the race of the first man, making 
a proper deduction for those who died, may have been 
doubled every twenty years, which certainly b not incon- 
sistent with the powers of nature, the number of men, at 
tèe end of five centuries, may have amounted to 1048576. 
Now, as Adam lived about 900 years, he may have seen 
therefore, when in the prime of life, that is to say about 
the five hundredth year of his age, a posterity of 1048576 
persons. 
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m. Hov great would be the multiplication of many 
animais, did not tlie difficulty of Ending food, the cootinaal 
irar whicb they cany on against each other, or the mua- 
bers of them consumed by man, set bounds to their propa^ 
gation 1 It might easily be proved, that tlie breed of a mjw, 
whicb brings forth six young, two males and four femalei} 
if we suppose that each female produces every year after- 
wards six young, four of them females and two nudes, 
would in twelve yeani amount to 33554230. 

Several other animals, such as rabbits and cats, which 
go with young only for a few weeks, would multiply with 
Btill greater rapidity : in half a century the whole earth 
would not be sufficient to supply them with food, nor even 
to contain them ! 

If all the ova of a herring were fecundated, a very few 
years would be sufficient to make its posterity fill the whole 
ocean ; for every oviparous ash contains thousands of ova, 
which it deposits in spawning time. Let us suppose that 
the number of ova amounts only to 2000, and that time 
produce as many fish, half males and half females ; in the 
second year there would be more than 200000; in the 
third, more than 200000000 ; and in the eighth year the 
number would exceed that expressed by 2 followed by 
twenty-four ciphers. As the earth contaips scarcely so 
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lOOOO, at the fourth crop it would aàiount to a 1 allowed 
by sixteen ciphers. But as the whole surface of the earth 
contains no more than 5507634452576256 square feet; if 
Mre allow to each plant only one square foot^ it will be 
seen that the whole surface of the earth would not be suf- 
ficient for the plants produced from one hyosciamus at the 
end of the fourth year ! 

§111. 

Of same other Progressions, and particuiarly Harmonkal 

Progression. 

Three numbers are in harroonical proportion, when 
the first is to the last, as the difference between the first 
and the second, is to that between the second and the 
third. Thus, the numbers 6, 3, 2, are in harmonical pro- 
portion ; for 6 is to 2, as 3, the difference.between the two 
first numbers, is to i, the difference between the two last. 
This kind of relation is called harmonical^ for a reaaoB 
which will be seen hereafter. 

I. Twt> numbers being given, a third which shall form 
with them harmonical proportion may be found, by multi- 
plying these two numbers, and dividing their product by 
^he excess of the double ^f the first over the second 
'Thus, if 6 and 3 be given, we must multiply 6 by 3, and 
divide the product 18 by 9, which is the excess of 12 the 
double of 6 over 3, the second of the numbers given. In 
this case the quotient will be 2. 

It may hence be readily seen that, in one sense, it is not 
always poi^ble to find a third number in harmonical pro- 
portion with two others ; for when the first is less, if its 
double be equal to or less than the second, the result will 
be an infinite or a negative number. Thus, the third har- 
monic proportional to 2 and 4 is infinite ; for it will be 



76 HABMONICAL 

found that the number sought is equal to 8 divided by 
4 — 4, or 0. But every person, in the least acquainted 
with arithmetic, knows that the more the denominator of 
s fraction is inferior to unity, the greater the fraction ; 
coDsequently, a fraction which has for its denominator is 
infinite. 

If the double of the first number be less than the second, 
as would be the case were it proposed to find a third b^ 
monical to 2 and $, the required divisor will be a n^;ative 
nomber. Thus, in the proposed example of 2 and 6, it 
will be — S J and therefore the third harmonical required 
will he 12 divided by - S, that is - 6». 

But this inconvenience, if it be one, is not to he appre- 
hended when the greater number is the first term of the 
proportion ; for if the first exceeds the second, much more 
will its double exceed it. In this case therefore, the third 
harmonical will always be a finite and positive number. 

IL When three numbers, in decreasing harmonical pro* 
portion, are given, for example 6, 3, 2, it is easy to find a 
fourth : nothing is necessary but to Bud a third harmonicil 
to the two last, and this will be the fourth. The third 
and fourth may, in like manner, be employed to find a 
fifth, and bo on ; and this will form what is called an bar- 
monical progresaion, which may be always continued de- 
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fractîonsi haining for their numerators unity, and for their 
denominators the numbers of the natural progression, that 
they are in harmonical progression. 

Besides the numerical relation already mentioned, we 
find indeed, in the series of these numbers, all the musical 
concords possible ; for the ratio of 1 to ^ gives the octave; 
that of i to ^, or of 3 to 2, the fifth ; that of f to ^y or of 
4 to 3, the fourth ; that of ^ to i^ or of 5 to 4, the third 
major ; that of f to -^y or of 6 to 5, the third minor ; that 
of j- to ^, or of 9 to 8, the tone major, and that of ^to •^, 
or of 10 to 9, the tonç minor. But this will be explained 
at more length in that part of this work which treats 
of music. 

It is a curious property, that the three mean proportionals, 
viz, the arithmetical mean, the geometrical mean, and the 
harmonical mean, between any two numbers, are always 
in continued geometrical progression. So, between the 
two numbers 8 and 2, the arithmetical n^iean is 5, tht^ geô^ 
metrical mean is 4, and the harmonical mean is 3-1- ; and it 
is obvious that 5 : 4 : : 4 : 34-. 

PROBLEM, 

What is the Sum of the Infinite Series of Numbers in Har- 
monical Progression^ 1, i, y, i, f , i, S(c.? 

It has been already seen, that a series of numbers in 
geometrical progression, if continued in infinitum^ will al- 
ways be equal to a finite number, which may easily be 
determined. But is the case the same in the present 
problem? 

We will venture to reply in the negative, though an 
author, in the Journal de Trévoux^ has bestowed great 
labour in ^deavouring to prove that the sum of these 
fractions is finite. But his reasoning consists of mere para* 
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logiso», wbich h« would not bare employed had be bora 
more of a mathematician ; for it can be demonstrated that 
the series 1 , t> ^> i> t> ^> ""^y ^^ al^ntys continued id such 
a manner as to exceed any finite number whatever. 



S IV. 

Ofvarioua Progressïoiu Deereasmg in infinitum, the Sams 
tf "which are known. 

I. A VABIKTT of decreasing progressions, wbich baro 
«erred to exercise the ingenuity of mathematicians, may 
be formed according to different laws. Thus, for example, 
the numerator being constantly unity, the denominators 
ntay increase in the ratio of the triangular numbers i, 3, 
6, 10, 15,21, &c. Of this kind is the following pro- 
grewioB '. \, \y k, -rs, tt> t't> ^- I^ "un is finite, and 
ismetly equal to 2, or 14. 

In like manner the sum of a progression having unity 
constantly for its numerators, and the pyramidal nan4>en 
for its denominators, as, I, ^, ^, ■^, y^^, ^, Sec, is equal 
to li. 

That wliere the denominators are the pyramidals of the 
second order, asl, \, 4^, ■^, ^, ^, Sec, is equal to If. ' 
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If am reader is desirous to know its sum, we shall ob« 
serve, with Mr. John Bernoulli^ by whom it was first 
found, tiiat it is finite,^ and equal to the square of the cir« 
cumference of the circle divided by 6, or ^ of 3*14159*. 

Aa to that i» which the denominators are the cubes of 
the natural numbers, Mr. Bernoulli acknowledges that he 
had not been able to discover it. 

Those who are fond of researches of this kind, may con- 
sult a work of James Bernoulli, entitled Tractatus dc 
Seriebus Infinitum which is at the end of another published 
at Bale in 1713, under the title of Ars Conjectandt, where 
they will, find ample satisfaction. They may also consult 
various other memoirs both of John Bernoulli, to be found 
in the collection of his works, and of Euler, published in 
the Transactions of the Imperial Academy of Sciences at 
Petersburg. 



CHAPTER VIII. 
Of Combinations and Permutations. 

BEFORE we enter on the present subject, it will be 
necessary to explain the method of constructing a sort of 
table, invented by Pascal*, called the Arithmetical tri- 
angle, which is of great utility for shortening calculations 
of this kind. 

First, form a band AB of ten equal squares, and be- 
low it another CD of the like kind, but shorter by one 
square on the left, so that it shall contain only nine 
squares ; and continue in this manner always making each 

^ This is a mistake in Montucla, as the triangle was intented some «{«• 
beibra Pascal; sm Pr. Button's Tracts, vol. 1, pa. S31. 
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saccesnve band a •qture shorter. Wb shall thu have a 

aeries of squares disposed in vertical and horizontal bands, 
and terminating at each end in a single square, so as to 
form a triangle, on which account this table has been 
called the arithmetical triangle. The numbers with which 
it is to he filled up, must be disposed in the following 
manner, 
AT 
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C 1 2 3 


4 


5 


6 1 7 
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15 1 21 
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20 1 35 
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In each of the squares of the first band AB, insctihe 
unity, as well as in each of those on the diagonal AE. 

Then add the number in the first square of the band 
CD, which is unity, to that in the square immediately 
above it, and write down the sum 2, in the following 
square. Add this number, in the like manner, to that in 
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,Tbe €as(Bi,is tibenme with ai» wbiob ia the sam of 15 and 
4 ; with 35 in the fbunb band, which is the sum of 15rand 
iilO;&c. 

The first property of this table is, that it contains, in its 
bofizontal bands, the natund, triangular, p3rramidai, &C| 
numbers ; for in the second, we have the natural numberi 
1, 2, 3, 4, 8&C ; in the third, the triangular numbers, 1, S, 
6, 10^ 15, Sec; in Ûïe fourth, the pyramidals of the first 
order, 1, 4, 10, 20, 35, &c ; in the fifth, the pyramidals of 
the seootid order 1, 5, 15, 35, 70, Sec. This is. a necessary 
consequence of the manner in which the table is formed ; 
for it may be readily perceived, th^ the number in each 
square is always the sum of diose which fill the preceding 
squares on the left, in the band immediately above. 

The» same numbers will be found in the bands parallel 
to the diagonal, or the hypothenuse of the triangle. . 

But a property still more remarkable, which can be 
isomprehended only by such of our readers as are ac4 
•qoaiuted with sdgebra, is^ that the perpendicular bands 
exhibit the co-efficients belonging to the different mem^ 
llèrs of any power to which a binomfal, as a +6, can be 
raised. The third band contains those of the three mem^ 
bers of the square ; the fourth those of the four members 
fii tbe cube; the fifth, .those of the five members of the 
Jbiquadrate. But, without enlarging farther on this sub* 
ject, we shall^ proceed to explain what is meant by corny 
btnations. 

By combinations are understood the various ways that 
difibrent things, the number of which is known, can be 
chosen or selected, taking them one by one, two by two*, 
three by three, &c, without regard to their order. Thus, 
for example, if it were required to know in how many dif- 
ferent ways the four letters a, 6, c, //, could be arranged, 
taking them two and two, it may be readily seen that we 

VOL. I. Q 
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OHifbmwitfa dMnthefolloitingeoiiilMintiadB, «fr, M^"*^ 
at» U, td : four tbingB, therefore, may be coniUned, t*^ 
wkI two, six difierent ways. Three of these letter» maj 'fee 
0ODibiii«il four wajra, air, «W, mcdt bed; heoœ the com- 
binatiooa of four thingi, taken three and three, mnoaif 
feur. 

: la «ombinationt, properly so called, no attention is paid 
to tbe ordw of the things ; and for tins reaion we hart 
Bade no mention of the following oonbinatioas,' ia, e^ 
4i* ce, #, 4e. If, for example, foar tickets, markad a, $; 
r, et were put into a hat, and any one should bet to draw 
out the tlekett m and d, eitlier by taking two at one tiow» 
W taking one after another, it wonld be of no importnoM 
whether • should be drawn tint or last : tbe combinatione 
•rf or As ought therefore to he here considered onljr ea 
one. 

But if any one should bet to draw ont « tbe first tine. 
Mid d the second, tbe case would be very different ; and It 
would be necessary to attend to the order in whidi lèè^ 
four letters may he taken and arranged together, tw»Mid 
two : it may be easily seen that the difilweat ways are^ ^tH^ 
J«, ec, M, ad, da, bCf ct, M, dt, cdj de. In like manner^ 
these four letters might be combined and amnged, ttavM 
and three, S4 ways, as o^c, acb, bac, bca, coA, cba, adb, tU^ 




eight things, to be combing ^ three and three, we must 
take the xiinth vertical bandf. or ^ in all cases, that band the 
tirder. of which, is expressed by a. number exceeding by 
iWty tbe ,iiiiJ9d>er of things to be combined ; then tli^ 
fpurth. l^orizontal band, or that the order of which is 
greater by unity than the number of the things to be 
taken tçgether^ then in the common square of both will 
be found the number of the coocibinations required, which 
if^ the present ^example will be 56. 

But. as an arithmetical triangle may not always be at 
lumd, or as the number of things to.be combined may be 
too great to be found in such a table, the following simple 
ipetbod.may be employed. 

The number of the things. to be combined, and the 
manuer in which they are to be taken, viz. two and two^ 
or three and three, &c, being given : 

1st, Form two arithmetical progressions, one in which 
the terms go on decreasing by unity, beginning with the 
givfsn pmnber of things to be combined; and the other 
consisting of the series of the natural numbers 1, 2, 

.dd. Then take from each as many terms as there are 
tilings to be arranged together in the proposed com« 
bioation. 

Sdj, Mulûply together the terms of the first progres- 
fîOB., and. do the same with those of the second* 

4tbt In the last place, divide the first product by the 
second, and the quotient will be the number of the com« 
binations required. 

51. 

In haw many ways can 90 things be combined^ taking iltem 

two and two f 

AcpoBDll^o to the jabove rule we must multiply 90 by 
89, and divide the product 8010 by the product of 1 and 

g2 
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St that is s : the quotient 4005 will be the number of tbe 
combinations resulting from 90 things, taken tiro and two. 

Should it be required, in how many wajs tbe same 
things can be combined three and three, the problem may 
be answered with equal ease; for we have only to mnl- 
tiply together 90,, 89, SS, and to divide the product 704880 
by that of the three numbers 1, 8, 3 ; the (quotient 117480 
will be the number required. 

In like manner, it will be found that 90 things may be 
combined by four and four, 2555190 ways; for if the 
product of 90, 89, 88 and 87 be divided by 24, the pro- 
duct of 1, e, 3, 4, we shall have the above result. 

In the last place, if it be required, what number of 
combinations the same 90 things, taken five and five, are 
susceptible of, it will be found, by following the role, 
that the answer is 4S949268. 

SU. 

Were it asked, how many conjancUons tbe seven 
planets could form with each other, two and two, we 
might reply 21 ; for, according to (he general rnle> if we 
multiply 7 by 6, which will give 4S, and divide that nam- 
ber by the product of 1 and 2, that is 2, the quotient \vîtl 
be 21. 
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be uoited ; and the number 127 comprehends all the ways 
in which seven things can be taken one and one, two and 
twoy three and three, &c. In the present example there- 
fore^ we must deduct the number of the things taken one 
aad one, for a single planet cannot form a conjunction. 

PBOBLEIC II. 

Any number of things being given ; to find in haw many 

ways they can be arranged. 

This problem may be easily solved by following the 
method of induction ; for 

Isty One thing a can be aftanged^only in one way : in 
this case therefore the number of arrangements is = 1. 

9df Two things may be arranged together two ways ; 
for with the lett|^rs a and b we can form the arrangements 
ii^^and ba: the n^imber of arrangements therefore is equal 
to 2, or the product of 1 and 2. 

9d, The arrangements of three things a, b, c, are in 
number six ; for ab can form with c, the third, three dif- 
ferent ones/ baCy bca^ cba, and there can be no more. 
Hence it is evident that the required number is equal 
to the preceding multiplied by S, or to the product of 
1, 2, S. 

4th, If we add a fourth thing, for instance dy it is evident 
that, as each of the preceding arrangements may be com- 
bined with this fourth thing four ways, the above num- 
ber 6 must be, multiplied by 4 to obtain that of the 
arrangements resulting from four things ; that is to say, 
the number will be 24, or the product of 1, 2, 3, 4. 

It is needless to enlarge farther on this subject ; for it 
may be easily seen that, whatever be the number of the 
things given, the number of the arrangements they are 
susceptible of may be found, by multiplying together as 
many terms of the natural arithmetical progression as 
there are thingrs proposed. 



L-e . "^JT. :?i tbe things pro- 
.. _• ;. -, Î, c. In this case, 
- . rr-.-csetl are the same, it 
'w»:^-'::ble only of 12 ar- 
_ , zj,: five, where two are 

,:-i :he same, there would 
^ .-t - i ; and five things, if 
I :iil<i give only 20, instead 
.- ::ic arrangements of which 
u i: 10 "i, and as those whicb 
i;- arv 6, we may thence de- 



^ . *-iK'h the different arrange- 

-Kiu be several times repeat- 

.;i^r^«iuents, found according 

■«. ji [he arrangements which 

.^s;^ tpeated, if they were dif- 

le the number required. 
. i^^ iho different arrangements 
■».■■« are several of them which 
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rule, ought to be divided. Thus, for ezampk, the fiw 
letters a, a, b, by b, can be arranged only 10 différent ways: 
for, if they were difierent, they would gnre ISO arrange^ 
ments; but as one of them occurs twice, and anothar 
thrice, 120 must be divided by the jyroduct of S and 6^ or 
19, which will give 10; » 

By observing the precepts given for the soinuion of thb 
firoblem, the following questions may be resolved» 

§1. 

A clvb of seven persons agreed to dine together^ every day 
successively^ as long as thty could sit down to table differ^ 
ently arranged. How ^nany dinners would be necessary 
for that purpose f 

It may be easily found that the required number is 
5040, which would require 13 years and more than 9 
months. 



§11. 



The different anagrams which can be formed with any 
word, may be found in like manner. Thus, for example, 
if it be required, how many different words can be formed 
witlrthe four letters of the word Aifoa» which will give 
all the possible anagrams of it^ we shall 6nd that they 
amount to. 24, or the continued product of 1,2,3,4. 
We shall here give theral in their regular order. 



AMOR 


MORA 


ORAM 


-BAMO 


AMRO 


MOAR 


ORMA 


RAOM 


AOMR 


MROA 


OARM 


RMAO 


AORM 


MRAO 


OAMR 


RMOA 


ARMO 


MAOR 


OMRA 


ROAM 


AROM 


MARO 


OMAR 


imA 



Hence it appears that the Latin anagrams of the word 
wnor^ are in number seven, viz, Somfi, morUf nmrOf êram. 



usa! irord, if one or 

. , ..i.d be necessary to 

T^jî, the word Leo- 

.:cr 1 both occur twice, 

-tjrenc arrangements, or 

1 :c would form, if none 

-. -ccording to tbebefore- 

^ ::us number by the pro- 

:.:vQ 50720. 

'o ;( occurs twice and the s 

■ 'J +0 arrangements; for the 

î* '.c contains, which are in 

• !'j<fil bv the product of 3 and 
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-■i- the letters of which a word 

the arrangements thence r&- 

:o require considerable labour 



■vUotcing verse be varied, without 
.■,^ the measure: 
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astronomer»;, and he very deroutly observesi that. the 
arrangements of these werds, as much exceed the abore 
number, as the perfections of the Virgin exceed that 
of the stars*. 

• 

. Father Prestet^ in the first edition of his Elements of 
the Mathematics, says that this verse is susceptible of 
2196 variations; but in the second edition he extends the 
number to 8276. 

Dr* Wallis in the edition of his Algebra printed at Ox- 
ford, in 1693, makes them amount to 3096. 

But none of them has exactly hit the truth, as has been 
remarked by James Bernoulli, in his if r^ Confjectcaidi. 
This author says, that, the different combinations of the 
above verse, leaving out the spondees, and admitting those 
which have no csesura, amount exactly to 3312. The 
method by which the enumeration was made may be seen 
in the above work. 

The same question has been proposed respecting the 
following verse of Thomas Lansius: 

MarSj^rnorSf sors, lis^ vis, styx, pits, nox^/er, 
mala, crux,/raiis. 

It may be easily found, retaining the word mala in the 
antepenultima place, in order to preserve the measure, 
that this verse is susceptible of 399168000 different 
arrangements. 

PROBLEM III. 

Of the combinations which may be farmed with squares di- 
vided by a diagonal into two differently coloured triangles. 

We are told by Father Sebastian Truchet, of the Royal 
Academy of Sciences, in a memoir printed among those of 
the year 1704, that having seen, during the course of a 

# St« ^ Votfint de 8ci«iit Math, e^ viL 
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tonr which he made to the canal of Orleans, laoie «jtnre 
porcelùo tiles, dirided by a di^onal into two triangles of 
difierent colours, destined for paving a chapel aad utmt 
apartments, he was induced to try in how many tH&e^ebt 
Ways they could be joined side by side, iaordertd fôrm 
different figures. In the first place, it may be readify ledB 
that a single square (Plate II.) according to its position 
can form four different figures, which howevel" maybe 
reduced to two, as there is no other difference betweeAthe 
first and the third, or between the second and the fourtliy 
thaa what arises from the transposition of the shaded tri- 
«Dgle into the place of the wliite one. 

Now, if two of these squares be combined together, the 
xesuk will be 64 difierent ways of arrangement; for, in 
that of two squares, one of tbetn may be made to assunte 
four different lituations, in each of which the other may 
be changed 16 times. The result therefore will be 64 
combinationv u >°^y be seen in the plate. 

We must howerer observe, with Father Sebastian, that 
One half of these combinatiuns are only a repetition of the 
other, in a contrary direction, which reduces them to SS; 
and if attention were not paid to situation, they might be ' 
•reddcedto lO. 

In like manner, we might combine three, four, five, flu. 
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subject still ftiitherj and to publish, in the year 1122, a 
large work^, in which it is considered in a different manner. 
Ifei tins Work it may be seen that four square», each di^ded 
into two triangles of different colours, repeated and changed 
in erery manner possible, are capable of forming S56 
different figures ; and that these figures themselves, taken 
two and two, three and three, and so on, will form a pro* 
digious inultitude of compartments, engravings of which 
occupy the greater part of the book. 

It is rather surprising that this idea should hare been so 
little employed in architecture; as it might furnish an in- 
exhaustible source of variety in pavements, and other works 
of the like kind. However this may be, it forms the object 
of a pastime, called by the French Jeu du Parquet. The 
instrument employed for this pastime, consists of a small 
tablci having a border round it, and capable of receiving 
64 or a hundred small squares, each divided into two tri- 
ffiftgles of different colours, with which people amuse them- 
selves in endeavouring to form agreeable combinations. 



CHAPTER IX. 

ApplkoHon of the Doctrine of Combinatwm to Games of 

Chance and to Probabilities. 

THOUGH nothing, on the first view, .seems more 
foreign to the province of the mathematics than chance, 
the powers of analysis have, as we may say, enchained this 
Proteus, and subjected it to calculation. It has found 
means to measure the difierent degrees of probability; 

* It is entitled Méthode pimr fmre une ir^finité de demm-d^éreiUif tnee det 
eaneaus nàrpartu de deux coàîeunpar une ^gne é^agonale; w^ ObtervtUkmt du 
P. D. Douai, TfMeàu* Came de la P. de T, ner un Mémoire inséré dont PSBei. 
dePji€ad»rojfaUdesSàencetdePàrit,antêêe I10i,far le P.S. Trueket, reliffeux 
eu même ordre, ]Mi ITfKt, in 4to. 
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■nd thii hM given birth to a curious br&ncb df Ute n 
BUtics, the priDciplei of vhich we bbail here explaiov 

Wben an erent can t«ke place difiereot ways, it k' 
evident that the probability of itx happening in a certM 
determinate manner, will be greater wben, of the whotooC 
tbe ways in which it can happen, the greater numb^' datSP- 
mine it to happen in that manner. In a lottery, ftv e¥> 
ample, every one knows that the probability or hope ofF 
obtaining a prize, is greater according as the number of • 
priies is greater, and as the total number of the tickets ia f 
less. The probability, therefore, of an event, is in thef 
compound ratio of the numbor of tbe caaes which can proJ 
dace it, taken directly, and of the total number of tbosQ 
according to which it may be varied, taken inverselyi 
consequently it may be expressed by & fraction, having 
for its numerator the number of the favourable casus, apd- 
for its denominator the whole of the cales. 

Thus, io a lottery consisting of a thousand tickets, 85 of 
which only are prizes, the chance of obtidning one of tbe- 
latter will be represented by -ji^, or ^; if the number 
of the prizes were 50, this probability would be double, 
for in that case it would be equal to ^^ ; but, on the other 
hand,if tbe whole number of tickets, instead of a thousand, 
I thou-iand. the urobabilitv would be 
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iori to play an equal game, is nothing else than to deposit'a 
«am so proportioned to the* probability of winning, that, 
after a great number of throws or games, the player mayfind 
himself nearly at par ; but for thi» purpose, the sums de- 
posited must be proportioned to the degree of probabiUty^ 
which each of the players has in his iuTouf • Let us suppose, 
ft>r example, that a bets against b on a throw of the dice, 
mnd that the chances are two to one in favour of a; the 
game will be equal if, after a great number of throws, the 
parties separate nearly without any loss ; but as there are two 
chances in favour of a, and only one in favour of b, after 
three hundred throws a will have gained nearly two hun- 
dred, and B one hundred; a therefore ought todeposit'2 
and B only one, for by these means, as Ain winning two hun- 
dred throws will gain âOO, b in winning a hundred throws 
•will gain 200 also. In such cases therefore, it is sud that 
fWo to one may be betted in favour of A. 

PROBLEM I. 

In tossing up, what probabUtty is there of throwing a head 
several times successioeb/, or a taU; or, in playing with 
several pieces j what probability is there that they will be 
uU heads, or all tails? 

In this game, which is well known, it is evident, 1st, 
"That as there is no reason why a head should come up 
rather than a tail, or a tail rather than a head, the proba- 
bility that one of the two will be the case is equal to •}., or 
an equal bet may be taken, for or against. 

But if the game were for two throws, and any one 
should bet, that a head will come up twice, it must be ob« 
served, that all the combinations of head or tail, Which 
can take place in two successive throws with the same 
piece, are head, head; head, tail; tail, head; tail, tail; 
one of which only gives head, head. There is therefore 
only one case in 4 which- can make the person win who 



M CHANGEA AM» 

b«ts to throw a. bead twice ia MtcccuioD ; coQiequentl^ 
tbeprututbilityof ttÙBeveatisonly }> and be wbo betsip 
lurour «f twp bepds, xiugbt to deposit a crowD» and *i>P 
..perBOB..wiio b^s a^i^nat him oagbt to depoût three; Cqf 
.the latter bas three chaocaa of wianiog, while tLe farHi«r 
haa «oly ooa, To phj an equal game then, tiie Hims de- 
pontad 1^ e«cb,'Oiigbttobe mtbii proportion. 
. It wiU be found also, that be who beta to throw a liMidl 
^ireetiraei in ftucceseion, willhiiFe.in his favour anlji.pae 
of tbe flight combinatioosi of head and tail, which may k- 
Hilt from three throws of the same piece. The probability 
of this event therefore, i* ^ while that in- favour of bis 
adveinry wiU be {-. Consequently, to play «n equal jam, - 
he ought to stake l against 7. 

It is needless to go over alt the other cases; for it may 
be «anly seen, that the probability of throwing a Aeod 
four time* successively, i> -Z^; five times ■uccesuveij'» 

It it unnecessary also to enumerate all the difierent 
ABBuhinatjiont wbicb may result from head or teif; but in 
regard to probabilities, the following simple rule nu^ be 
employed. 

The probabilities of two or more single,, evenfji ^^g 
kqown, the probability of their taking place all together 
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mai iùii, onêDé ^iob oniyJà'9ii \imi9^- WhelD tbree 
fMCCB are tossed .up together, tbeie «rç l^.one of vhicib 
oely iiive» ail Atfads, &gu . Tbe probabilities of these oassa 
therefore, are the same as those of the eases fàwiàêx t^ 
tbm, winch ,w« have «Iraady «^xamioeé* > 

It may be easily seen indeed, witboilt,tbe.lielp,oCiaai^ 
lyaisy that these tWo questions, aie absolutely the same;; 
and tlK'foUowing mode of reasoning may be employed, to 
prove it. To toss up the two pieces ▲ and. b. together^ or 
lAJtqss them up in .succession, giving time to a, the firs^ 
to settle before the other is tossed' up, is certaioly the 
aamé thing*. Letons suppose, then, that trhén Ac,ii)be first, 
has settled, instead of tossing up B, the second, A, llt^ 
first, is taken from tlie ground,'in order to be txwMed «p a 
second time; this will be the same thing as>if ithecpiece |i 
had been employed for a second toss; fet by the wppo» 
sitifm they are both equal ,and similar, at least, in ri^ardlia 
the chance whether bead or tftil will rcome up. Coose» 
iqaendy;, to toss up the two piec^ ▲ and B, onto toss up 
twice in succession the piece A, is the same thing; TbcvcK 
fisre»i&c«. . /-. 

34* ^G sh^U i^ow propose Ahe following questioux 
What may a person bet, that, in two throw.4, a head wiH 
come rap at least once? By the above method it will he 
found, tihat the chances are 8 to 1 : In two throws, ind^ed^ 
there are four combkiations, three of which give at leatt 
a head once in the two throws, and one only which gives 
ail tails; bence it follows, that there are three jcomtnna- 
ttoos'in favour of the person who bets- te bring a head 
once in. two throws, and only one against him. 
. ■ ■ ' -' .-•:,. 

PROBLEM LI. 

<4^ fiuf»i^r of dice being given; to determine what proba- 
biiity there is of throwing an assigned number of points. ^ 

* We shall first suppose t^at the dice are of the ordinary 
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kind, that is to say, having nx faces, marfced with tha 
numbers 1, 2, S, 4, 5, 6 ; and we dliall analyse some of the 
£r>t cases of the problem, in order that we may proceed 
gradually to those that are more complex. 

1st. It is propoted to throw a detemiinaie point, 6 far 
-esamplCf with one die. 

Here it is evident, that, as the die has six laces, one of 
which only is marked 6, and as any one of tbem may as 
readily come up as another, there are 5 chances against 
the person who proposes to throw a six at one throw, and 
only one in his favour. 

Sd. Let it he propoted to throw the tame point 6 with two 
dice. 

To analyse this case, we must first observe that two dice 
give 36 different combinations ; for each of the faces of the 
-die A, for exunple, may be combined with each of those 
of the die v, which will produce 36 combinations. Bat 6 
-may be thrown, Ist. by 3 and 3; 9d. by 8 with the die A 
and 4 with tbe die a, or by 4 with the die a and 8 with 
-the die s, which, as may be readily seen, forms two di- 
stinct cases : 3d. by 1 with the dieA and 5 with the die B, 
oi 1 with B and 5 with a, which also gives two cases; and 
these are all that are posnbli!. Hence there are B faTOUiw 
able cfaarces in 36; consequently the probability of throw- 
ing 6 with two dies, is ^, and that of not throwing it is 
This therefore ought to be the ratio of the stakes or 
E players. 

till be found that, of 
J of 
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tbe lowest poiirt; would be three, and the .highest eighteen, 
it w|}l be found, by means of a similar analysis, that in 
216, the whole number of the throws possible with three 
dice^ there is 1 chance of throwing three ; 8 of throwing 
four ; 6 of throwing five, &c : as may be seen in the an- 
nexed table, the use of which is as follows. 

Tatle of the different ways in which any point can be thrown 
with one, trvo, three, or more dice. 



Number of Points. 






Number of the dice. 
II III IV V VI 


1 












S 




1 








3 




2r 


1 






4 




3 


3J 


1 




5 




4 


6 


4 1 


'. 


6 




5 


10 


10 1 5 1 1 1 


7 


. 


6 1 15 


20 1 15 


6 


8 




5 


2L 


35 


35 


21 


9 




4 


25. 


56 


70 56 


10 




3 


27 


80 


126 126 


u 


" 


2 


27 


i04 


205 


252 


12 
IS 




1 


25 
21 


125 


305 


456 




HO 


420 


756 


14 






15 


146 


540 


1161 


15 






10 


140 


651 


166(6 


la 






6 


125 


735 


2247 


17 






3 


104 


780 


2856 


18 






1 


80 


780 


3431 


19 








56 


735 


3906 


30 








S5 


651 


4221 


SI 








20 


540 


4332 


22 
'23 








10 


420 


4221 








4 


305 


3906 


24 








1 


205 


3431 


25 








1 126 


2856 
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two dice together, that one of them shall have the side 
marked 6 uppermost. He then who holds the dice t»3 
lOnly 11 chances, or combinations, by which he can win; 
he may throw 6 with the first die and 1, 2, 3, 4 or 5 
h the second ; or 6 with the second die and 1, â, 3, 4 
5 with the first, or 6 with each die. But there are 25 
combinadoos or chances unfavourable to bis winning, as 
may he seen in the following table: 



1, 4 



Hence it may be concluded, that he who undertakes to 
throw a six with two dice, ought to stake no more than 1 1 

25 ; and consequently, that it would be disadvantageous 

do it on equal terms. 
■ It must here be observed that 36, the number of all the 
chances or combinations possible in two throws of the dice, 
is the square of 6, which is the number of the faces of one 
die; and that 25, the number of the chances unfavourable 
to the person who undertakes to throw a determinate face, 
is the square of 5, or of 1 less than the same number 6. 
The number of the favourable chances therefore, in this 
tase, is equal to the difference of the squares 36 and 25, 
or of the square of the number of the faces of one die, and 
of that of the faces of the same die less one. 

In the case of undertaking to bring a 6 in three throws 
with one die, we must consider in like manner, that this 
is the same thing as to undertake that, in throwing three 
dice at once, one of them shall bring a 6; but of the 216 
combinations, which result from three dice, there are 125 
without a 6, and 91 among which there is at least one 6; 
consequently, he who engages to throw a 6, either in three 
throws with one die, or one throw with three dice, ought 
to bet no more than 91 to 125; and it would be disadvan- 
tageous to undertake it on equal terms. 



I 
I 
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It il here to be observed, that tfae nnmbér 9 1 is tbe dif- 
ference of the cube of the number of the Ëices of one die^ 
viz, 216, and of 125, the cube of the same number less, 
unity, or of 5. Hence it appears that, in general, to find 
tfae probability of throwing a determinate face, in a cer- 
tain number of throws, or at one throw yr'nh a certain 
number of dice, we must raise 6, the number of the faces 
of one die, to that power which is indicated by thejiaiiK 
her of throws agreed on, or by the number of dice to be 
thrown at one time; we must then raise 6 less unity, or 5, 
to the same power, and subtract it from the former; the 
remainder with this power of 5 will be the respective 
number of chances for winning or losing. 

Thus, if a person should bet to throw at least one S 
with four dice, we must raise 6 to the 4th power, winch is 
1S96, and subtract from it the 4th power of 5, or 6SS; the 
remainder 671 will be the number of chances for winning, 
and 625 that of the chance» for losing ; consequently there 
will be an advantage in laying an even bet. 

It is advantageous also to undertake, on an even bet, 
to throw any determinate point, for example 3, in five 
throws, or with fire dice ; for if from the 5th power of 6, 
which is 7776, we deduct the 5th power of 5, or 3125, the 
remainder 4651 will be the number of favourable chances, 
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^of a namber less than anity, however small the defect^ go 
on always decreasing; the consecutiye powers therefore 
of ^ will go on always decreasing. Now let us conceive 
J^ to be raised to such a power as to be equal to^; it will 
be'foyind that the 24th power of |^ is somewhat greater 
than il and that the 25th power is somewhat less*; hence 
it follows^ that one may lay an even bet with some ad« 
vantage, that another will not bring sixes in 24 throws 
v^ith two dice, but that there is some disadvantage in tak* 
ing an even bet that they will not come up in 25 throws. 
Consequently be who bets on throwing sixes in 24 throws, 
does so with disadvantage; but if he lays an even bet that 
they will come up in 25 throws, the advantage is in his 
. favour. 
* 4th. PFhU probability is there of thratcing any determi- 
note doublet 9 for example, two threes, in one throw with two 
or more dice? 

' To determine this question, we must first observe, that 
he who undertakes to throw two threes with two dice, has 
only one favourable chance, in the 36 chances or combi- 
nations given by two dice ; and it thence follows that he 
ought to bet no more than 1 to 35. 
' In the case of three dice, it will be found that he ought 
to bet no more than 16 to 200; for the number of chances 
or combinations possible with three dice is 216. But 
when it is proposed to throw two threes with three dice, 
they may come up 16 different ways; for in the 36 com* 

• Let n be tbe exponent of that power of }| which U equal to \i that is to 

tay, let ^r^ be equal to \, As the unknown quantity n is in the espoMnt» 

it most be disengaged from it, which may be done by means of k^aritfams. 

For if T^ =if by taldng tbe logarithms we shall bafe n log.aS— »n log^ M 

■ilQg. i, or =— «log. 3; for log. )=— log. 8. Hence n log. aS-— « log. 

SS».log.2,orlog.8nfilog.36-iilog.35; Th«refor»,ii»^ "**'. ■ » 

log. 96— log.a6 

Wh«h giTM ftj*94-iiOS, (Mr M( nearly. 



a» -K ^ .wi liis: a «od a, «U thoK in which cms 
i.^uiitt* » .^ i. i^l% ^, beiDglOinDiimber,by 
*tia --œ -iâe aaufad S of the die c, give two 
■4«a^ .^ihuiâs. 'Jte jjoilkiiation S, 3 of the dice A aod 
. :y ^-jiiiMiaiii)^ tilù Joe of the six faces of the third c, 
-.«. ^t>tt -iv ontBh Here then we hare 16 ways of 
'iv<*ui)( :wtt 'Jim» with three dice, which give 16 &- 
wiuiHiM ^iau»:<» in 21& Consequently, the probabilitj 
t rjruwiLi^ :wo threes with three dice, js ^^; and no 
Mil» -'u^;!» :u w betted on the success of that erent than 
•• ,u ."lAt, J( i to ZS. 

' : : h. ^>t'uMi>iIity of throwing two threes with four dice 
X vi^uiivù i. w« shall fiad that it is expressed bj rJ^ 
st. -*• '~iiv lJ^t> combinations of tbe faces of four dice, 
■K»^ -iiv iôO which give 2 threes; SO that give 3, and 
ut; ii^k -vives 4, making altogether I7l throws, which 
,.>t. .: <i .^ Of i threes. Consequently, no more than 171 
.^ Ki^f .■( ^out 1 to frf , ought to be betted on throwing, 
■. ci*H, >jucc threes with four dice. 

'.u liw ia»t place, if tbe probability of throwing any 
..h<^^:L, -u oih) throw, with two or more dice, be required; 
i lim} '-**! <J«iùIy determined by the preceding method of 
. wt.'o.auou : lui if an indeterminate doublet be proposed, 
kiûvtit that the probability is six times as great aa 







^«lefil: 
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tadioide the stake: how 'muck of it ought each person 
to receive? 

This problem is one of the first that engaged the atten- 

in of Pascal, when he began to study the calculation of 

rohabilities. It was resolved by Fermât, a celebrated 

imetrician, to whom he proposed it, by a different roe- 

viz that of combinations : we shall here give both. 

It is evident that each of the players, in depositing his 

mey, resigns all right to it^ but, in return, each has a 

;ht to what chance may give him; consequently wlien 

:y give over playing, the stake ought to be divided in 

iportion to the probability each had of winning the 

'hole sum, had they continued. 

Case 1st. This proposition may be determined by the 

lowing reasoning. Since the Brst player wants one 

,me to be out, and the second two, it may be readily 

irceived, that if they continue their play, and if the 

becond should win one game, he would want, in the same 

manner as the first, one game to be out; and in that case, 

the two players being equally advanced, their hopes or 

nces of winning, would be equal. This being sap> 

id, they would have an equal right to the stake, and 

isequently each ought to have an equal share of il. 

It is evident therefore, that if the tirst should win the 

game about to be played, the whole money deposited 

would belong to him; and that if he lost it, be would have 

a right only to the half. But the one cai>e being as pro> 

table as the other, the first has a right to the half of both 

these sums taken together. But together they make 4 i 

the half of which is ^ ; and this is the share of the stake 

belonging to the first player ; consequently that belonging 

to the second is only ^. 

Case 2d. The solution of tlie first case will enable us to 
wire the second, in which we suppose that the first player 
wants one game to be out, and the second three ; for if 
first should win one game, he would be entitled 



I 



I 



d 10 the ■ 

m 



7 ..une, bv wlûch meun tfae 
. .kiw vô be out, ^ of tbe 
roKr. IS tîie parties would 
..^.i "j :n the preceding case, 
r '^'ia.îy probable, the first 
t ■ <unij tiiken together, or 
■^^ roer | will therefore be 

. .. V ..:* like reasoning, if we 

, .■ ::W nrst player, and three 

:-s. -^ w play, they ought to 

!M^^)«;. (iiat the former may 

„jcï 'crt; :i.i be played ; and if the 
.-.::«-, iNi the second four, the 
..-; .t fuch fi manner, that the 
^ -e Jiwt T^. 
. > .-: :'x above reasoning, and 
■.-■,. 'i!«, deduced from it, which 
J,* .1 :hc arithmetical triangle. 
1. ^- :juietical triangle the order 
uu<-Vr of the games wanting to 
..tmx,- in the first case is 3, we 
of the triangle; then be- 
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ing to thé supposition, the first player wants two games 
to be out, and the second four, so that together they want 
ÛX games; take unity from that sum, and because 5 
remain/ we shall suppose the five similar letters, aaaaa, 
favourable to the first player, and the five following, 
hbbbby favourable to the second. These letters must be 
combined, as in the following table, where, of the 32 com- 
binations which they form, the first 26, towards the left, 
where a occurs at least twice, will indicate the number of 
chances which the first has of winning; and the last 6, 
towards the right, in which a never occurs oftener than 
once, will indicate those favourable to the second. 



a a a 


a a 


a a a b b 


a a b b b 


ab b b b 


a a a 


a b 


a a b b a 


a b 6 b a 


b b b b a 


a a a 


b a 


a b b a a 


b b b a a 


b a b b b 


a a b 


a a 


b b a a a 


a b a b b 


b b a b b 


aba 


a a 


a a b a b 


a b b a b 


b b bub 


baa 


a a 


a b a a b 
b a a a b 
b a a b a 
b a b a a 
a b a b a 


b b a a b 
b a a b b 
b a b b a 
b b a b a 
b a b a b 


bb b bb 



The expectation therefore of the first player, will be to 
that of the second, as 26 to 6, or as 13 to S. 

In like manner, to resolve the case where the first player 
is supposed to have won three games, and the other none, 
as he must win who first gets four games, the number of 
the games wanting to both will be 5, which being diminish- 
ed by unity, will give 4. We must then examine in how 
many difierent ways the letters a and b can be combined 
four and four, which will be found to be 16, viz : 
a a a a a a b b a b b b 



a a 
a a 

a b 
b a 



a b 
b a 
a a 
a a 



aba 
baa 
abb 
b à b 
b b à 



b 
b 
a 
a 
a 



b 
b 
b 



a b 
b a 
b b 



b 
b 
a 



b b b b 



But, of thèse 16 combinations, it is evident there are 15 



r . v&idi indicate! that tbent 
( BTDurabJe to the fint 
Li. ^1^. :m, j.iiwhruME :j die second. Cousequeatly 
.-«^ . . _» wtf :.-« iKikt m the ratio of 15 to 1, or 
.1-A4 --«g.-^^ -^ 3m i^ ot'ic, and the latter -^ 

I^StfBLEX IT, 

ft' lit Otnaese Lottery. 
. -;X4>. :•» .^« ^«.-ifuaiuKd with the nature of lotteriea, 
Ik . . :autu.:uii which cvipnated in Italy, and which 
. ;«& -«.W9- LiuiMuiMj into other countries of Europe. 
J. .!■ .n.^1 <^eiiga» where it bad long been customary 
-.V.-S, ..tti...it> .IV ballot five members of the senate, 
. ••» . tJiutM-'M-tl o£ 90 persons, in order to form a 
. ..ut v-«iik:>I. Some idle persons took this oppor- 
> t -i,>ii>^ ^ts^ that the lot would fall on such or 
Mta>«tsh t'W {^irerament then seeing with what 
.k«* •t.^itftK '.ii(«r«sted themselves in these bets, cod- 
^ iv cv^ st' establishing a tottery on the same 
^„ii , iiiiti^t was attended with so great succe», that 
b .iii,K ji \^y wbbed to participate in it, and sent 
-utu^ -Ml' itKHwy to Genoa for that purpose. The 
>M.>,ov^uKt that no doubt of increasing the rerenuet 
'-.îuceil the pope to establiab one of the 




er jive numbers, which any one has chosen from among 
the 90 ? 

It may be readily seen, that if one determinate number 
■•oly were proposed, and that if no more than one nuoo- 
IlKr were to be drawn from the wheel, the adventurer 
■-would have only one favourable chance in the 90 ; but a 
■five numbers are drawn from the wheel, this quintuples 
Ifae chance favourable to the adventurer, so that he has 
ire favourable chances in the ninety. His probability 
I tfierefore of winning, is ^ ; and, to play an equal game» 
ttiie stakes ought to be in the same ratio; or, what amounts 
■ tt the same thing, the proprietor of the lottery ought to 
Inimburse the price of the ticket 18 times. 

To determine what probability there is, that two num- 

Kbers selected will both come up, we must first find bow 

Taiany combinations may be produced by 90 numbers, taken 

I two and two. In treating on combinations we have aU 

I Xeady shown, that in this case they amount to 4005; but 

P u five numbers are drawn from the wheel, and as these 

L five Dumbers, combined together two and two, give 10 

twos, it thence results that, in these 4005 chances, there 

are only iO favourable to the ad venturer. The probabili^ 

therefore, that the two numbers selected may be among 

those drawn from the wheel, will be expressed by ^s^yor 

■^^j. For this reason the proprietor of the lottery ought 

to give the adventurer, in case he should win, 400^ timet 

the price of the ticket. 

To determine what probability there is, that three num- 
bers selected will come up among tbe iive drawn froin ths 
wheel, we must find how many ways 90 numbers can be 
combined three and three, or how many threes they mak& 
These combinations amount to 117480; but as the five 
numbers drawn from the wheel form 10 threes, the adven- 
turer has 10 favourable chances in 117480, and the pro- 
bability in his favour is Tri t rv or x x't ti' "^^ "*'' ^i" 
money therefore on equal terms, the prize ought to be 
11148 times the price of the ticket. 



tu . .aià *iiat in 51 1038 chances, 

. . .:!<; person irho should bet 

.^^.r" «Ul corne up ; and 1 in 

c \K*r^on who should bet that 

.. - *•,! be the fire drawn ; conse- 

. .- ->k bis money on equal terms, 

..■,it litrictness, the adrentorer, 

, jii^ht to receive nearly 44 mil- 

'1 atch be lays out. 



»tOBLEH V. 

^ ^ (ftfi iv shali call A, playing at the game 

. : ,', .■ll^:' ri turning up the cards mcceaiveli/f 

t. :■■ /i-^fr, ace, deuce, trét Xc, to the kit^, 

.4 _.■< . iv viil turn up one card, at least, wkieh 

, .V- » «.' probability has a m kisftnmirf 

. v Y^tvler to comprehend this problem, it 
v'.'t^-^ ;o expliùn the nature of the game to 
J : . ■■.-r alludes. The players baring cut for 
«-.■ ka\ suppose that a has them, and that the 
j,-^ numlier at pleasure, A then takes the pack, 
t'v; .'i' OJrJs und, when they hare been shuffled, 
: up one after the other, calling one when he 
e iim, two -when he turns up the second, and 
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filimber of cards in his hand to go on to 13 ; in that case» 
when the. cards are out, they must be shuffled and cut» and 
h^must then take from the pack the number of cards suf- 
ficient for him to continue the game» beginning where he 
left off: that is to say» if in turning up the last card be 
named seven , in turning up the first of the new cards he 
must call out eight, then nine» and so on to 13, unless he 
wins before ; in which case he must begin once more, call- 
ing out one, then two, and so on as already explained* 

As it would be too tedious to enter into a complete ana- 
lysis of this game» we shall only observe, that according to 
Montmort, if a holds only two^ cards, the probability of 
b}^ winning is 4- ; if he has three, it is |-; if four, it is {.; 
and in the last place, if he has 13, it is r^tiHtàl î ^ ^^^9 
to play an equal game, a ought to bet somewhat less than 
11 to 6. 

PROBLEM VI. 

K^nd B piaffing at piqttet; a is first in hand, and has n» 

. ace : what probability is there that he mti get ene, or two, 

or three, or four f 

It is well known that at this game 12 cards are dealt to 
each .of the players, and that 8 remain in the pack, of 
which the first takes 5, and the last 3. This being pre- 
mised, it will be found that a's chance to have any one 

açeis ^ 

to have two ||^ 

to have three • . . . . • . . ^^ 

tQ. have four .^ 

the sum of all these is ^§., which is equal to -|4f . 

Hence it follows, that the probability of his having an 
ace among the five cards hé has to take in, is -Hr» ^^^ 
différence between which numbers is 71, so that one may 
bçt 2,52 to 71 that a will take in some of the aces. But 
hi us suppose that a is last in hand ; in that case it is re- 
quired how much he may bet that he will have at least 
oue ace among his three cards ? 



ffID THE OAME OF WHtST. 

The probability of a having an ace among his 

cards is iV of î 

of having two it is ^ 

of having three * -, 

the sum of all which is -^ or 4^. 

Consequently, the probability that be will have eitl 
one, or two, or three indeterminately, is fÇ. 
therefore take an equal bet \vith advantage, l)iat he v 
have one of the aces, for the ratio of the stakes would 
29 to 28. 

FSOBLEH VII. 

At the game ofmkisl, what probability is there, thai tk 
four honours willnol be in the hands ofany two partners f- 
De Moivre, in his Doctrine of Chances, shows t 
the chance is nearly 27 to 2 that the partners^ one i 
whom deals, will not have the four honours. 

That it is about 23 to I that the other two partners wj 
not have them. 

That it is nearly 8 to l that they will not be found ( 
any one side; 

That one may bet about 13 to 7, without disadvantfl 
that the partners who are first in hand will not condl 
honours. 

That about 20 to 7 may be betted, that the other ti^ 
will not count them» 

And, in the last place, that it is S5 to 16, that one 4 
the two sides will count honours, or that they will not I 
equally divided. 



()f the game of the American Salvages. 

We are told by Baron de la Hontan, in his Voyage» i 

Canada, that the Indians play at the following game : tfaej 

have 8 nubi, black on the one side and white on the othdr 

these they throw into the aii, and if it happens, 
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they fall to the ground, that the* black are odd, the player 
wins the stake ; if they are all black, or all white, he wins 
the double ; but if there are an equal number of each, he 
loses* 

M. de Montmort, who analysed this game, fiod^ that 
he who tosses up the nuts, has an adrantage, wh|cfa may 
be estimated at ^iz ; ^^à that t9 render the game eqaal, 
he ought to deposit 22 when bis adversairy stakes iU . 

PBOBLEH IX. 

Of the gamt of Bojckgamrnwu 

The game of backgammon b one of those where the 
spirit of combination is displayed in a very striking maa« 
nor, and where it is of great utility to know, at every 
throw, what may he hoped or feared from the succeeding 
throws, whether your own, or those of your adversary. 
The chances in tUs game, like those in others, may be 
appreciated mathematically; bot we shall here confina 
ôtïrselves to a small number of examples, selected fhmi 
those easiest to be comprehended. 

I. Ay being ai play at backgafmnon^ is obltgei to make m 

tUt; nm kU throw is such, thai he cimmt^eùieither where 

hù adversary B may take it up with a stable Are, or whert 

he eon take it up by throwing seven in my inmmerz the 
fuestion isy where sKmd he niake the Not f 

As the number of chances for throwing one ace or more^ 

is 11, and the number of chances for throwing seven io 

any manner, are but 6, it will be safisst to make the blot 

where it may be taken up by throwing 7. - 

II. Whether it is safer to make a blot, at backgammon^ 
where it may be taken up by an ace, or where it may be 
taken up by aire? 

The number of chances for throwing one ace or more, 
and those for throwing one tré or more, are each 11 ; but 
there are 2 chances for throwing deux ace, or S ; it will 
therefore be safer to make the blot where it can be takea. 
up only by an ace. 
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The follewing table will shew the cbaoceB of taking op 
■ ùngle blot however «tuated. 



lto.ot 

polati 
Uhit 


ChuOM 


Totel. 
ehMUM 




p«biU 

to bit 


CluuieM 


TMkI 

duwM 


1 


11 


11 


7 


6 


6 


2 


11 + 1 


12 


8 




B 


3 


■11 +2 


. Ï3 


9 




4 - 


4 


11 +S 


14 


10 




S 


5 


11 +4 


15 


11 




S 


6 


II + S 


16 


12 




1 



- Heaçe, if a blot is liable to be liit by any one he» id 
the die, the meaa probability of hitting it wilt be ^ ' xii 

s= fi = 4 nearly. 

ni. If two bhts be made at haekgamnumt to as to he ^ 
fy two d^erent facta ^ the die, what is the probabiStj/ ^ 
hating one ot_ both efthem f 

By tlie first tuble it will appear, tbat tlie probability of 
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HeDce the probability of bittdog two such blotSj will be 
at a toedium ^TTf = xi' 

IV. If there be three blots, so situated as to be hit by three 
different faces ; the probability/ of hitting one or more of 
them is required. 

Tbe first table will give the probability of bitting one or 
more of the blots with a single face or faces. But, besides 
this, there will be the probability of hitting one or more 
of the blots with two dice, the least of which will be when 
the given faces are 1, 2, 3, which have 1 + 2 ;= 3 such 
chances, and the greatest when the given faces are 4, 5, 6^ 
which have 3+ '4 +5= 12 such chances | the medium 
of these, viz. -j— = V, being added to 27, will make the 

whole probability about 27 + V = t* which divided by 
the common denominator 36, becomes |f = ||. 

Hence, if a player at backgammon makes 3 blots, which 
are severally within the reach of being hit by a single face 
of the die, it is almost a certainty that one of them at least 
will be hit. 

VOL. I. 1 
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riLOBLBU X. 

d mountebank at a eoantry fair amused the popuhee wsfA 

the /oUawing game : he had 6 due, each of which wom 

markedonli/onone face, the first xeith \, the second with 2 , 

and se on to the 6th, which was marked 6 ; the person who 

played gave him a certain sum of money, and he engaged 

to return it a hundredfold, if in throwing these six dtce, 

thesix marked/aces should come up only once in 20 throws. 

If the adventurer lost, the ntountebank offered a new chance 

on the following conditions: to deposit a sum equal to the 

former, and to receive both the stakes in case he shcuU 

bring all the btant faces in 3 successhe throws. 

Those UDacquaiuted witli the method to be pursued io 

order to resolve such problems, are liable to reason in au 

erroueous nianner on dice of this kind ; for, observing tbst 

there are five times as many blank as marked faces, tbey 

thence conclude that it is 5 to 1 that the person who throwB 

them will not bring any point. They are however mi^ 

taken, as the probability, on the contrary, is near S to 1 

that tbey will not come up all blanks. 

If we take only one die, it is evident that it is 5 to I that 
the person who holds it will throw a blank ; but if we add 
a second die, it may be readily seen, that the marked &ce 
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wbich there is at least one marked face ; and 91 is the dif-- 
ference of the cube of 6 or 216, and the cube of 5 or 125; 
the result will be the same in regard to the more complex 
cases ; and hence we may conclude that, of the 46656 com- 
binations of the faces of the 6 dice in question, there will 
be 31031 in which there is at least one marked face, and 
15625 in which all the faces are blank ; consequently, the 
chance is 2 to 1 that some point at least will be thrown ; 
whereas, by the above reasoning, it would appear that 5 
to Imight be betted on the contrary being the case. 

This exaniple may serve to shew how diffident we ought 
to be in regard to the ideas which occur on the first con- 
sideration of subjects of this kind ; and it may be added 
that, in this case, our reasoning is confirmed by experi- 
ence. But to return to the problem: it is evident that, of 
the. 46656 combinations of the faces of 6 dice, there is only 
one wbich gives the 6 marked faces uppermost ; the pro» 
babifity therefore of throwing them at one throw, is ex- 
pressed by 777T7> ^^^ ^s ^h^ adventurer was allowed 20 
throws, the probability of his succeeding was only ^mr* 
which is nearly equal to^i^^^îj^. To play an equal game 
therefore, the mountebank should have engaged to return 
2852 times the money. But he offered only 100 times the 
stake, that is, about the 23d part of what he ought to have 
oflered, to give an equal chance, and consequently he had 
an advantage of 22 to 1. 

The chance offered to those who might lose was a mere 
deception ; for the proposer artfully availed himself of 
that propensity which every man who had not sufficiently 
examined the subject, would have to adopt the false rea- 
soning above mentioned ; and the adventurer would have 
the less hesitation to accept the offer as it would seem that 
he might bet 5 to 1 on bringing blanks every throw ; 
whereas it is 2 to 1 that the contrary will happen. Bjit 
the chance of not bringing blanks in one throw, being to 
that of {^ringing them, as 2 to 1 ; it thence follows, that 

i2 



.: :ein three times succe»- 
—T., M ^ to 1, To play an 
• i.'!tfuanl[ ought to have 
: le chance which he gave 
<i liui an adrant^e of 22 



. . ^ lu., •marked on all their faceSf 
• .'! .rtn bet, to throw 1, S, 3, 

(,ic ^re 46656 chances to 1, 

.. • aicsie six points with dice 

L.t' .uc<;$; but the case is very 

..1. . liAJi their faces; and to prove 

^. :tt.' point 1, for example, may 

c -.c«. as n-t^ll as the 2, S, &c; 

k/i^:> ùi these six points, 1, 2, 3, 

,i.'Oit.iii more accurately, we shall 

>a«'» of throwing 1, 2 with two 

c \. anil 2 with the die b ; or I 

■I t. If it were proposed to throw 

,- whole of tiie combinalipnH of 
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can be thrown with 6 dice, we must multiply together these 
six numbers, the product of which will be 720. 

If the number 4i66S6f which is the combinations of the 
iaces of 6 dice, be divided by 720, we shall have 64| for 
the chances to i, that these points will not come lip at one 
throw ; consequently a person may undertake, for an even 
bet, to bring them in 56 throws ; and one may bet more 
than 2 to 1 that they will come up in 1 30 throws. In the 
last place, as the dice may be thrown 130 times and more, 
in a quarter of an hour, a person may with advantage bet 
more than 2 to 1, that they will come up in the course of 
that time. 

He therefore who engages, for an even bet, to throw 
these points in a quarter of an hour, undertakes what is 
highly advantageous to himself, and equally disadvantage* 
ous to his adversary. 

PROBLEM XII. 

jt certain person proposed to phy with 7 dice^ marked on all 
their faces f on the following conditions : he who held the 
dice was to gainas many crowns as he brought sixes; but 
if he brought none y he was to pay to his adversary as many 
crowns as there were dice, that is 7. What "was the ratio 
of their chances? 

To resolve this problem, we must analyse it in orden 
Let us suppose then, that there is only one die ; in this 
ease it is evident, that as there is only 1 chance in favour of 
him who holds the die, and 5 against him, the ratio of the 
stakes ought to be that of 1 to 5. If the first therefore 
gave a crown every time he did not throw 6, and recdved 
only the same sum when a 6 came up, he would play a 
very unequal game. 

Let US now suppose 2 dice. In the 36 combinations, of 
which the faces of 2 dice are susceptible, there are 9S which 
give no 6; 10 which give 1, and 1 which gives 2. He 
therefore who holds the dice has only 11 chances in his 
favour, 10 of which may each make him gain a crowp,and 
the remaining 1 may make him gain twob Hb chance then 



. tf. willbe j4 + -fs'' 

1 :ot iriveaCshould 

■av 2 crowns, tbe 

Consequently the 

j>ing as fl to 15, or 

' • e:ï caRcs, the chances 

t' one, ttiose which give 

u: ihey are always ex- 

. ■■ Tie power of 5 + I, the 

■ :>i; number of the dice. 

t j;c, (lie number 5 + 1 ex- 

■iTi' arc five chances with- 

■..."; if there be two dice, an 

'.. or thi! square of 5 + 1, is 

. • indicates that there are 25 

, Vf no 6 ; 10 which give one, 

,%tlH> of 5 + 1 is 125 + 75 + 
■ :he S 16 combinations of the 
.'5 in which there is no 6; 75 
:;i which there are two, and 1 
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we must consequently, according to the general mlci mul- 
tiply that number by 7, and divide the product by the sum 
of all the chances, in order to obtain the chance against 
him, which is =s i^g;|| . To find the jurourahle chance, 
we must multiply each of the other terms by the number of 
the sixes it presents ; addjogether the diferent p roducts, 
and divide the sum by the whole of the chances7or£79936 ; 
in this manner we shall have, for the chance in favour of 
the person who holds the dice, j^^jf| . His chance of 
winning, therefore, is to that of losing, as 325592 to 54687 ; 
that is to say, he plays a disadvantageous game, or it is 54 
to 32, or 27 to 16, or more than 3 to 2, that he vail lose. 

By a like process it may be found, in the case of eight 
dice, that the chance of the person who holds them, is to 
that of his adversary, as 2259488 to 3125000, which is 
nearly as 3 to 4. 

If there were nine dice, the chance of the person who 
holds them, would be to that of his adversary, nearly as 
151 to 175, or nearly 25 to 29. 

If there were ten dice, the chance of the former to that 
of the latter, would be as 101176960 to 97656250, that is 
to say, nearly as 101 to 97^* The advantage then begins 
to be in favour of the former, only when the number of the 
dice is ten; and, to play an equal game, a less number 
ought not to be employed. 



CHAPTER X. 
Arithmetical Amusements in Dwmatian and Ccmbmatwns, 

PB.OBLEM I. 

To teU the number thought qfby a person. 

I. 

DESIRE the person, who has thought of a number^ to 
triple it, and to take the exacthalf of that triple if it be even, 
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or the greater half if it be odd. Tbea deure him to tnpb 
that half, aod aik him how many timei it contaiw 9 j for 
the number thought of will contain the double of that nuoi> 
ber of nines, and one more if it be odd. 

Thui if 5 has been the Dumber thongbt of; ita triple 
will be 15, which cannot be divided by a without s re* 
maÛDder. The greater half of 15 ia 8 ; and if thttbalf bs 
multiplied by 3> we shall have 24> which contaioa 9 twic« | 
the Dumber thought of will therefore be 4 + 1, dut U to 
•ay 5. 

Bid the person multiply the number thought of by itself; 
then desire him to add unity to the number thought of^ and 
to multiply that sum also by itself; in the last place ask 
him to tell the difference of these two products, which 
will certainly be an odd number, and the least half of it 
will be the number required. 

Let the number thought of^ for example, be 10, which 
multiplied by itself gires 100; in the next place 10 in- 
creased by 1 is 11, which multiplied by itself makes 121, 
and the difierence of these two squares is 81| the least half 
of which, bdng 10, is the number thought of. 

This operation might be varied in the second step, bj 
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exact half, or its greater half, according as it is even or 
odd, to bave a second sum; from wfaicli the person must 
robtract the double of the number thought of. Then de- 
sire him to take the half of the remainder, or its less half 
if it be an odd number, and to'continue halving the half 
till be comes to unity. When this is done, count how 
many sub-divisions have been made, and for the first divi* 
don retain 2, for the second 4, for the third 8, and so of 
the rest, in double proportion. It is here necessary to 
observe, that 1 must be added for each time that the least 
half was taken, because, by taking the least half, 1 always 
remains; and that 1 only must be retained when no sub- 
division could be made ; for thus you will have the num- 
ber, the halves of the halves of which have been taken: the 
quadruple of that number then will be the number thought 
of, in case it was not necessary at the beginning to take 
the greater half, which will happen only when the number 
(thought of is evenly even, or divisible by four ; but if the 
greater half has been taken at the first division, S must be 
id>tracted from the above quadruple, or only 2 if the 
greater half has been taken at the second division, or 6 if 
it has been taken at each of the two divisions, and thé re- 
mainder then will be the number thought of. 

Thus, if the number thought of has been 4 ; by add- 
ing to it its half, we shall have 6; and if to this we add its 
half 3, we shall have 9: if 8, the double of the number 
thought of, be subtracted, there will remain 1, which can« 
not be halved^ because we have arrived at unity; for this 
reason we must retain 1, the quadruple of which, 4, is the 
number thought of. 

if 5 has been thought of; by adding to it its greater half 
8, we shall have 8 ; and if 4, its half, be added, the sum 
will be 12; from which if we subtract 10, the double of 5, 
the number thought of, the remainder will bé 2, the half 
(rf which is 1 ; and as we can no longer take the balf, be- 
cause we bave arrived at unity, we must retun if ai there 
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bas been one snb-dïrâioo. IF from 8, the quadruple of 1, 
the number retained, we subtract 3, because in the fint 
division the greater half was taken, the remainder 5 will 
be the number thought of. 

IV. 

Desire the person to take 1 from the number thought 
of, and to double the remûoder ; then bid him take I 
from this double, and add to it the number thought of. 
Having asked the number arising from this addition, add 
S to it, and the third of the sam will be the number re- 
quired. 

Let the number thought of be 5 ; if 1 be taken from it, 
there will remun 4, the double of which 8 being diminished 
by 1» and the remainder 7 being increased by 5, the num- 
ber thou^t of, the result will be 12 : if to this we add 3, 
we shall have 15, the third part of whicl)^ 5, will be the 
niunber required. 

RSHAVK. 

This method may be varied a great many wayi ; for in- 
stead of doubling the number thought of, after unity has 
been deducted from it, the person may be desired to triple 
iti then after he has been desired to subtract unity from 
that triple, and to add the number thought of, he must 
add 4 to it, and the ^ of the sum arising from these opersr- 
tions will be the number required. 

lequired be ^; if unity be subtracted 
multiply this re- 
fill 
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Unitj^ instead of being subtracted from the number 
bought of y might be added to it ; and then, instead of 
' adding, at the end of the operation, the multiplier in- 
creased by unity 9 it ought to be subtracted, after which 
the remainder may be divided as above. 

Let the number thought of, for example, be 7 ; if unity 
be added, the sum will be 8, and this sum tripled will give 
24;'if i be still added, we shall have 25, and this sum in- 
creased by 7 will make 32; from which if 4 be deducted, 
because the number thought of was tripled after unity had 
been added, we shall have 28: one fourth of which will be 
the number required. 

V. 

Desire the person to add 1 to the triple of the number 
thought of, and to multiply the sum by S ; then bid him 
add to this product the number thought of, and the result 
will be a sum, from which if S be subtracted, the re» 
mainder will be decuple of the number required. If S 
therefore be taken from the last sum, and if the cipher on 
the right be cut off from the remainder, the other figure 
will indicate the number sought. 

Let the number thought of be 6; the triple of which is 
18, and if unity be added, it makes 19; the triple of this 
last number is 57, and if 6 be added it makes 63, from 
which if 3 be subtracted the remainder will be 60: now if 
the cipher on the right be cut off, the remaining figure 6 
will be the number required. 

REMARK. 

If 1 were Subtracted from the number thought of, the 
remainder doubled, and the number thought of again 
added, it would be necessary, after the person bad told 
the result, which would always terminate with 7, to add 
3 instead of subtracting it, as in the above operation; 
and the sum would then be the decuple <rf the number 
thought of. 
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To the foregoÎDg methods I 

given by Montucia, of telling 1 

the number that a person has 3 

thought ofj [nay be added the 5 

following one, by means of 7 

the annexed columns of num- 9 

bers ; a method so truly inge- 1 1 

nions and scientific, that it is 13 

really astonishing in its nature 15 

and «Sects. These six colnmns 17 

of numbers may either be all 19 

on one paper as here, but bet- 21 

ter for deception on as many 23 

separate slips. We shall de- 25 

scribethemethod of construct- 21 

ing these columns of numbers 29 

after explaining their uses, as 3] 

follùwa. 33 

Bid a person think in his 35 

mindofanynumberhepleases, 37 

not higher than 63, the great- 39 

est number in the columns. 41 

Desire him then to point out 43 
all t'he colu 



n HI IV V VI 

2 * 8 16 SS 

3 5 9 17 3S 
6 6 10 18 M 
? 7 11 19 35 

10, 13 12 ao 96 

11 13 IS SI S7 

14 14 H S9 38 

15 15 15 SS 39 

18 20 S4 S4 40 

19 21 25 25 41 

22 £2 26 26 4S 

23 23 27 27 4S 

26 88 28 28 44 

27 29 29 29 45 

30 30 30 SO 46 

31 31 31 31 47 

34 36 40 48 48 

35 S7 41 49 49 

38 38 42 50 50 

39 39 43 51 «1 

42 44 44 58 52 

43 45 45 53 $i 
45 46 46 
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^mounts to, you may infallibly pronounce as the number 
diought of. 

'. Thus, for examplei if the person says his number is 
eontained only in the Snd, Srd, imd 5th columns; then 
recolleeting that the top numbers of these three, columns 
are 2f 4, 16, the sum of which is 22» you announce, to his 
«stonisbmenty that the number he thought of is 2£. Again , 
supposing a person thinking of a number, and, looking at 
the columns, says it is contained only in the Ist^ 4th, and 
6th ; then recollecting that the top numbers of these three 
columns are 1, 8, 32, the sum of which is 41, you imme- 
diately pronounce that 41 is the number thought of* And 
thus it will always happen in every case. 
' To construct and fill up these columns of numbers: 
after having entered the regular series I, 2, 4, 8, 16, 32, 
as the top numbers of the six columns in their order ; then 
all the other numbers, in each column downwards, are 
generated and produced from the number that has been 
entered at its top, as the first number of that column, by 
one easy, simple, and general rule, which is this. To the 
first number, add successively a unit as often as one less 
than that number denotes, to produce as many of the fol- 
lowing numbers ; then, to the last of these, add at once a 
number which is one more than the top number, for the 
next succeeding number. Repeat the ^ame operations 
over and over again, as far as required ; that is, to the last 
found number add successive units as often as before, and 
then again at once a number exceeding the top number by 
1: and so on continually for the successive descending 
numbers. In short, if n denote any top number, add 1 as 
often as n— 1 times, after which add at once the number 
ls+1 ; after which repeat the same process over and over 
to the end. Thus, for example, to fill up the 3rd column, 
the top figure of which is 4, the value of n in this case ; 
therefore add a unit n— 1, or three times, which gives the 
next three numbers in the column, 5, 6, 7 ; to thi» last add 
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Bt once n+1 or 5, which gives 12 for the next namberf 
after this add again 1 three times, giving 13, 14, 15, for 
the next following numbers ; and ^ain add the number 
R + 1 or 5, making 20 { and bo on always. la this w^ 
the reader will try, by the same rule, to &11 np all the co> 
lumns, which wilt make the whole process familiar to bim. 
For greater secrecy, you may cover or witbdiaw from 
notice the columns, after the person has informed you 
which they are that contain his number thought of, And,- 
for the greater mystery, to prevent him from discorering 
your triek of adding the top numbers together, whic:h be 
may be apt to do after several repetitions of the trial, you 
may remove the top numbers lower down in the columns, 
mixing promiscuously a few of the other numbers at the 
top. 

PROBLEM II. 

Te tell two or more numbers vihich a person has thought of. 
I. 

When each of the numbers thought of does not exceed 
9, they may be easily found in the following manner. 

Having made the person add 1 to the double of the first 
number thought of, desire him to multiply the whole by 
5, and to add to the product the second number. If there 
be a third, make him double this first sum, and add 1 to 
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ing 1 to 6, the double of the first, we bave 7, wbich being 
multiplied by 5, gives 35 ; if 4, the second number thought 
of, be then added, we shall have 39, which doubled gives 
19, and if we add 1, and multiply 79, the sum, by 5, the 
result will be 395. In the last place, if we add 6, the 
third number thought of, the sum will be 401 ; and if 55 
be deducted from it, we shall have for remainder 346; 
the figures of which 3, 4, 6, indicate in order the three 
numbers thought of. 

One method we shall here omit, as we shall have occa- 
sion to employ it in another amusement of the same kind, 
called the game of the ring. 

II. 
If one or more of the numbers thought of are greater 
than 9, two cases must be distinguished: 1st. that where 
the number of the numbers thought of is odd. 2d. that 
where it is even. 

In the first case, desire the person to tell the sums of 
the first and the second ; of the second and the third ; of 
the third and the fourth ; &,c, as far as the last, and then 
the sum of the first and the last. Having written down 
these sums in order, add together all those the places of 
which are odd, as the first, the third, the fifth, &c; make 
another sum of all those the places of which are even, as 
the second, the fourth, the sixth, &c; subtract this sum 
from the former, and the remainder will be the double of 
the first number* 

Let us suppose, for example, that the 5 following num- 
bers are thought of, viz: 3, 7, 13, 17, 20, which, when 
added two and two, as above, give 10, 20, 30, 37, 23: 
the sum of the first and third and fifth, is 63; and that of 
the second and fourth is 57: if 57 be subtracted from 63, 
the remainder 6 will be the double of the first number 3. 
Now if 3 be taken from 10, the first of the sums, the re- 
mainder 7 will be the second number; and, by proceeding 
in the same manner, we may find all the rest. 
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lu the second case, that is to say, when the nnmber of 
the Dumbers thought of is even; aak, and write down as 
abore, the sum of the first and the second; that of the 
second and third; and so on as before; but-instead of the 
sum of the first and the last, take that of the second and 
the last; then add together those which stand in the even 
places, and form them into a new sum apart: add also 
those in the odd places, the first excepted, and subtract 
this sum from the former: the rcooainder will bC'tbe double 
of the second number; and if the second number thus 
fooDd be subtracted from the sum of the first and second, 
the remainder will be the first number; if it be taken from 
that of the second and third, it will give the third ; and so 
of the rest. 
^ Let the numbers thought of be, for example, 3, 7, 1$, 
17: the sums formed as above are 10, 20, 30, 94, the sum 
of the second and fourth is 44, from which if 30 the third 
sum be subtracted, the remainder will be 14, the double 
of 7 the second number. Tlie first therefore is S, the 
third 13, and the fourth 17. 

FROBLËM III. 

A perton having m one hond an ccen number of skiUmgt, 
and in the other an odd, to teU in which hand he hat the 
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ic number in the right hand were 9, and that in the 
, we should have 9 x 2 = 18, and 8 x 3 = 24; the 
.^•^: of which two products is 42, an even number. 

PSOBLEM IV. 

'f person having in one hand a piece rfgold, and in the other 
a piece of silver ^ to tell in which hand he has the gold y and 
which the silver. 

For tSiis purpose, some value, represented by an even 
number, such as 8, must be assigned to the gold, and a 
value represented by an odd number, such as 3, must be 
assigned to the silver: after which the operation is exactly 
the same as in the preceding example. 

BEMARKS. 

L To conceal the artifice better, it will be sufficient to 
ask whether the sum of the two products can be halved 
without a remainder; for, in that case, the total will be 
even, and in the contrary case odd. 

IL It may be readily seen that the pieces, instead of 
being in the two hands of the same person, may be sup- 
posed to be in the hands of two persons, one of whom has 
the even number, or piece of gold, and the other the odd 
number, or piece of silver. The same operations may 
then be performed in regard to these two persons as are 
performed in regard to the two hands of the same person, 
calling the one privately the right, and the other the left. 

PROBLEM V. 

The Game qft/ie Ring. 

This game is nothing else than an application of one of 
the methods employed to tell several numbers thought of, 
and should be performed in a company not exceeding 9, 
in order that it may be less complex. Desire any one of 
the company to take a ring, and to put it on any joint of 

VOL* I. K 
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whatever finger he may think proper. The question then 
is to tell what person has the ring, gnd on what hand, what 
finger, and what joint. 

For this purpose, call the first person I, the second 2, 
the third S, and so on ; also call the right hand 1, and the 
left 8 : the first finger of the hand, that is to say the thumb, 
roust be denoted by 1, the second by S, and so on to the 
little finger ; and the Qrst joint of each finger, or that next 
the extremity, must be called 1, the second 2, and the 
third S. 

Let us now suppose that the fifth person haa taken the 
ring, and put it on the first joint of the fourth finger of his 
left band. To resolve the problem, nothing is necsasary 
but to discover these numbers 5, 2, 4, 1, which may be 
done in the following manner. 

Desire some one to double the first number S, wbicb 
will give 10, and to subtract I from it; desire him to 
multiply 9, the remainder, by 5, which will give45; totbia 
product bid him add the second number S, which will make 
47, and then S which will make 58: desire him to double 
this number, and the result will be 104, and to tubcract 1, 
which will leave 103. Desire him to multiply tbia re- 
mainder by à, which will give 515, and to add to the pro- 
duct the ihini number 4, or that expressing tlie fingt 
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expresses the person; then adding that which expresses 
the hand; multiplying again by 10, and so on*^. But as 
this artifice is too easily detected, it might be better to 
employ the method taught in Prob. II. No. 1, to discovet 
any number of numbers thought of at pleasure; for, on 
account of the number which must be subtracted, the 
operation will be more difficult to be comprehended. 

The problem might be prbposed in the following 
manner, and be resolved by the same process. 

Three or more persons having each selected a card, the 
number of the spots of which does not exceed 9, to tell the 
number of the spots of each. 

Desire the first person to add 1 to double the number of 
the spots of his card ; to multiply the sum by 5, and to 
add to the product the spots of the card of the second 
person: then desii*e him to double that sum; to add unity 
to it, to multiply the whole by 5, and to add to this pro- 
duct the spots of the card of the third person: by subtract- 
ing from the last result bSy if the number of the persons 
be 3 ; S5^, if it be 4: SSbt>y if it be 5, the figures which 
compose the remainder will indicate, in order, the spots 
of the cards selected by each person. 

4 

* For the satisfaction and information of the reader, we shall here give 
the fullowing detDonstration. 

Let the four numbers to be guessed be x^ y, s, v .- accordin^o the above 
method, we must double x^ which will give 2r; if I be then subtractt-d t(d 
shall have 2x— 1, and multiplying by 5, the result will be lOx-^. If y, the 
second nunnber, be added, we shall have lOx — Ô + ^, and 5 added to thi» sum 
will make lOv+y, which being doubled will give SOr -f dy ; if 1 be subflkcted, 
there will remain 20r-f2^--l, which multiplied by 5 will give LO(Xr+ lOy— 4; 
to this product if the third number s, and 5 be added, the sam will be 
lOOr + lOy + z\ and if unity be taken from the double of this sum, the result 
will be 20(h? + 30 j^ 4-22—1 ; if we then multiply by 5, we shall have for pro- 
duct lOOQT'f lOOy •(• l(h — 5 1 and by adding Ô and the last number, u^ the 
sum will be 1000ic+ 100y+ 10x + «. If sc, y, «, « represent numbers, below 
10, at 5, 3, 4, 1, the sum wUl be â0004-200+40-fr- 1 or 6841. If the numbers 
were 9, 6, 5, 4, the sum for the same reason would be 9664 ; which is a de^- 
moastration of the process above indicated. ^ 

k2 



. . ~.n:sd u-ith as much ease 
. • :â juessed, less thuD 10, 
^. ;s ,• three, for the sake of 
■r .,„-.e of the first number, 
-, ::■-■ y.:îg by 5, the product 
.. - '.imber jy be added, the 
^ued to the double will 

• :.ca multiplied by 5 gives 

• <; loen add the third ntim- 
30 -f- 10y+ S +t or 100 

. . : are, for example, 5, 6, 7, 

- ,5i or 612. From this last 

. .c: 3J, the remainder will be 

'_iT the three numbers to be 

le shall not give any other ex- 
rtvnr to thut before given in 



-iOBLEM VI. 

.'puts on arty card, which a pfrson 
I ''vm a whole pack. 
^viisisting of 52 cards, and desire 
V to draw out any one at pleasure. 
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Colour of the king may be known by examining which 
one among the cards is wanting. , 

If you ,are desirous of employing only 32 cards, the 
number used at present for piquet, when the cards are 
added as above directed!, reject all the tens; then add 4 to 
the spots of the last card, and a sum will be obtained 
which taken from 10, if it be less, or from 20 if it exceeds 
10, the remainder will be the number of the card that haé 
been drawn ; so that if 2 remains, it ha3 been a knave, if S 
a queen, if 4 a king, and so on. 

If the pack be incomplete, attention must be paid to 
those deficient, in order that the number of the spots of 
all the cards wanting may be added to the last sum, afïer 
as many tens as possible have been subtracted from it; 
and the sum arising from this addition*, must, as before, 
be taken from 10 or 20 according as it is greater or less 
than 10. It is evident that by again looking at the cards^ 
the one which has been drawn may be discovered. 

The demonstration of this rule is as follows: since, in 
«complete pack of cards, there are 13 of each suit, the 
values of which are 1, 2, 3, 8cc, to 13, the sum of all the 
spots of each suit, calling the knave 1 1, the queen 12, and 
the king 13, is seven times 13, or 91, which is a multiple 
of 13; consequently the quadruple of this sum is a multiple 
of 13 also: if the spots then of all the cards be added to- 
gether, always rejecting 13, we must at last find the re- 
mainder equal to nothing. It is therefore evident that if 
a qard, the spots of which are less than 13, has been drawn 
from the pack, the difference between these spots and 13, 
will be what is wanting to complete that number: if at 
the end then, instead of reaching 13, we reach only 10, 
for example, it is evident that the card wanting is a three; 
and if we reach 13, it is also evident that the card want- 
ing is one of those equivalent to 13, or a king. 

If two cards have been drawn from the pack, we xsx^y 
^11, in like manner, the number of spots which they con- 
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tain both together: that is, how much » wanting tQ reach 
IS, or that deficiency increaiied by 13; and to know which 
two, nothing is necessary but to count privately how many 
times 19 has been comjileted, for with the whole of the 
cards it ought to be counted 28 times : if it be counted 
therefore onfy 27 times, with a remainder, as 7 for ex* 
ample, the spots of the two cards drawn amount tc^etber 
to 6: if IS be counted only 26 times, with the saire X^ 
mainder, it may be concluded that the two cards form 
together 13 + 6, or 19. 

The demonstration of the rule given when the same 
Dumber of cards is used, as that employed for the game.of 
piquet, viz. 33, calling the ace 1, the knave 2, the qaeen 
3, the king 4, and assigning to the other cards the value 
of their spols, is attended with as little difficulty ; for in 
each suit there ure 44t spols, making all together ] 76, wliich» 
as well as 44, is a multiple of II, we may therefore alwaya 
count to II, rejecting 11, and the number wanting to 
reach 11, will he the value of the card which has been 
drawn. 

But the same number 176, if 4 were added to it, would 
-be a multiple of lU or of 20; and hence a demonstration 
also of the method which has been taught. 
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will be the ^number contained in feach band, and conse* 
fuently the whole number is J 6. 

Let us now suppose that when 4 counters are conveyed 
from one hand to the other, the less number is contained 
in the greater 2^ times : in this case we must, as before, 
multiply 4 by 2J., which will give 9| ; to which if 4 be 
added, we shall have ISf, or ^; if unity be then taken 
from 2^, the remainder will be 1 j., or ^y by which if ^ be 
divided, the quotient, 10, will be the number of counters 
id each hand, as may be easily proved on trial. 

PROBLEM VIII* 

Seœràl cards being shown to a person^ to tell that which hé 

has thought of. 

Having taken any number oFcards at pleasure, from » 
whole pack, display them in order on the table, that the 
person may choose one. When this is done, place them 
carefully one above the other, beginning with the lower 
one, and desire the person to remember the number ex- 
pressing the order of the card he thought of, viz. 1^ if he 
thought of the first, 2 if of the second, and so on ; but at 
the same time, count privately the number of cards shewn 
to the person, which we shall suppose to be 12, and sepa- 
rate them dexterously from the remainder of the pack. 
Then place these cards on the remainder of the pack in an 
inverted position, .beginning with that first displayed on 
thé table, and ending with that which was last. Having 
then asked the nucober of the card thought of, which we 
shall suppose to be the fourth, lay your cards on the 
table with their faces uppermost, one after the other, be- 
ginning with that at the top, to which you must assign 
4, the number of the card thought of, calling the next 
rârd which follows, or the second, 5, the third 6, and so 
<my until you come to 1!S, the number of the cards you 
at first assumed ; ibr the card on which that number falls 
will be fSie card thought of. 



# 
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FBOBLEM IX. 
Sivtrtt canis Mug presented^ ôt juccemm, t9 teoerat-fO^ 

WAf, thifU they may eacA choose one at pUasures te gua$ 

that which each has thought of. 

Sfatiw as many cards to each person as there are per- 
sons to choose; that is to say 3 to each if there are 3 
persons. When the first bas thought of one, lay a^de tbe 
three cards in which he has made his choice. Present tlie 
same number to the second person, to think of one, and. 
lay aside tbe three cards in the like manner. Having done 
tbe same in regard to the third person, spread out tbe 
three fir^t cards with their faces upwards, and place abo^d, 
them the next three cards, and above these the last three, 
that all the c^irds may thus be disposed in three heaps, 
each consisting of three cards. Then ask each person in. 
which heap the card is which he thought of, and when. 
this is known it will be easy to tell these cards, fur that of 
the fir»t person will be the first in the heap to which it 
bel(H>gs ; that of the second will be the second of tbe 
next heap, and that of the third will be the third of tbo. 
last heap. 

FBOBLEM X. 
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the person vfho has chosen c, and ask the sum^ which 
most be either 23 or 24; 25 or 527; 88 or 29, as in the 
following table : 



Irst 


Second 


Third 


Sum 


12 


24 


36 




A 


B 


c 


23 


À 


C 


B 


24 


B 


A 


C 


25 


C 


A 


B 


27 


B 


C 


A 


28 


C 


B 


A 


29 



This table shows, that if the sum be 25, for example, 
the first person must have chosen the card b, the second 
the card a, and the third the card c ; and that if it be 28^ 
the first person must have chosen the card b, the second 
the card c, and the third the card a ; and so of the rest«, 

PBOBLEM XI. 

A person having drawn, from a complete pack offiftyAwo 
cardSy one, two, threCy four, or more cards , to giLess the 
whole number of the spots which they contain. 

Assume any number whatever, such as 15, for example, 
greater than the number of the spots of the highest card, 
counting the knave 11, the queen 12, and the king 13, 
and desire the person to add as many cards from the pack, 
to the first card he has chosen, as will make up 15, count- 
ing the spots of that card ; let him do the same thing in 
regard to the second, the third, the fourth, &c ; and then 
desire him to tell how many cards remain in the pack. — 
When this is done, proceed as follows: 

Multiply the above number 15, or any other that may 
have been assumed, by the number of cards drawn from the 
pack, which we shall here suppose to be 3 ; to the pra« 
duct, 455 ^'^^ ^he number of these cards, which will give 
^ i subtract the 48 from 52, and take the remainder 4 
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from the cards \éh in the pack: the result will be the 
number of spots required, ' 

Let us suppose, for exagiple, that the person has drawn 
from the pack a 7, a 10, and a ki).ave, which is equal^to 
1 1 : to make up the number 15 with a 7, eight cards will 
be required ; to make up the same number with a 10, will 
require five; and with the knave, which is equal to 11, 
four will be necessary. The sum of these three numbersj 
with the 3 cards, makes 20, and consequently 32 cards 
remain in the pack. To find the sum of the numbers 7, 
10, U, multiply 15 by 3, which will give 45 ; and if the 
number of the cards drawn from the pack be added^ the 
sum will be 48, which taken from 52, leaves 4. If 4 then 
be subtracted from 32, the remainder, 28, will be the sum 
of the spots contained on the three cards, drawn from tbc 
pack, as may be eaùly proved by trial. 

Another Example. 

Let us suppose two cards only drawn from the pack^ a 
4 and a king, equal to 13 ; if cards he added to these to 
make up 15, there will remain in the pack 37 cards. 

If 15 he multiplied by 2, the product will be 30, to 
which if 2, the number of the cards drawn from the pack. 
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15 would require, together with the 5 cards^ at least 65 ; 
but as there are only 52, there are consequently IS too 
few. He who counts the pack must therefore say that 18 
are wanting. 

On the other hand, he who undertakes to tell the num- 
ber of the spots, must multiply 15 by 5, which makes 75 : 
and to this if 5, the number of the cards, be added, it will 
give 80; that is to say, 28 more than 52 : if 13 then be 
subtracted from 28, the remainder 15 will be the number 
<|f the spots contained on these 5 cards. 

But if we suppose that the cards left in the pack are, 
for example, 22, which would be the case if the five cards 
drawn were the 8, 9, 10, knave = 11, and queen = 12, 
it would be necessary to add these 22 to the excess of 5 
times 15 + 5, over b2y that is to say to 28, and we should 
liave 50 for the spots of these 5 cards, which is indeed the 
exact number of them. 

n. If the pack consists not of 52 cards, but of 40, for 
example, there will still be no difference in the operation: 
the number of the cards, which remain of these 40, must 
be taken from the sum produced by multiplying the made 
up number, by that of the cards drawn> and adding to the 
product the number of these cards. 

Let us suppose, for example, that the cards drawn. are 
9, 10, 11, that the number to be made up is 12, and that 
the cards left in the pack are 31. Then 12 x 3 ss S6, 
and 3 added for the 3 cards, makes 39, which subtracted 
£K>m 40 leaves 1. If 1 then be taken from 3], the re- 
inainder 30 will be the number of the spots required. 

III. Different numbers to be made up with the spots of 
6acb card chosen might be assumed; but the case would 
^illbe the same, only that it would be necessary to add 
these three numbers to that of the cards, instead of multi- 
pljiog the same number by the number of cards drawn, 
^^ then adding the number of the cards. In this there 
iik0# little difficulty, that an example is not necessary. 
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IV. Tbe demoDstration of this method, which some of 
our readers perhaps may be desirous of sedng, is exceed- 
ingly simple, and is as follows. Let a be tbe number of 
cards in tbe pack, c the number to be made up by adding 
cards to tbe spots of each card drawn, and b the cards 
left in tbe pack ; let x, y, % expKss tbe spots of tbe cards, 
vbicb we shall here suppose to be 3, and we sbaJl then 
bare, for the number of tbe cards drawn> e—x + c— ^ + e 
— ji -f 3 ; which with the cards left in the pack i, must 
be equal to tbe whole pack. Then Sc -}- ^^x-^y—z +i 
= a, orjr4-y + 2 = 3c+ 3 + A — aor = i — (a — Sc 
— 3), But jr + y + z is the whole number of tbe spots ; 
h is tbe number of cards left in the pack, and a — 3 c— 3 is 
the whole number of cards in the pack, less the pro< 
duct of the number to be completed by the number of the' 
cards drawn, minus that number. Therefore, &c. 

PROBLEM XII. 

Three things being prvoately distributed lo three penont î to 
guess that which each has got. 

Let tbe three things be a ring, a, shilling, and a gloreii' 
Call the ring a, the shilling b, and the glove i; and ia' 

I mind distinguish the nersons by 
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third 12 ; consequently one counter only remains on the 
table. \ When this is done, you may return, and by the. 
number left can discover what thing each bas got, by em- 
ploying the following words : 

12356 7 

Par fer César jadis devint si grand prince. 
To make use of these words, you must recollect, that in 
all cases there can remain only 1 counter, or 2, 3, 5, 6,,or 
7, and never 4 : it mu^t be likewise observed that each 
syllable contains one of the vowels, which we have made 
to represent the three things proposed, and that the above 
line must be considered as consisting only of six words : 
the first syllable of each word must also be supposed to 
represent the first person, and the second syllable the 
second. This being comprehended, if there remains only 
1 counter, you must employ the first word, or rather the 
two first syllables, par fer ^ the first of which, that contain- 
ing A, shews that the first person has the ring represented 
by A ; and the second syllable, that contsdning £, shews 
that the second person has the shilling, represented by s ; 
from which you may easily conclude that the third person 
has the glove. If two counters remain, you must take the 
second word César y the first syllable of which, containing e, 
will shew that the first person has the shilling, represented 
by E, and the second syllable, containing a, will indicate 
that the second person has the ring,, represented by a : 
you may then easily conclude that the third person has 
the glove. In general, whatever number of counters re- 
main, that word of the .verse, which is pointed out by the 
same number, must be employed. 

REMABKS. 

Instead of the above French verse^ the following Latin 
^ne might be used : 

12 3 5 6 7 

Salve cerfaamma s&mita vita quies. 
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This problem might be proposed in a manner aemewhat 
different, and might be applied to more than three pertooi : 
those who are desirous of farther information on the sub- 
ject, may consult Bacbetin the25tli of his Proilémaptûi- 
tant et dtUctahlea, 

FSOBLBU XIII. 

Severxd numbers being disposed in a eircular/orm, according 

to their natural series, to teli that tohieh aiy me Mat 

thought of. ^ 

The Brst ten cards of any suit, dispoted in a circular 

form, as seen in the 6gure below', may be employed with 

great convenience for performing wliat is announced in 

this problem. The ace is here represented by the letter 

A annwied to 1, and the ten by the letter k joined to 10. 



Having desired the person, who has tboagfat of a Dum> 
ber or card, to touch also any other number or card, bid 
him add to the number of the card touched, the number of 
the cards employed, which in this case is 10. Then deiiM 
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0n in thç retrograde order, counting 3, the number thought 
9ff 0n F, 4 on Ey 5 on d, 6 on c, and so round to 16, the 
namber 16 will terminate on c, and show that the person 
thought of 3, which corresponds to c. 

REMARKS. 

I. A greater or less number of cards may be employed 
at pleasure. If there are 15 or 8 cards, 15 or 8 must be 
added to the number of the card touched. 

II. To conceal the artifice better, yon may invert the 
cards, so as to prevent the spots from being seen, but you 
must remember the natural series of the cards, and th& 
place of the first number, or the ace, that you may know 
the number of the card touched, in order to find the one 
to which the person ought to count. 

PROBLEM XIY. 

Two persons agree to take alternated/ numbers less than a 
given number^ for example 11, and to add them together 
till one of them has reached a certain sum, such a^ 100 ; 
hf what means can one of them wfallibly attain ta that 
number before the other? 

The whoJQ artifice of this problem consists in im- 
mediately making choice of certain numbers, which we 
ihall here point out. Subtract 11, for example, from 100, 
the number to be reached, as many times as possible, and 
the remainders will be 89, 78, 67, 56, 45, 34, 23, 12» and 1, 
which must be remembered; for he who by adding bis 
number less than 11, to the sum of the preceding, shall 
count one of these numbers before his adversary, will in- 
fallibly win, without the other being able to. prevent him. 
, These numbers may be found also, with still greater 
ease, by dividing 100 by 11, and adding 11 continually to 
l^the remainder, which will give 1, 12, 23, 34, &c. 

Let us suppose, for ex^plej that the iSirst person, who 
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knows the game, takes 1 for hii number: it is eviileiit tint 
his adversary, as he must count less than 11, can at RKSt 
reach U by adding 10 to it. Tbe first «ill then take 1, 
Trhicb will make 12; if tbe second takes S, which will 
make 20, the first wilt take S, which will make 23 ; and 
proceeding in this manner successively he will first reach 
34, 45, 56, 67, 18, 89. When be attains to tbe last num- 
ber, it will be impossible for the second to prevent him 
from getting Erst to 100; for whatever number the second 
takes, he can attain only to 99, after which tbe &rst may 
say, '* and 1 makes 100." If the second takes 1 after 89, 
it will make 90; and his adversary may finish by saying, 
*' and 10 make 100." 

It is evident that when two persons are equally well ac- 
C|uainted with the game, he who begins must necessarily 
win. 

But, if the one knows the game, and the other does not, 
the latter, though first, may not win; for he will think it 
highly advantageous to take the greatest number possible, 
that is to say 10; and in that case the other, acquainted 
with the nicety of the game, will take 2, which with 10 will 
make IS, one of tbe numbers he ought to secure. Bat he 
cSay even neglect this advanUge, and take only 1 to make 
1 1 ; for the first will probably stUI take 10, which will 
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ploy a number less than 10, if the second were as well ac- 
quainted with the game» he might take the complement to 
10; and would thus have an in&llible rule for winning. 

PROBLEM XV. 

Sixteen counters being dispoud in two rows^ to find that 

which a person has thought of. 

' The counters being arranged in two rows, as^A and b, 
desire the person to think of one, and to observe well in 
winch row it is. 



A 


B 


c 


B 


D 


B 


B 


F 


R 


B 


1 
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Let us suppose that the counter thought of) is in the 
row A ; take up that whole row, in the order in which it 
stands, and dispose it in two rows c and Dj on the right 
and left of the row b, but in arranging them, take care 
that the first of the row a may be the first of the row c ; 
the second of the row A,^the first of the row d; the third 
of the row a, the second of the row c, and so on ; then 
ask agrain in which of the vertical rows, c or n, the counter 
thought of is« Suppose it to be in c: take up that row as 
well as the row p, putting the last at the end of the first, 
without deranging the order of the counters, and, observ- 
iug the rule already given, form them into two other 
rows, as seen at e and p ; then ask, as before, in which 
row the counter thought of is. Let us suppose it to be in 
s ; take up this row, and the row p, as above directed, 
and form them into two new rows, on the right and left of 

VOL. I. L 



• M'tîT thought of must 

■ ■«;-. ...iir rows, H and i; if 

.. ■'.■a may easily point 

^ .. ;ii sich of the counters 

.. tuy desire them to be 

^ u :i:ll the one thougbt 

. .Mt;iui of counters, sixteen 
I nua you iiave discovered, 
T'ought of, you may cause 
.>ut:cr eonceal the artifice. 



.. uuiers or cards, arranged in 

j,'t)u»<ed, the counter or card 
vui-iv be the first in the row to 
Ï :iird transposition : if there be 

:;ir$posttions will be necessary; 
V. -4.1 on, before it can be said, 
1. .-uuntcr or card thought of oc- 

i> row ; for if this counter or 
•i thi" perpendicular row a, sup- 
1 ron-,or 32altoget)ier, it would 

:■ till after four transpositions : 
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order, arrange them in three heaps, with their fiices up- 
ward, and in such a manner, tliat the first card of the 
packet shall be the first of the first heap ; the second the 
first of the second, and the third the first of the third ; the 
fourth, the second of the first, and so on. When the 
beapt are completed, ask the person in which heap is the 
card thought of, and when told, place that containing the 
card thought of in the middle $ then turning up the 
packet, form three heaps, as before, and again ask in 
which is the card thought of. Place the heap containing 
the card thought of still in the middle, and, having formed 
three new heaps, ask which of them contains the card 
thought of. When this is known, place it as before b&- 
tween the other two ; and again form three heaps, asking 
the same-question. Then take up the heaps for the last 
time ; put that containing the card thought of in the mid- 
dle, and placing the packet on the table, with the faces of 
the cards downward, turn up the cards till you count half 
the number of those contained in the packet ; 12 for ex- 
ample if there be 24, in which case the 12th card will be 
the one the person thought of. 

If the number of the cards be, at the same time, odd, 
and divisible by d, as 15, 21, 27, &c, the trick will become 
/much easier \ for the card thought of will always be that 
1 \ in the middle of the heap in which it is found the third 
time ; so that it may be easily distinguished without count* 
ing the cards ; nothing wili be necessary for this purpose, 
but to remember, while you are forming the heaps the 
third time, the card which is the middle one of each. Let 
us suppose, for example, that the middle card of the first 
heap is the ace of hearts \ that of the second the king of 
hearts, and that of the third the knave of spades ; it is 
evident, if you are told that the heap containing the re- 
quired card is the third, that this card must be the knave c^ 
spades. You may therefore cause the cairds to be shuffled, 
without touching them any more, and then, looking the^i 

l2 



:jfc zne knave of spadtis 



,-is i*ing at sea in the game 

■K /N, which obliged them to 

.. -* -cfràoard ; thit however not 

■ It ihip, the captain informed 

-.M/i.;fy ofilt being taved, unlets 

•"/a:n overboard also. Having 

, .. iMrrange tkemsetvet in a row, 

-, t.td throwing every ninth person 

..^ .^jtin at the first of the row when 

■ :x end, it was found that after jif- 

; . tnecn overboard, the fifteen Chrit- 

: jt did the captain arrange these thirty 

, -K Christians'? 

^.-ïfing the thirty persons may be de- 
.■ Vrciich vernies : 
u <te failliras pas 
'.itrant le trépas. 
:^ Latin one, which is not so bad of 
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lot &11 upon 10 persons in 40, counting from It to 12. Ar- 
range 40 ciphers in a circular form, as below ; 

t t t t 
0000 Q 00000000000 
O 

1 

Of 

ot 

ooeoooooo 0000000 

1 1 1 r t 

then, beginning at the first, mark every 12th one with a 
cross ; continue in 'this manner, taking care to pass over 
those already crossed, still proceeding circularly, till the 
required number of places has been marked ; if you then 
count the places of the marked ciphers, those on which 
the. lot falls will be easily known : in the present case they 
are the 7th, the 8th, the 10th, the 12th, the 21st, the 22d, 
the 24th, the 34th, the 3Sth, and the 36th. 

A captain^ obliged to decimate his company, might em- 
ploy this expedient, to make the lot fall upon those most 
culpable. 

It is related that Joseph us, the historian, saved bis life 
by means of this expedient. Having fled for shelter to a 
cavern, with forty other Jews, after Jotapat had been 
taken by the Romans, his companions resolved to kill 
each other rather than surrender. Josephus tried to dis- 
suade them from their horrid purpose, but not being able 
to succeed, he pretended to coincide with their wishes, 
and retaining the authority he had over them as their 
chief, to avoid the disorder which would necessafrily be the 
cona^uence of this cruel execution, if they should kill 
each other at random, he prevailed on them to arrange 
tbepgiselves in order, and, beginning to count from one 
^nd to a certain number, to put to death the person on 
whom that number should fall, until there remained only 
one^ who should kill himself. Having all agreed to this 
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^'l]e solution of this problem is contained in the two 
ilowing Latin distichs: 

// duplex mulierj redit tma^ veAitque maneniem. 
It que una; utuntur tunc duo puppe viru 

Par vadit et redeunt bini, mtdierque sororem 
Adioehit ; ad propriamfine maritus abit. 

That is : ^^ two women cross first, and one of them» row- 
ing back the boat, carries over the third woman. One of 
the three, women then returns with the boat, and remun- 
ing, suffers the two men, whose wives have crossed, to go 
over in the boat. One of the men then carries back his 
wife, and leaving her on the bank, rows over the third 
man. In the last place, the woman who had crossed en- 
ters the boat, and returning twice, carries over the other 
two women /^ 

This question is proposed also under the title of the 
three masters and the three valets. The masters agree 
very well, and the valets also ; but none of the masters 
can endure the valets of the other two ; so that if any one 
of them were left with any of the other two valets, in the 
absence of his master, he would infallibly cane him. 

PROBLEM XX. 

In what manner can counters be disposed in the eight ex- 
temal cetts of a square, so that there may be alwm/s 9 in 
each row, and yet the whole number shall vary from 20 
to 32? 

Ozanam proposed this problem in the following man- 
ner, with a view no doubt to excite the curiosity of his 
readers: 

A certain convent consisted of nine cells, on^ of which 
in the middle was occupied by a blind abbess, and the rest 
by her nuns. The good abbess, to assure herself that the 
niins did not violate their vows, visited all the cells, and 
finding 3 nuns in each, which made 9 in every row, retired 
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.1^ ;iK .•uo* fiowvrer wmt out, and the abbess re* 

^ .. -iiHjH^ut CO Louni tjmn, still found 9 in each 

. ...^ -JMuaw rwcB J» before. The four nuns then 
-M. -M>a« dbd *Kti A ^tlbuit, and the ^bes on paying 
«OM ininHT '".au, 'mnng afùn counted 9 persona in 
.«^ ■•. iMcrauoed no suspicion oF what had taken 
iir -^ -« .mmi oku were introduced, and the abbcH 
4^E& iiiiniUjL > -tvsoas in each row, retired in the full 
■ ii^Mrii" ^OM. -:m une bad either gone out, or come in. 
4M a^j^i iiu» (MMnble^ 

H^ »wdi«ui nsav be easily solved- hy inspecting, the 
j^ 'jkd>«iUK i^fes; the first of which represents the 
ij^iniw ^l^|WblttlHl of tbc countei? in the cells of the 
>^^«. :u« w«»«i that of the same counters when 4 
«V M.C1I ^wny ; tbe third the manner in which tbey must 
^ u»tMH.ti <i»b«u these 4 are brought back with 4 others ; 
4)ta .iM UMfUt uMt of tbe same counters with the additicHi 
• * uviv. It t» bere evident that there' are always 9 in 
.M.k.-A*«iMU [WW ; and yet, in the first case, the whole 
«ÉOMKt :* M» while in the second it is 20, in the third 28, 
w4 >^ ^ toujcth 32. 
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It is almost needless to explain in what manner the il« 
lusion of the good abbess arose. It i. bt^cause the num- 
bers in the angular cells of the squai were counted twice; 
these cells being common to two rows. The more, there- 
fore, the angular cells are filled , by emptying those in the 
middle of each band, these double enumerations become 
greater; on which account* the number, though dimi- 
nished, appears always fo be the same ; and the contrary 
is the case in proportion as the middle cells are filled, by 
emptying the angular ones, which renders it necessary to 
add some units to have 9 in each band. 

PROBLEM XXI. 

A gentleman has a bottky containing ^ pints y of choice wine, 
and wishes to make a present of one half of it to ajfrie^id; 
but as he has nothing to measure it y except two other bottles^ 
one capable of containing 5 and the other 3 pintSy haw 
must he mmnagCy so as to put exactly 4 pints into the 
bottle cap Me of containing 5? 

To enable us to resolve this problem, we shall call the 
bottle containing the 8 pints, A ; that of 5 pints, b ; and 
that of 3 pints, c ; supposing that there are 8 pints of 
wine in the bottle a, and that the other two are empty, as 
seen at d. Having filled the bottle b, \ S 5 3 
with wine from the bottle a, in which abc 

there will remain no more than 3 pints, as d 8 
sQen at e, fill the bottle c from b, and con- £ 3 5 
sequently there will remain only 2 pints in p 3 2 3 
the latter, «as seen at f : then pour the wine g 6 2 Q 
of c into A, which will thus contain 6 pints, h 6 2 
as seen at g, and pour the two pints of b i 1 Â 2 
into c, as seen at h. In the last place, k 1 4 3 
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. wuUiE i irom the bottle a, in which thne 

.im. -Ji neen at t, fill up c from b, ia 

„ i^tiHui 4 piacs, as seen at k ; and thus 



.^ ..^ .eb^uu» Jt nuking the four pints of wine 

. .«. auk 1, wftioh we Itave supposed to be 

^ .... > ;-(»« ^tstMtl of remaining in the bottle b, 

«^ v«.£h . ■'•its -vine firom the bottle 8 5 d 

_jwi :*tt« "*■■( Tvœain only 5 pints, abc 

^.». . . - . jw wour tl»e 3 pints of c 8 

, . -ifc.J »ttl --VMisetiuently contain 3 d 5 O 3 

_.î^ > s^v» -* i : Having then filled ce S S 

.^ ., ».;:^,'ï cîwrc will remain no f 2 3 3 

,^ , ... . -^tss Js «t'en at F ; fill up B g 2 5 1 

..^, *.>w^i <*^. thus contain only 1 h 7 O l 

^^ » <««* -it c. In the last place, i 7 10 

.«.-^ ^Mtvu :'W wine of the bottle B into k 4 1 3 

4» .'i.u<4 t* i«hich will thus have T pints, as seen at h j 

«•«.. >«« >>tiK .rt wim- which is in c into b, consequently 

^ ti.M.1 «il Cvmtdin 1 pint, as seen at i ; and then fill 

ii^ut 4, ui which thure will remain only 4 pÎAts, as 
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lo that T shall contain only 7 pints, asseen 12 7 5 

St H i then pour into s the wioe contained t 8 ï 

in T, which will remain empty, and the o 12 
bottle 8 will contain 5 pints, as seen at i ; h 7 5 
haviog filled p from t, the latter will con- i 7 5 
tain onl; 2 pints, the bottle s will contain k 2 6 5 
■S, and the bottle p will be full, as seen at l 2 7 S 
K : in the next place fill s from f, and t k 9 3 
will still contain only 2 pints, while s con- n 4 7 l 
tains 7, and p 3, as seen at l ; then etnpty o II I 
s into T, and p into s, by which means t p 6 fi 
wiU contain 9 pints, and s 3, F remuning empty, as seen 
at M : fiil p from t, and pour from f into s as much as 
will fill it, so that there will then be 4 pints in t, 7 pints 
in s, and 1 pint in f, as seen at N : pour the 7 pints from 
9 into T, and the pint contained in f into s, after which T 
will contain 1 1 pints, s 1, and p will be empty, as seen i^ 
o. In the last place, having filled the five-pint bottle f 
from the bottle r, and poured these 5 pints from p into b, 
which already contins I, it will be found that t contûns 
6 pints, and that s contains 6 also ; so that the deûred 
result has been obtained. 

VUOBLEH XXllI. 

To make the knight move into ail the squares of the chess 
hoard, in succession, without passing twice over the same. 
As the reader perhaps may be unacquainted with the 
movement of the knight at the game of chess, we shall 
here explain it : The knight, being placed in the square 
- A, cannot more into any of those im- 
mediately surrounding it, as, I, 9, 3, 
ifS, 6, 7 j 8 ; nor into the squares 9, 
10, 11, 13, which are directly above 
or below, and on each side of it; 
nor into the squares 13, 14, 15, 16, 
which are in the diagonals; but only 
into one of those which, in the an- 
nexed figure, are empty. 
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having filled the bottle b iVom 
vrill remain only 1 pint, as i^f. 
which there tvitl remain 4 \>\i 
the problem is solved. 



If you are desirous of 
remain in the bottle a, 
filled with 8 pints, iiiM. 
fill the bottle c with v 
A, in wliich there wii' 
sib seen at D; and 
into B, which wili 
pints, as seen ui 

from A, in iv!^' 

more than 2 p: 

from 

pint, as seen 

r poUl' 

the bottle A. 
pour the )i' 
the lattci 
up c fro 

was pi 



'•■ with this 

. [jjran> and 

.:iose of the 

jced at first in 

irJ ; in that of 

-..«e from one of 

'<'Oii it was not 

• icing the knight 

•^ii-i to traverse the 

. îijiiner that, with- 

_. '•dn a second time 

•., ::onR. For this last 

, a captain in the 

*c imperial service, 
, -«presenting these four 
, -.une remarks, 
H, Detnoivre. 
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Of these four ways of resolving the problem, that of 
Demoivre is doubtless the easiest to be remembered; for 
the principle of his method consists i;i filling up, as much 
as possible, the two exterior bands, which form as it were 
a border, and not entering the third, till there is no other 
method of moving the knight from the place where he is, 
to one of the two first, a rule which in the clearest nianner 
subjects the movement of the knight to a certain necessary 
progress, from his first step to the 50th, and beyond it ; for 
from the cell marked 50 there is no choice in placing him, 
except on those marked 51 and 63 ; but the cell 51 being 
nearer the band, ought to be preferred, and then the 
movement must necessarily be through 52, 53, 54, 55, 56 j 
57, 58, 59, 60, 61. When he arrives at 61, it is a matter 
of indifference whether he be placed in the cell marked 
64, for he may thence proceed to the last but one 63^ and 
end at 62 : or be placed in 62, to proceed to 63, and end 
at 64. It may therefore be said that the movement of the 
knight in this solution is almost constrained. 

The case is not the same with the fourth, which it is dif- 
ficult to practise in any other manner than from memory ; 
but it is attended with one very great advantage, which is, 
that you may begin, as already said, at any cell at pleasure ; 
because the author took the trouble to bring the knight ^t 
the conclusion to a place from which he can pass into the 
first. His movement therefore is in some measure circu- 
lar^ and interminable, by adhering to the condition of not 
passing twice over the same cell, till after 64 steps. 
« It may be readily seen, that to make the knight perform 
this movement without confusion, the cell he has quitted 
must be marked at each step. For this purpose a counter 
may be placed in each cell, and removed as the knight 
passes over it, or, wlîat will be still betterj a counter may 
be placed in each cell when he has passed it. 
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To 4ùAttu/« among 3 penms, 21 cash of wme, 7 of them 
Jittt, 7 of them empty, and 7 half JhU, so that each akaU 
have the same quantUy of wine, and the ume MMiiicr rf 
casks. 

Thb problem admits of two solutions, which may be 
clearly compreheoded by means of the two following 
Ublesi 



fist 
2d 
3d 



It is evident that, in these two combinations, each per- 
son will bare 7 casks, and 3^ casks of wine. , 

But it may be easily seen that the whole number of the 
casks must be divisible by the number of persons, other* 
wise tbe thing required would be impossible. 

It wilt be found, in like manner, that if 24 casks were'to 
be divided among three persons,under the same conditiont| 
we should have three diffL-rent solutions as follows : 
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Persons full casks empty half full 

S S s 

s s s 

3 S S 

1 1 1 

4 4 1 

4 4 1 

2 2 5 

5 3 3 
4 4 1 




CHAPTER XL 
Containing some curious Arithmetical Problems. 

PROBLEM I. 

A gentleman^ in his will, gaoe orders that his property 
shouid he divided am&ng his children in the following man- 
ner: the eldest to take from the whole lOOO/, and the 7tA 
part of what remained ; the second 2000/. and the 1th part 
of the remainder; the third SOOO/, and the 1th part of 
what xtkis left; and so on to the last, always increasing by 
1000/. The children having followed the disposition of 
the testator, it was found that they had each got an egiud 
portion: how many children were there, what was the 
fat her*s property, and to how much did tjie share of each 
child amount ? 

s 

IT will be found by analysis, that the father's property 
was 36000/ ; that there were 6 children, and that the share 
of each was 6000/. 

Thus, if the first takes 1000/. the remainder of the pro- 
perty will be 35000/. the 7th part of which 5000/. together 
with 1000/. makes 6000/. The remainder, after deducting 
the first child's portion, is 30000/. from which if the second 
takes 2000/. the remainder will be 28000/. but the7tfa part 
of this sum is 4000/. which if added to the above 2000/. 
will make 6000/. and so on for the rest. 
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PROBLEM II. 

A gentleman meetùig a certain number rf beggarly and 
being dtsiroui to distribute among than all the tnona/ he 
had about him, finds that if he gave titpetiee to each he 
would have 2s. too little ; but that by giving each a great, 
hewottld haoe 2i. St/, over ; haw many beggars were there, 
and what mm had the gentlefiian in kit pocket ? 
There were 28 beggars, and the gentleman bad in bis 
pocket 12 shillings; for if 28 bemuhiphed by 6, the pro- 
duct will be 168, from which if 2s, or 24 pence, be sub- 
tracted, as he wanted 24 pence to be able to give each six- 
pence, the remainder will be 144 pence = 12 shillioga; 
but by giving each of the beggars 4 pence, he bad occa- 
sion only for 112 pence, or 4 times 28 ; consequently he 
had 52 pence, or 2s. Sd. remaining. 

PKOBLEM 111. 

A gentleman purchased/or liOl.alot i^wiae, cotuiitiHg of 
100 affiles of Burgundy, and 80 of Champagne; amd 
another purchased at the same price, for the sum of 9Sl. 
85 bottles of the former, and 70 of the latter : wkia was 
the price of each kind of wine i 
It wilt be found that the Burgundy cost IOj. per bottle. 
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perty, bad he foreseen that his lady would have been de- 
livered of two children. It has generally been explained 
in the following manner : As the testator desired that if 
his wife brought forth a boy, the latter should have two 
thirds of his property, and the mother the other third, it 
hence follows that his intention was to give the son a por- 
tion double to that of the mother ; and as he gave orders 
that in case she brought forth a daughter, the mother was 
to have two thirds of the property, and the daughter the 
other, there is reason to conclude l^at he intended the 
.portion of the mother to be double that of the daughter. 
Consequently, to combine these two conditions, the pro- 
perty must be divided in such a manner, that the son may 
-have twice as much as the mother, and the mother twice 
as much as the daughter. If we therefore suppose the 
property to be 30000/. the share of the son will be ni42f/. 
that of the mother 85714/. and that of the daughter 4285 j/. 
As a supplement to this jproblem, another is differently 
proposed. In case the mother should be delivered of two 
sons and a daughter, in what manner must the property 
be divided? 

' In our opinion, no other answer can be given to this 
question, than what would be given by the gentlemen of 
the bar ; that the will, in such a case, would be void ; for 
a child having been omitted in the will, all the laws with 
which we are acquainted would pronounce its nullity : 1st 
Because the law is precise, and 2d Because it is impossible 
to determine what would have been the disposition of the 
testator, had he had two sons, or had he foreseen that his 
wife would be delivered of two. 

FBOBLEM v. 

jt brazen lion, placed in the middle of a reservoir , throws 
out water from its mouthy its eyes and its right foot. 
When the water flows from its mouth alone, it fills the 
reservoir in 6 hours ; from the right eye it fills it in 2 

VOL. I. M 
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d^;/rvm the left eye in 3, and fntm the foot in*- tn 

what time wiil tlte baton be filled 6y the water Jlaafâig 

from ail these apertures at once f 

To solre this problem it must be observed, that as the 
lion, wben it tbrows the water from its movth, fiUi the 
basoD in 6 bours, it can all ^ of it in an hour ; and tbatM 
it fills it in 2 days when it tbrows the water from iu right 
eye, it can fill^ of it in an hour. It will be found, in like 
manner, that it can fill -f, of it in an hour wben the water 
flows from its left eye, and ^ when it flows from its foot. 
By throwing the water from all these apertures at once, it 
furnishes in an hour i + tt + rV + 'g%f f^i^ these frac- 
tions added together are equal to ^^ We mnst therefore 
make the following proportion : If -^ are filled in one 
hour or €0 minutes, bow many minutes will the whols 
bason, or ^ff, require : Or, as 61 is to 2S8, so is Hour to 
the answer, which will be 4h. 43m. 16|f seconds. 

FBOBLEM VI. 

Ji mUU and an ass travelling together, the au hegttn to com- 
plain that her burthen was too heavf/. " Las^ animai" 
said the nude, "you have little reason to complain ; .firr^ 
I take one of your bags, I shall have twice at mmgfo» 
you, and ^ I gioe you one of mine, we shall then i 
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Dupla tuUy it des mensuram, pondéra gesto : 
At n mensuram accipias, aqualia porto. 
Die mihi mensuras, sapiens geometer y istas f 

The analysis of this problem bas also been expressed in 
indifferent Latin verses, which we shall here give, to gratify 
the reader's curiosity. 

Unam asina accipiens, amittens mulam et unam 
Si fiant aqui, certe utriqtie ante duobus 
Distabant a se, Accipiat simulm at unam, 
Amittatque asina unam^ tunc distantiafiet 
Inter eos quatuor. Midi at cum pondéra dupla 
Sint asina, huic simplex, mulo est distantia dupla. 
Ergo habet hac quatuor tantum, mulusque habet octo. 
Unam asinœ si addas, si reddat mulus et unam, 
Mensuras quinque hac et septem mulus habebunt. 

That is : <^ As the mule and the ass will both have equal 
burthens when the former gives one of bis measures to the 
latter, it is evident that the difference between the mea- 
sures wliich they carry is equal to 2. Now if the mule 
receives one from the ass, the^diâerence will be 4 ; but in 
that case the mule will have double the number of mea- 
sures that the ass has^ consequently the mule will have 8, 

*aiid the ass 4. If the mule then gives one to the ass, the 
latter will have 5 and the former 7 :*' these were the num- 
ber pf the measures with which each was loaded, and which 

.solve the problem. 

.This problem, which might be expressed in a great 
variety of forips, is not the only one furnished by the 
Greek Anthology. The following are a few more, trans- 
lated into the Latin verse by Bactiet de Meziriac, who 
inserted them in a note to one of the problems of Dio- 
phantus. 

L 

Aurea maiaferuni Charités, aqualia cuique 
Mala insutU calatho : Musarum his cbvia turba 

M 2 
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Mala pettatt, CAarttu cunctU aqualia donant ; 
I^au aqualia trea tontingit habere, novemque. 
Die quantum diderirU numenu lit tit omnibia idem f 

That is: " The three Graces, carrying each an eqoal 
number of oranges, were met by the nine Muses, who 
asked for some of them ; and each Grace baring givcD to 
pach Muse the same number, it was thea found that they 
liad all equal shares: How many had the Graces at first I" 

The least aumber which will answer this problem, is 18; 
for if we suppose that each Grace gave one to eachMose, 
the latter would each bare three ; and there would remain 
S to each Grace. 

The numbers 24, S6, 48, Sec, will also answer the que»- 
tion ; and, after the distribution is made, each of the 
Graces and Muses will hure 6, or 9, or 12, &c. 

n. 

Die, Helicomadum iecuSf S sublime Sanntm 
Pythagpra I tua quoi tyrones tectafrequenleiUf 
Sui, sub te, Sophia Sudani m agotu magùtrof 
Dicam: tuque animo mea dicta, Fofycratei hanri: 
Dimidia hontm pars praclara mathemata ditdtf 
Suarfa immortalem naluram nasse lahorat, 
Septmut, sed tacite, sedet atque audita revolvù: 
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^* A person being asked what o'clock it was, replied, 
the hours of the day which remain^ are equal to j. of those 
elapsed/' 

If we divide the day, as the ancients did, into 12 equal 
portions, the question will be to divide that number into 
two such parts, that ^ of the first may be equal to the se- 
cond : in this case the result will be 5 j- for the number of. 
fife hours elapsed ; and consequently for the remainder of 
the day 6^ hours. 

IV. 

Hie Diophantus habet tumulum^ yui ienipora vita 

lUius mird dénotât arte tibi. 
Ejgit sextantemjuvenis, lanugine malas 

Festive hinc cœpit parte duodecimà* 
Septante uxori post hœc sociatur et anno 

Formosus quinto nasciiur inde puer. 
Semissem œtatis postquam attigit ilie patemte^ 

. Infelix subitd morte pereniptm obit. 
Suatuor asstates genitor lugere super stes 

Cogitur, hinc annos Ulius assequere. 

*^ This is the epitaph of the celebrated mathematician 
Diophantus. It tells us, that Diophantus passed the sixth 
part of his life in childhood, and the twelfth part in the 
state of youth ; that after a seventh part of his life and 
five years more were elapsed, he had a son, who died when 
he had attained to half the age of his father, and that the 
latter survived him only four years." 

To resolve this problem, we must find a number, the 
i» VW» -f &^ T of which + 5 + ^9 shall be equal to the 
number itself. This number is 84. 

V. 

Suijaculamur aquas très hic Jidstamus Amor es / 
Sed varié liquidas Euripo immittimus undas : 
Dexter ego^ summis et qua mihimanat ab alls 
Ipsum lympha replet solo sextante diei; 



/ 
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SMOtiuratt herisUBims versa m^it une î 
Dimidiatçue diem médiat dumfundU tib ttrei : 
Die, age, çuàm paucis Euripum impUbmmi Mil, 
Ex tired timtU atfue alii urnâquefluenia f 
" Hiree Cupids poor water into a bason, btit nttt éqâd 

ntitiet ia equal times. One of them cbd fifl it id the 
of a day, another in four hours, and tbe third ' Ui 
half à day. How long will they require to fill it «but 
they all pour water into it at the same time?** 

This problem is of the same nature as that respectiof 
the brazen lion, of which a solution has beect giren. If 
we suppose the day to be divided into 12 hours, it will l>e 
found that the three Cupids can fill the bason in 41^ ^ ft 
day, or a little more than an hour. 

PBOBLZH VII, 

Tie sum ofBOCA. hating been divided among four permu, 
it was/ound that the shares of the first two amounted t» 
2852.; those of the second and third to 220L; those^the 
third and fourth to 2151,; and that the share if the firtt 
vas to that of the last as 4 to 3. What xoat the short ff 
eachf 



The solutioQ of this problem is exceedingly easy. The 
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/(nHs.Sd.: after iO day^ service he had to receive 9L I5s. 
Saw many days did he worky and hew Vfumf remain 
idle? 

He worked 28 days of the 40, and remained idle 12. 

PBOBLEM IX. 

A hiU ^exchange, of 20001., was paid with half guineas and. 
ara/wnsi and the riurnber qf the pieces of rnonof amountcé 
ioé700i haw mam/ of each sort were emploj/ed ^ 

There were SOOO half guineas and 1700 crowns. 

PBOBLBM X. 

A gentlemany having lost his purse, could not tell the exact 
sum it contained, but recollected that when he counted the 
pieces two by two, or three by three, orfioe by five, there 
always remained one; and that when he counted them 
Sffoen by seven, there re^nained nothing. What was the 
number rf pieces in his purse ? 

It may be readily seen that, ^o solve this problem, no- 
thing is necessary but to find a number which when di- 
^ded by 7 shall leave no remainder; and which when 
divided by 2, Z, or 5, shall always leave 1. Several me- 
thods may be employed for this purpose ; but the simplest 
igas follows: 

Since nothing remains when the pieces are counted 
seven by seven, the number of them is evidently some 
multiple of 7 ; and since 1 remains when they are counted 
two by two, the number must be an odd multiple : it must 
therefore be some of the series 7, 21, 35, 49, 63, 77, 91, 
105, &c. 

This number also when divided by 3 must leave unity ; 
but in the above series 7, 49 and 91, which increase arith- 
iqetically, their difierence being 42, are the only numbers 
^ifit have the above propotty. It appears likewise, that 
if ^.1 be diyided by 5, there ivill remain 1 ; and ive may 
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thence conclude that the first number which axuyrcnihK 
question ii 91 ; for it is a multiple of 1, and bein^ divided 
bjS, 3 or £, the remainder is always 1. 

Several more numbem, which answer this queaticMi, may 
be found by the following means: continue the idaora 
progression, in this niauner: 7, 49, Sl^ 133, 1*75, SIT» 
359, SOI, until yon find anodier term divisible by 5, that 
leaves uni^ ; this term will be 301 , and will also an sw er 
the conditions of the problem ; but tbe difièrence betweeo 
it and 91 is 810, from which it may be concluded, tfa^if 
we form the prc^rewion, 91, 301, 511, '721, 931, llil,9ui, 
all these numbers will answer the conditions of the pro- 
blem also. ' . 

It would therefore be still uncertain what money was in 
the purse, unless the owner could tell nearly the sum it 
contained. Thus, for example, if he sbould say that t^are 
were ^out 500 pieces in it, we might easily tell him that 
the number was 511. 

Let us now suppose that the owner had said, that when 
he counted the pieces two by two there remained 1 ; that 
when he counted them three by three there remained S r 
four by four, S ; five by five, 4 ; six by six, S ; and, in the 
last place, that when he counted them seven by seveo,' 
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of which is 84» viz, 35, 119, 203, 287, 371, 455, 539, 623, 
&c« Id this new progression we must seek for two terms, 
which when divided by '5, shall leave 4 ; and it will be 
readily seen that these numbers are 1 19 and 539, the dif- 
ference of which is 420. A series of terms therefore 
which answer all the conditions of the problem except 1, 
is 119, 539, 959, 13^9, 1799, 2219, 2639, Scc. But the 
last condition of the problem is, that the required num- 
ber when divided by 6, leaves 5 as remainder* This 
property belongs to 119, 959, 1799, &c, always add- 
ing 840; consequently the number sought, is one .of 
those in that progression. For this reason, as soon as we 
know nearly within what limits it is contained, we shall 
be able to determine it. 

* If. the owner therefore of the purse had said, that it 
contained about 100 pieces, the number required would 
be 119 ; if he had said there were nearly 1000, it would 
be 959 j &c. 

REMARK. 

The solution of this problem, according to the me- 
thod taught by Ozanam, would be imperfect. For after 
finding the smallest number which answers the condi- 
tions of the problem, viz, 119; he would merely say, that 
to obtain the other numbers which answer them, the num- 
bers 2, 3, 4, 5, 6, 7, ought to be successively multiplied 
together, and their product 5040 added to 119, the first 
number found : this would give the number 5159, which 
would answer the proposed conditions also. But it may 
be readily seen, that there are several other numbers, be- 
tween 119 and 5159, which answer these conditions, viz, 
959, 1799, 2639, 3479, 4319. 

In treating of chronology, we shall give the solution of 
another problem of the same kind : viz. To find any year 
of the Julian period, the golden number, cycle of the sun, 
and cytle of indiction, for that year^ being given. 
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rSOSLSM XI. 

A nmt qfmùttOffpUuxd ml at a certain rnteratf iicreaied ni 
S months, to 361 6/. 1 33. 4<f . And in too years and a ha^ 
it ammmted to S937'> lOi. What was the original eapitài, 
and at what rate of interest was it placed out f 
That young algebraisU may bare an opportunity of ex- 
ercising their own ingenuity, we shall here give the ui- 
•wer only of this problem. By employing the proper 
neans of analysis, they will find that the capital was 350011, 
and the mte of interest 5 per cent. 

PBOBLEM xti. 

Three women went to market to sell eggs ; the first ^witm 
sold 10, the second 25, ontf the third SO, ^at ijke ^ame 
price. As they were returning they began to reeim io» 
wtuch money they carried back, and it wat found thtU each 
had the same sum : hew many eggs did they sell, iout at 
what price f 

It is evident that to make what is announced in thù 
problem possible, these women roust have sold tbàr Bgg» 
at two different times, and at different prices ; for if the 
one who had the least number of eggs sold a very mah 
number at the lowest price, and the remainder at the 





ntiiiibei*iritf 5, and for this reason the prices Of Ufit^ be 6 ftnd 
>, or 7 and 2, or 8 and 3, &c. 

If we suppose the two prices to be 6 and 1, we shall 
have seven different solutions, as seen in the following 
table : 

>9t smle dd sale total amount 

4 eggs at 6d. 6 at id. SO 
1 24 SO 

30 SO 

5 5 35 
lM2d 2 23 S5 

1 29 35 

6 4 40 
ln*{2d 3 22 40 

2 fig 40 

7 3 45 

4 21 45 

5 27 45 

8 £ 50 ' 

5 SO 50 
4 26 50 

9 1 55 

6 19 55 

"5 25 55 

10 60 

7 18 60 
^6 24 60 

ir we 8uj[^pose the two prices to be 7 and 2, we shall have 

also kbe thriée following solittiotis: 

l8t «ale 9d sale f*tal anâlfenit 

8 eggs at 7d^ £ at 2d. 60 

2 23 60 

30 60 

9 ^ 1 65 

3 22 65 

1 29 65 

10 TO 

4 . 21 10 

2 2S 70 : 
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It wouId.be needless to try 8 and 3, or any other number, 
as no solution could be obtained from them, for reasons 
which will be seen hereafter. 

KBUASKG. 

We are told by M, de Lagny, in the second part of bis 
Arithmétique UrnoerseUe, p. 456, that this question' is 
susceptible of no more than six solutions ; but the author 
is mbtaken, for we have here pointed out ten. As it may 
afford pleasure to those who are studying algebra, to be 
made acquainted with the method employed for obtaining 
them, we think it our duty here to give it. 

We shall call the price at which the women sold the first 
time u; and that at which they sold the second time p. 

If xthen be the number of the eggs sold by the first 
woman, at the price u, the number of those sold at the 
price j>i will be 10— x; the money arising from the first 
sale will be x u, that of the second will be lOp—ps^ and 
the sum total will be x u + 10 p—p x. If z be the num> 
ber of eggB sold by the second woman, at the Brut sale; 
we shall hare u x for the money arising from the first sal^ 
and a p—p z for that arising from the second, 'making 
together 2 « + 9.S p — pz. 
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X^Z + ^ 

a? = V + — ^ 

5p 
;r = v+ — ^ 

from which it may be concluded, that tt— p must be a di- 
visor of 15, 20, and 5, otherwise. — ^> — ^> 7^' would 

not be integral numbers, which it is necessary they should 
be* But the only number which is a divisor of 15, 20, 
and 5, is 5, which shows that the prices of the two sales 
could be only 5 and 0, 6 and 1, 7 and 2, 5 and 3, &c. 

It may be easily seen, that the supposition of 5 and 
will not answer the conditions, since in that case there 
would have been only one sale. 

We must therefore try the second supposition, 6 aixd 1, 
viz, u =: 6 and p =: 1, which gives for the two last equa- 
ttons^ jp ss y + 4, jgf =:y + !• 

But we have here three unknown quantities, and only 
two equations; for which reason one of these unknown 
quantities must be assumed at pleasure. Let us take y, 
and first suppose it = 0. 

This will give x s 4, and jz; =: 1, and we shall have the 
first solution, which shows tliat the first woman sold the 
first time 4 eggs at 6 pence each, and consequently, the 
second time 6 at 1 penny each; while the second sold 1 
the first time at 6 pence, and the other 24 at 1 penny 
each, and the third sold all her eggs at the second price : 
they would then all have 30 pence each. 
By making y =: 1, we shall have the second solution. 
By making y s= 2, we shall have the third. 
By making y ss 3, we shall have the fourth. 
By making y =: 4, we shall have the fifth. 
By making y = 5, we shall have the sixth. 
By makings = 6, we shall have the seventh. 

We cannot suppose y to be greater tlian 6, because then 
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we tboolcl have jr = 10 ; which tsimpomble, as the first 
woman has only 10 eggs to mII. 

We must therefore proceed to. the feUown^ nppii^ 
tioD, Til, u=lf and p^a, which givn two equations, 

If jr ben be fint made aO, we shall have r a 8, and 
2 = 3, which gives the eighth solution. 
By making j/^i, we shall have the ninth. 
By niaUngy = 2, we shall have the tenth. 

But y cannot be made greater, for then x woiild be 
greater than 10, which is imposable. 
' It would be useless also to try for the values of u aod^j 
8 and S } for these would necessarily give to j? a value 
greater than 10, which cannot be the case. 

We may therefore rest assured, that the problem is 
■asceptible of no more solutions than the ten above men* 
tioDed. 

PROBLEM XIII. 

Tofatd the number and the ratio of the weights with OfAtcft 

«ny number df pounds, from unity to a gken number, 

ctm bt teethed in the simplest manner. 

Though this problem on the first view seems to belong 

to mechanics, it may be readily seen that It is only an 

arithmetical question : for, to solve it, nothing is neces- 
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htm Si^ounds; with 4 and 1, 5 pounds ; with 4 and 2, 6 
.pounds; with 4, 2 and ], 7 pounds, &c. With the addi- 
tioD of a weight of 3S poundsi we can weigh as £ur at 6S 
pounds; and so on, doubling the last weight, and deduct- 
ing from that double unity. 

But by employing weights in the triple progression, 1, 
3, 9, 27, 81, all weights from 1 pound to .121 can be 
weighed with them : for, with the second less the firsts that 
is to say putting the first into one scale and the second 
into the other^ we can make two pounds ; by putting both 
in the same scale, we can form 4 pounds ; by putting 9 on 
the one nde and S and 1 on the other^ 5 pounds ; by 9 on 
the one side and 3 on the other, 6 pounds ; by 9 andl on 
the one side and 3 on the other, 7 pounds ; and so on. 

It ia here evident that this last method is the simplest, 
being that which requires the least humber of different 



Both these progresnons are more advantageous than 

any of the arithmetical ones, as will appear on trial; for 

if the increasing arithmetical weights, 1, 2, 3, 4, &c, were 

employed, 15 would be necessary to weigh 120 pounds; 

to weigh 121 with weights in the increasing progression 

1, 3, 5, 7, 8cc, 11 would be required. No other progrès* 

^im would make up all the weights possible^ from 1 

''pound to the greatest resulting from the whole of the 

'Weights. The triple proportion therefore is the most 

convenient of all. 

The solution of this problem may be of great utility in 
commerce, and the ordinary concerns of life, as it affords 
the means of weighing any weight whatever with .the 
least' possible number of different weights. 

PROBLEM XIV. 

A country 'wonian carrying eggs to a garrison^ where she 
had three gtuirds to pass, sold at the first haJf the nwnber 
she had and half an egg more; at the second, the /laif of 
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wkat remained and half an egg more ; and at the tkirif 
the kaif of the remamler and half an egg vwtei »Aen 
tlw arrived at the market place, she had three doxen ttÛl 
to tell : ho» was this possible, without breaking any of the 
eggsf 

It would appear, od the first vietv, that this problem is 
imposable; for how can half an egg be sold without 
breaking any? The possibility of it however will be 
evident when it is considered, that by taking the greater 
half of an odd number, we take the exact half -f- i- It will 
be found therefore that the woman, before she passed thé 
last guard, had 13 eggs remaining, for by selling 37 of 
them at that guard, which is the half + i, she would have 
S6 remaining. In like manner, before she came to the 
second guard she had 141; and before she came to the 
first, 395. 

This problem might be 'proposed also in a diGfereot 
manner as follows: 

PROBLEM XV, 

A gentleman went out with a certain number ùf guineaSt 
in order to purchase ■ necessaries at different shops. At 
the first he expended half his guineas and half a guinea 
mare; at the second, half the remainder and haif a guàiea 
more; and so at the third: IVhen he returned he found 
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pended "all his money were greater, nothing would be ne- 
cessary but to raise 2 to such a power, that the exponent 
should be equal to the number of places, and to diminish 
it by unity. Thus, if there were 4, as the fourth power of 
2 is 16, the required number would be 15 ; if there were 
5, the fifth power of 2 being 32, the required number would 
be SI. 

PROBLEM XVI, 

Three persons have each such a number ofcratmsj that if the 
first gives to the other two as many as they each have ; and 
if the second and third do the same ; they will then all have 
an eqiud number^ namely 8. How many has each? 

The first l)as 13, the second 7^ and the third 4; as may 
be easily proved, by distributing the crpwas of each as au« 
nounced in the problem. 

PROBLEM XV1Ï. 

A wine merchant who has only two sorts ofwine^ âne of which 
he sells at lOs. and the other at 5s. per bottle, being asked 
for some at 85. per bottlCj wishes to know how many bottles 
of each kind he must mix together, to form wine worth 8^- 
per bottle? 

The difference between the highest price, 105. and the 
mean price required, is 2 ; and that between the mean price 
and the lowest is 3 ; which shows that he must take 3 bottles 
of the wine at the highest price, and 2 of that at the lowest. 
This mixture will form 5 bottles, worth 8s. each. 

In problems of this kind, in general, as the difference 
between the highest price and the mean price, is to the 
difference between the mean price and the lowest, so is the 
number of measures at the lowest price, to that of those at 
the highest which must be mixed together, to have a simi* 
]ar measure at the mean price. 

PROBLEM XVIII. 

A gentleman is desirous of sinking 100,000/. which, together 
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PROBLEM XIX. 

fVhat is the interest with which any capital whatever would 
be increased, at the end of a year, if the interest due at 
$very instant of the year were itself to become capital and 
to bear interest ? 

This problem, to be well understood, has need of expla- 
nation. A person might place out his money under this 
condition, that the interest due at the end of a mjonth, 
which at the interest of 5 per cent would make a 60th of 
the capital, should be added to the capital, and bear inte- 
rest the following month at the same rate ; that at the ex- 
piration of this month, the interest of the above sum, which 
would be a 60th + ts^is of the original capital, shouM be 
still added to the capital, increased by the interest of the 
first month, and bear interest the following month, and so 
on to the end of the year. 

What is done here in regard to a month, might be done 
in regard to a day, an hour, a minute, or even a second, 
which may be considered as a part of the day infinitely 
small: the question then is to know, what in this case 
would be the interest produced by the capital at the end 
of the yeal-, the interest of the first second being at the rate 
of five per cent, or ^th. v 

It might be supposed, on the first view, that this com- 
pound and super-compound interest would greatly increase 
the 5 per cent, and yet it will be found that it produces an 
increase scarcely sensible \ for if the capital be 1 , the same 
capital increased with simple interest, at five per cent, will 
be 1 -|- ,V> or 1 + -rè-S^Tj ^^^ when increased with the in- 
terest accumulated every second, it will be l-r^cs^sy or rather 
when expressed more exactly, ItôV oi tô-* 

PROBLEM XX. 

A dishonest butler, every time he went into his master's ceU 

n2 
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ïnay be found, by logarithms, that this quantity is 73-,%V> 
consequently the quantitj^ of wine stolen is 26.3 *. 

PHOBLEM XXI. 

A mid B can perform a certain piece of work in 8 daysj A 
and C can do it in 9 daysy and B and C in 10 days : how 
many days will each of them require to .perform the same 
work y when they labour separately ? 

A will perform k in i4|^ days; 3 in n|4. days, and c 
in 23/y days. 

PROBLEM XXII. 

An Englishman owes a Frenchman 1/, 115.; but has no 
other money to pay his debt than seven-shillings pieces, 
and the Frenchman has only French crowns^ valued ai 
five shillings» How many seven-shillings pieces i must the 
Englishman give to the Frenchman^ and how many crowns 
must the latter give to the former, that the difference shall 
be equal to Z\ shillings , in favour of the Frenchman, so 
that the debt may be paid? 

The simplest numbers that answer this question., are 8 
seven-shillings pieces, and 5 crowns ; for 8 seven-shillings 
pieces make 56 shillings, and 5 crowns make 25 ; conse- 
quently their difference, of which the Frenchman has the 
advantage in this kind of exchange, is 31 shillings. 

This problem is susceptible of an infinite number of so- 
lutions; for it will be found that the same result may be 
obtained with 13 seven-shillings pieces and 12 crowns ; 18 
seven-shillings pieces and 19 crowns; always increasing 

* If the usual method of calculation were employed^ it would be necessary 
to find the SOtb power of 99, which would contain not less thaù 59 figures ; 
and to divide it by unity followed by 58 ciphers ; whereas, if logarithms be 
used, nothing is necessary but to multiply the logarithm of 99 by 30, which 
will give 598690560, and to subtract the product of the logarithm of 100 
multiplied by 29, which is 580000000. The remainder 18690560, is the 
logarithm of the recruited quantity \ Which, in the tables, will be found to be 
Btarly 7Sjg, 
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and 18. Tbe numbers of crowns therefore, which resolve 
the question ad infinitum, are 5, 12, 19, 26, 33, 40, Sic. 
always increasing by 7. And the corresponding numbers 
of seven-shillings pieces are 8, 13, 18, 23| 28| 33, 8^. al- 
ways increasing by 5. 



CHAPTER XII. 

0/ Magic Squares. 

THE name magic square is given to a square divided 
into several other small equal squares or cells, filled up with 
the terms of any progression of numbers, but generally an 
arithmetical one, in such a manner, that those in each 
band, whether horizontal, or vertical, or diagonal, shall 
always form the same sum. 

There are also squares in which the product of all the 
terms in each horizontal, or vertical, or diagonal band, is 
always the same. We shall speak of these also, but in a 
cursory manner, because they are attended with as little 
difficulty as the former. 

These squares have been called magic squares, because 
the ancients ascribed to them great virtues ; and because 
this disposition of numbers formed the bases and principle 
of many of their talismans. 

According to this idea, a square of one cell, filled up 
with unity, was the symbol of the deity, on account of the 
unity and immutability of God ; for they remarked that 
this square was by its nature unique and immutable ; the 
product of unity by itself being always unity. 

The square of the root 2 was the symbol of imperfect 
matter, both on account of the four elements, and of the 
impossibility of arranging this square magically, as will be 
fthewn hereafter. 

A square of 9 cells was assigned or consecrated to Sa- 
turn ; that of 16 to Jupiter; that of $5 to Mars; that^of 
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set 3 in the next cell, ascending dia^ondlly from left to 
right, and as 4 would go beyond the square, transport it to 
the mo&t distant cell of the horizontal band to,which it be- 
longs j set 5 in the next cell, ascending diagonally from left 
to right, and as the following cell^ where 6 would fall, is 
already occupied by 1, place 6 immediately below 5; place 
t and 8 in the two next cells, ascending diagooaUy* as seen 
in the Sgure ; and then, in consequence of the first rule of 
transposition, set 9 at the bottom of the last vertical band ; 
then 10, in consequence of the second, in the last ceil on 
the left of the ;iecond horizontal band ; then 1 1 below it, 
according to the third rule: after which continue to fill 
up the diagonal with the numbers 12, 13, 14, 15 ; and as 
you can ascend no farther, place the following number 16 
below IS; if you then proceed in the same manner, the re- 
maining cells of the square may be filled up without any . 
difficulty, as seen in the above figure: 

The following are the squares of 3 and 7 filled up by 
the same method; and as these examples will be sufficient 
to exercise such of our readers as have a taste for amuse- 
ments of this kind, we shall proceed to a few general re- 
marks on the properties of a square arranged according to 
this principle. 
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1st. According to this disposition, the most regular of 
all, the middle number of the progression occupies the 
centre, as 5 in the square of 9 cells^ 19 in that of 25, and 
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In like manner, and for tlic same 
reason, the nnmhers 1,6, U, 16, 21; 
2,7, 12, n, 22; 3, 8, i;i, 18, 23; 
4, 9, 14, 19, 24 ; 5, 10, 15, 20, 25, 
may be. arranged magically, by the 
same process, as in the annexed 
figure, and give a square of 25. Of 
the variations of the same, square we sliali speak hereafter. 

We have likewise the rule of Mos- 
copulus, a Qiodern Greek author, 
and that of Bachet, who invented 
one, though unacquainted with any 
cf the above. With these wc shuii 
niake'the reader acquainted also. 

Moscopnlus places unity immedi- 
ately below the central cell ; then 
sets the following number», descending from left to rights, 
anil when a number goes without the square, he carpes it 
to the highest cell of the vertical band to which it belongs; 
he then continues descending obliquely from left to right, 
and when a number goes beyond the 
square on the right, he carries it to^ 
the most distant cell on the left, from 
which he continues according to the 
first rule: if he meets iVith a cell 
already filled up, he carries his figure 
two cells below that last written; and 
when he arrives at the end of the dia- 
gonal, he carries the following number as high as possible 
in the same vertical band. In the last place, when a num- 
ber, which ought to be carried two cells lower than the 
one last placed, goes beyond the square, he carries it to 
the top of the same band. This description of his method, 
. together with an example, will be sufficient to give a 
proper idea of it ; but it is somewhat more complex than 
the Indian method. 
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Sachet's rule is 
as follows : upon 
each liide of the 
given square raise 
cells in the fonn 
of steps, as seen 
in the figure; and 
then, beginning at 
the highest cell, 
inscribe all the 
numbers of the 
progression, de- 
scending diagon- 
ally as seen from 
1 to 5, and from 6 
to 10, &c. 

When this is 
done, transpose in- 
to the cell «, the " 
next below the centre, the blithest number; and in like 
manner transpose 25 into b, the next above the centre ; let 
5, for the same reason, be transposed 
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1 I 3 5 2 4 
5 I 2 4 1 "i~ 

3 I S 2 X V 

2 I 4 1 TiT 



Let it be required, for example, to till up a square hav- 
ing an odd root, such as 5. Having constructed the square 
of cells, place in the first horizontal' 
TOW at the top, the five first numbers 
of the natural progression, in any 
order, at pleasure, which we shall 
here suppose to be 1 , 3, 5, 2, 4 ; then 
make choice of a number, which is 
prime to the root 5, and which when 
dinainished by unity does not measure 
it : )et this number be 3 ; and fot that reason begin with 
the third figure of the series, and count from it to fill up' 
the second horizontal band 5,2,4, 1,3} then begin £^in 
by the next third figure, including the 5, that is to say by 

4, which will give for the third band 4, 1, 3, 5, 2; by fol- 
lowing the same process, we shall then have the series of 
numbers 3, 5,2, 4,1, to fill up the fourth band: continue 
in this manner, always beginning at the third figure, the 
preceding included, until the whole square is filled up. 
This square will be one of the components of the required 
square, and will be magic; for the sum of each band, 
frhether horizontal, or vertical, or diagonal, is tlie same as 
the five numbers of the progression are contained in each 
without the same figure being ever repeated. 

Now construct a second geometrical square of 25 cells, 
in the first band of which inscribe the multiples of the root 

5, beginning with a cipher, viz. 0, Sj 
10, 1 5, 20, and in any order at plea- 
sure, such for example as 5,0, 15, 10, 
20: then fill up the square according 
to the same principle as before, taking 
care not to assume the same number 
in the series always to begin with. 
Thus, for example, as in the former 
square, the third figure in the series was taken, in the pre- 
sent one the fourth must be assumed : and thus we shall 
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hare a square of the multiples, as seen in the annexed 
tigure. This is the second component of the required 
magic square, and is itself mugic, since the sum of each 
band in every direction is the same. 

Now tu detain the mugic square required, nothing is 
necessary but to inscribe iu a tliird square, of 25 cells, the 
snm of tlie numbers found in the cor- 
responding cells of the preceding 
two ; for esanqile 5 + 1 , or 6, in the 
Brst on the lefï, at the top of the re- 
quired square ; + 3 or 3 in the 
second, and soon; bj' these means we 
shall have the annexed square of S5 
ceils, which will necessarily be mugic 

])y these means, any of the numbers may be made to fM 
m any cells at pleasure, for example 1 in the central cell j 
nothing is necessary for this purpose, but to fill tip t^ 
middle band with the series of num- 
bers in such a manner, that I may be 
In the centre, as seen in the annexed 
figure ; and then to fill up the rest of 
the squart; according to the aboi'e 
principles, beginning at the highest , 
band, when the lowest has been filled 
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In the last place, form a third 
square by adding together the num- 
bers in the similar cells, and you will ' 
have the annexed scjuare, where 1 
will necessarily occupy the centre. 
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I. We must here observe, thitt when the number of the 
root is not prime, that is if it be 9, 15, 21, &c, it is impos- 
sible to avoid a repetition of some of the numbers, at least 
in one of the diagonals; but in that case it must be ar- 
ranged in such a manner, that the number repeated ifi 
that diagonal shall be the middle one of the progression ; 
for example 5, if the rout of the square be 9; 8 ilit be 15; 
and as the square formed of the multiples will be liable tu 
the same accident, care must be taken, in filling them up, 
that the opposite diagonal shall contain the mean multiple 
between and the greatest ; for example 36 if the root be 
9; 105 if it be 15. 

II. The same thing may be done also in squares which 
have a prime number for their root. By way of example^ 
ire shall here form a magic square of the first two of the 
following ones : 
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in the tirst of which 3 is repeated in the diagonaMescend- 
ing from right to left, and in the second 10 is repe&ted in 
the diagonal descending from left to right. This however 
does not prevent the third square, formed by their additioD, 
from being magic. 

§n. 

Of Even Magic Sptara. 

The construction of these squares is attended with more 
difficulty than that of the odd squares, and the degree of 
difficulty is different, according as they are evenly even, 
or oddly even : for this reason we must divide them into 
two classes. 

Squares evenly even, are those the root of which when 
halved is even, or can be divided by 4 without remainder; 
of this kind are the squares of 4, 8, 12, &c. The oddly 
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§111. 

Of Magic Squares with Borders. 

Modern arithmeticians have added a nei^ difficult to 
the subject of njagic squares, by propoùng Dot only to ar- 
TBDge magically in a square a progression of oumbers, bat 
by requiring that this square, whsn lessened by a band on 
each side, or tnro or three bands, &c, shall still remua 
ma^ ; or a magic square being given, to add to it a bor^ 
der of one or more bands, in such a tnanner, that the en- 
larged square thence resulting shall be sdll magic. 

To give an example of this construction, let it be re> 
quired to form a nutgic square of the root 6, and to fill it 
up with the natural numbers, from 1 to 36. The first erea 
magic square possible being that of 4 on each ^de, we 
dall first arrange it magically, filling it up with tho mean 
terms of the progression, to the number 16, and reserving 
the first and the last 10 for the border. For the interior 
•quare therefore we shall take the mimbers 11, 12, fbc, as 
tar as S6 inclusively, and shall give them any magic dispo- 
nUoQ whatever: there will then remain the numbers 1, 8^ 
tec, as £ur as 10, and 27 as far as 36, for the border. 

To dispose these numbers in the border, first place the 
noinbeis Ij 6, 31, S6, in the four 
comers, and in such a manner 
that diagonally they shall make 
37. As each band must make 
1 1 1 , it will be necessary to place 
in the first band four such num- 
bers, that their sum shall be 
104; and as their complements 
to S7 must be found in the low- 
est, where there is already 67, 
it will be necessary that Uwy should together make 44 : 
there are several combinations of these oumbers, four and 
four, which can make 104, and their complements 44 j but 
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K .:jye .:ù:fourof those remain- 
.. .:: ..: i.'iï rcrtical band, while 
: - :;; ;goip!eie tlic last. This 
•K .^inunation to 35, S4, 30, 3, 
J.: .ir^: Euad in any order what- 
1. «!n<.3c» be placed below each of 
I. :^x toar numbers requisite to 
uu ^Ttil be S3, 28, 10, 8, which 
r ^ pleasure, provided the com- 
e to it in the correspond- 



.^ «oiïKiry, that 1, 6, 31, 36 should 
'%.: -.'.r^Krsoi the square: if we suppose 
. , 1 lOt: sanie order, with £, 7, 30, 35^ 
cvtr^cary that the four first numbers 
. . .::it their 
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Hence it appears, in Trhat inanner we might form a 
nagiu square, wiiich whcD successively lessened by one, 
two, or three bands, sball still remain magic. 

Of aitoiher kind of Magic Square in Coj^artmcnts. 

Another property, of which most magic squares are sus>- 
ceptible, is, that they are not only magic when entire, but 
that when divided into those squares into which they can 
be resolved, these portions of the original square are them- 
selves magic. A square of 8 cells on a side, for example, 
formed of four squares, each having 4 for its root, being 
proposed, it is required that not only the square of 64 
shall be disposed magically, but each of those of 16, and 
that the latter even, however arranged, shall still coinpose 
a magic square. 

What is here required, is easy j and this is even the sim- 
plest methocf of all for consrructing squares that are evenly 
even, as will appear from what follows. 

To construct a square of 61, in this manner^ take the 
fîrit 6 numbers of the natural 'progression, from 1 to 64, 
and the 8 last, and arrange them magically in a square of 
16 cells; do the same thing with the 8 terms which followj^' 
the first 8 and the 8 which precede the last S, and by these 
means you will have a second magic square; form a similar 
square of the 6 following 
numbers with their cor- 
responding ones, and 
another with the 16 
meaqs: the result will be 
four squares of 16 cells^. 
the numbers in which 
will be equal when added 
together, either in bands 
or di^onally; for they 
will çvery where be 1 30. 
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It is therefore «rident, that if these squares he arranged 
side hy side, in Bny order whatever, the square resulting 
from them will be magic, and the sum in every direction 
will be 260. 

To arrange the square of 9, in this manner ; divide the 
progression, from 1 to 81 iocluuvely, into nine others, as 
1, 10, 19. ... 73; 2, 11,80. .. .14; 3, 12,-Sl . . . . 75; 
&c ; and arrange each of these progressions niagic^ly in 
a square of 5 cells, marking the first I, the second II, &c. 
But it will be obserred that in these different squares, the 
sums of the bands and those of the diagonals will be them- 
selves in arithmetical progression ; viz, in the square I 
the sum will be 111, in the square II it will be 114, and 
so on. If these 9 squares he arranged magically, it may 
be readily seen that the toul will still he magical ; but tht 
partial squares cannot be transposed as in the preceding 
one of C4. 

'The square of 15 may be resolved into 35 squares of 9 
cells. If 25 squares therefore of 9 cells be arranged ma- 
gically, filling them up with the 25 progressions which 
may be formed in this manner, 1,26,51.... 201 ; S^ 8f , 
52 ... , 202 ; 3, 28, Ai ... . 203 ; &c ; these squares will 
have successively, and in order, for the sums of their bands 
and their diagonals, 303, 306, 309, Scc, to the last, which 
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nation : whatever method may be employed^ or whatever 
arrangement may be given to the numbers of the progrès* 
«on from 1 to 9» the same square will always arise, except 
that it will be inverted, or turned from left to right, which 
is not a variation. But this is not the case with the square 
having 4 for its root, or that of 16 cells: this being snscepti» 
ble of at least 880 variations, which M, Frenicle has given 
in ])is Treatise on Magic Squares. 

Tlie square of 5 is susceptible of, at least, 57600 dificrent 
combinations: for according to the process of M. de la 
Hire, the 5 first numbers may be arranged 1£0 different 
ways jn the first band of the fir«t primitive square ; and as 
they may be afterwards arranged in the lower bands, be- 
ginning again by two different quantities, this will make 
i40 variations, at least, in the primitive square ; which 
combined with the 240 of the second, form 57600 variations 
in the square, of 5. But there are doubtless a great many 
more, for a bordered square of 5 cannot be reduced to the 
method of M. de la Hire ; but one bordered square of 5, 
the corners remaining fixed, as well as the interior square 
of $, may experience 36 variations. What a number there- 
fore of other variations must be produced by changing the 
interior square and the angles ! 

A bordered square of 6, when once constructed, the 
comers remaining fixed, and the interior square being 
composed of the same numbers, may be varied 4055040 
di£Ferent ways ; for the interior square may be varied and 
differently transposed in the centre 7040 ways : each of the 
horizontal bands at top and at bottom, the extremities re- 
maining fixed, may be varied 24 ways; for there are four 
pairs of numbers susceptible of changing their place, which 
may be combined 24 ways ; and there are also four pairs 
in the vertical bands between the corners. The number 
of the combinations therefore, is the product of 7040 by 
576, the square of 24, which gives 4055040 variations. 
But the corners may be varied^ as well as the numbers as« 
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It is therefore aviitent, tliur if these sqm 
side by side, in nny order whatever, tlio 
from tliem will be Diagic, and the Miin 
will be 260. 
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progression, from I to 81 inclusivolv, 
!, !0, 19. ... 73; 2, 11,2(1 .... ■ 
&c ; and arrange, each of these p 
a square of s cells, marking the !. 
But it will bp obHcrvcd that in tiic-i 
Bums of the bunds and thoso of the 
selves; in arithmetical progrcdsinn 
the sum will be 1 1 1 , in the miitu' 
BO on. If these 9 squares bo air. ■ 
be readily seen that the tot»! ""^ 
partial squares cannot bi^ n 
one of 04. 

The square of 15 may bi 
cells. II' 25 squares thcrolo--. 
gically, lining them up mi' 
may be formed in this nt^' - 
58 , ... 202 ; 3, 28, .15 . 
have successively, and in 
and their diagonals, 303. 
will make 375 in each of " ^ 







["^ginning of tin) 

'i,T«»ioii might be 

I 'Utih a. manner, 

. luch band, nhetber , 

sbalJ always be thii 



til 



-* f'w same principles ' 
.1 . f uitii-r magiu 
. ,r I,; rated from tha 
tul.i*jii(tii further there- 
ine ournelves tn giving 
iging these 25 squarti^ ^ » Snt ternu of tbi: double , 
: first I, the second I! _^*, 6, i 



MAGIC SQUARES AND CIRCLES. 205 

^hich is as follows. The magie square of squares is 
formed by dividing the great square as in fig. 1, PL 4* 
The great square is divided into 9,56 little squares, in 
which all the numbers from 1 to 256, or the square of 16, 
are pJaced in 16 columns, which may be taken either ho- 
rizontally or vertically. Their chief properties are as 
follow : 

1. The sum of the 16 numbers in each column or row, 
vertical or horizontal, is 2056. 

^ Every half column, vertical and horizontal, makes 
1028, or just one half of the same sum 2056. 

3. Half a diagonal ascending, added to half a diagonal 
descending, makes also the same sum 2056 ; taking these 
half diagonals from the ends of any side of the square to 
the middle of it ; and so reckoning them either upward or 
downward ; or sideways from right to left, or from left to 
right. 

4. The same with all the parallels to the half diagonals, 
as many as can be drawn in the great square : for any two 
of them being directed upward and downward, from the 
place where they begin, to that where they end, their sums 
still make the same 2056. Also the same holds trae down- 
ward and upward ; as well as if taken sideways to the 
middle, and back to the same side again. Only one set 
of these half diagonals and their parallels, is drawn in the 
same square upward and downward ; but another set may 
be drawn from any of the other three sides. 

5. The four corner numbers in the great square, added 
to the four central numbers in, it, make 1028, the half sum 
of any vertical or horizontal column, which contains 16 
numbers : and also equal to half a diagonal or its parallel. 

€. If a square hole, equal in breadth to four of the little 
squares or cells, be cut in a paper, through which any of 
the 16 little cells in the great square may be seen, and the 
palper be laid upon the great square; the sum of all the 16 
numbers seen through the hole, is always equal to 2056, 
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the snm orthe,16 numbers in any horizontal or rertici] 
column. 

The m^c circle of circles, fig. 8, PI. ♦, by the same 
author, is composed of a series of numbers, from 13 to le 
inclusire, divided into 8 concentric circular spaces, and 
ranged in 8 radii of numbers, with the number 12 in the 
centre ; which number, like the centre, is common to all 
these circular spaces, and to all the radii. 

The numbei-sare so placed, that 1st, tbc sum of all thoie 
in either of the concentric circular spaces above mentioned, 
together with the central number 12, amount to S60, the 
aame as the number of degrees in a circle. 

2. Tiie numbers in each radius also, together with the 
central number 12, make just 360. 

3. The numbers in half of any of the abore circular 
spsces, taken either above or below the double horizontal 
line, with half the central number 12, make just ISO, or 
half the degrees in a circle. 

4. If any four adjoining numbers be taken, as if in » 
square, in the radial divisions of these circular spaces, the 
sum of these, with half the central number, make also tbo 
same 180. 

5. There are also included four sets of other circolar 
spaces, Ijountied by circles that are eccentric with regard 
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Their halves also, taken above or below the double ho* 
TizoQtal line, with half the central number, make up 180. 

It is observable, that there is not one of the numbers, 
lut what belongs at least to two of the circular spaces ; 
some to three, some to four, some to five : and yet they 
are all so placed, as never to break the required number 
S60, in any of the 2S circular spaces withiD the primitive 
circle* 



CHAPTER XIIL 

Political Arithmetic. 

SINCE politicians have acquired juster ideas respecting^ 
what constitutes the real strength of states, various re- 
searches have been made in regard to the number of th^ 
inhabitants in different countries in order to ascertain their 
population* Besides, as almost all governments have been 
under the necessity of making loans for the most part on 
annuities, they have naturally been induced to examine, 
according to what progression mankind die, that the in- 
terest of these loans may be proportioned to the proba- 
bility of the annuities becoming extinct. * These calcula* 
tions^have been distinguished by the name of political 
arithmetic, and as it exhibits several curious facts, whether 
considered in a political or a philosophical point of view, 
we have thought it our duty to give it a place here, to 
amuse and instruct our readers. 

§r. 

Of the Proportion between the Males and the Females, 

Many people imagine that the number of the females 
born exceeds that of the males ; but it has long since been 
proved that the contrary is the. case. More boys than 
girls are born every year ; and since the year 1631, a small 
interval excepted, we have a register of births, in regard 
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to Aex, and it has never been observed that the number of 
the females born even equalled that of the males. It ii . 
found, by taking a mean or average term in a great num- 
ber of years, that the number of the males born is to that 
of the females, as 18 to 17. This proportion is nearly tbat 
vbich prevails througliout all France ; but, to whatever 
reason owing, it seems at Paris to he as 27 to 26. 

This kind of phenomenon is observed» not only in Eng- 
land and in France, but in every other country. Wfe may 
be convinced of the truth of it by inspecting the monthly 
and other periodical publications, which at ^e commence- 
ment of every year give a table of the births'that bave 
taken place in most of the capital cities of Europe : it may 
there be seen, tbat the number of the males bom always 
exceeds that of the females ; and consequMtly it may be 
considered as a general law of nature. 

We may here observe a striking instance of tfae wisdom 
of providence, which has thus provided for the preserve 
tion of the human race. Men, in consequence of tbe ac- 
tive life for which they are naturally destined by tbeir 
strength and their courage, are exposed to more dangers 
than the female sex ; war, long sea voyages, employment! 
laborious or prejudicial to health, and dissipation, carry off 
great numbers of the males ; and it thence results, that if 
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period of childhood that the greatest mortality prevails, it 
becomes most apparent in the country. To make an 
exact calculation^ it ought to be founded on the deaths 
which happen in the towns, as well as in the country; and 
this M. Dupré de St. Maur has endeavoured to do, by coin- 
paripg the registers of three parishes in Paris, and twelve 
in the country. 

According to the observations of this author, in £3994 
deaths, 6414 of them were those of children not a year old ; 
and carrying his researches on this subject as far as possi- 
ble, he concludes, that of 24000 children born, the num^- 
bers who attain to different ages are as follow : 



* 
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Such then is the condition of the human species, that of 
24000 children born 9 scarcely one half attain to the age of 
9 ; and that two thirds are in their grare before the age 
of 40 ; about a sixth only remain at the expiration of 62 
years; a tenth after 70 ; a hundredth part after 86 ; about 
a thousandth part attain to the age of 96 ; and six or seven 
individuals to that of 100. 

We must however observe, that the authors who have 
treated on this subject differ from each other. According 
to the table of M. de Parcieux, for example, the half of 
the children born do not die before 31 years are completed ; 
but according to M. Dupré de St. Maur they are cut off 
before the commencement of thé ninth yean This dif* 
ference arises from the table of M. de Parcieux having 
been formed from lists of annuitants, who are always select 
subjects ; for a father never thinks of purchadng an an- 
nuity on the life of a child who is sickly, or has a bad 
constitution! The laws of mortality in these cases there- 
fore are different ; and if the one is a general and common 
law, the other is that which public administrators, who 
grant annuities, ought to consult with great care, that they 
may not make loans too burthensome. 

§ III. 

Of the Vitality of the Human Species , according to tJie rffjT- 

f event Ages^ or Medium of Life. 

When a child is born, to what age may a person bet, on 
equal terms, that it will attain ? Or if the child has already 
attained to a certain age, how many years is it probable 
it will still live? These are two questions, the solution of 
which is not only curious, but important. 

We shall' here give two tables on this subject ; one by 
M. Dupré de St. Maur, and the other by M. Parcieux ; 
and add to them a few general observations. 
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too great, and. in our opinion it arose from two causes» 
Ist. No one ever thinks of purchasing an annuity for a 
child in its first year, until the goodness of its constitution 
has been fully ascertained. 2d. It is not at the birth of a 
child, but in the course of the first year, towards the 
middle or end, that such a measure isiiazarded ; for as an- 
nuities remain sometimes several months, and even a whole 
year, to be filled up, people are not under the necessity 
of sinking money on 50 young a life, and have time during 
the.course of several months to acquire some certainty 
respecting the constitution of the subject. In our opinion 
therefore, the 34 years of vitality, assigned by M. de Par- 
cieux to a child just born, ought to be considered as ap- 
plicable to a child from 6 to 9 months old, and more ; but 
it is during the first months of the first year that the life of 
a child is most uncertain, and that the greatest number die. 
The second observation, which is common to both tables,, 
is, that vitality, exceedingly weak at the moment of birth, 
goes on increasing after that period, till it comes to another, 
at which it is the greatest ; for the chance is less than 3 to 
1 that a new born child will attain to the end of its first 
year*, and one may take an even bet that it has only 8 
years to live ; but when it has attained to the commence- 
ment of the second year, one may bet 6 to 1 that it will 
attaif! to the third ; and it is an even chance that it will > 
live 33 years. In a word, it is seen by the table of M, 
Dupré de St. Maur, that it is towards the age of 10 years^ 
or between 10 and 15, that life is most secure. At that 
period, one may take an even bet that the child will live 

* According to the principles explained in treating of probabiUties, th9 
probability of a child neuly bom b«ing alive at the end of a year, is to that 
of its dying before that period, as the number of the children alive at the end 
of a year» it to the number of those dead ; that is to say, as 17540 to 6460 ; 
which is somewhat less than the ratio of 3 to 1 . In the other cases the cal- 
culation is the same. Take the number of those who hav« died in the course 
of the year, and divide by it the number of those alive; this will express 
what may be betted to 1» that the person who has completed that year will 
complete another. . 
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M yean; and it is 125 to l that it will live a TMr, or 15 to 
1 that it wiU live 6,n years. Beyond iJiat period the pro> 
babili^ of iànâg a year longer decreases. At thie age of 
20, for example, it is somewhat less than 16 to 1, that tba 
persob will not die within the five following years. When 
a person bas reached his sixtieth year, it is no more than 
Sf to 1 that he will attain to the heginning of his àxty 
fifithyear. 

I IV. 

Of tie Number of Men ofd0erent Ages in agiven 2fumier, 

It may be deduced from the preceding observations, 

that when the inhabitants of a country amount to a million, 

the number of those of the diflerent ages will be as follows r 

Between O and 1 year complete . 38740 

1 5 119460 

6 10 99230 

10 15 94530 

15 20 88674 

20 25 8«580 

25 SO 77650 

30 35 716«5 

35 40 6420S 

40 45 , 57830 
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Thus in a country peopled with a million of inhabitants, 
there are aboqt 573460 between the age of 15 and 60 ; and 
as nearly one half of them are men, this number of in- 
habitants could, on any emergency, furnish 250 thousand 
men capable of bearing armsy even if ah allowance be made 
for the sick, the lame, &c, who may be supposed to he^ 
among that number. 

.§v. 

<y the Proportion of the Births and Deaths to the whole 
Number of the Inhabitants (f a Country, — The Conse* 
. quences thence resulting. 

As it would be difficult to number the inhabitants of a 
country, and much more to repeat the enumeration a^ 
often as it might be necessary to ascertain the population, 
means have been devised for accomplishing the same ob- 
ject, by determining the proportion which the births and 
deaths bear to the whole number of the inhabitants ; for 
as registers of births and deaths are regularly kept in all 
the civilized countries of Europe, we may judge, by com- 
paring them, whether the population has increased or de- 
creased; and in the latter case can examine the causes 
which have produced the diminution. 

It is deduced, for example, from Dr. Haliey's tables of 
the state of the population of Breslaw, about the year 
1690, that among S4000 inhabitants, there took place, 
every year on an average, 1 238 births ; which gives the 
proportion of the former to the latter as 27 è' to 1. In re- 
gard to cities, such as Breslaw, where there is no great 
influx of strangers, we may therefore adopt it as a rule, to 
multiply the births by 27 J, in order to find the number of 
the inhabitants. ' 

There appeared, some years ago, that is to say in 1766, 
à very interesting work on this subject, entitled, Recherches 
sur la Population des Généralités d* Auvergne, de I^on, de 
Rùuen^ et de quelque Provinces et Filles du Royaume^- Kc. 
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by M. Messance. Bjr an enumeratioa of tbe inbabitaoU 
of seventeen small towns or villages, in the generality of 
Auvergne, compared with the average number of birth» in 
the same places, the author shows, that the number of tbe 
births is to that of the inhabitanu, as I to 24}, -tbt*'- ^ 
similar enumeration, in twenty-eight small towns or vil- 
li^es of the generality of Lyons, gave the ratio of 1 to 
23^; and by another made in live small towns or villages 
of the generality of Rouen, it appeared that the ratio was 
as 1 to 27} and ^. But as these three generalities com-' 
prebend a very mountainous district, such as Auvergne, 
another which is moderately so, as the generality of Lyons, 
and a. third which consists almost entirely of plains or cul- 
tivated hills, as the generality of Rouen, there is reason to 
conclude, that these three united afford a good represctfil»- 
tioD of the average state of the kingdom; combining ther^ 
fore the above proportions, which gives that of I to 25}, , 
this will give the proportiw of births to tbe number of the 
inhabitants, for the whole kingdom, without including the 
great cities; so that for two births in the year we. •ball 
bave 51 inhabitants. 

But as, in towns of any magnitude, there are seveiat 
classes of citizens who spend their lives in celibacy, and 
who contribute either nothing or very little to the popn- 




POLITICAL ARITHMETIC. 2l7 

•r business, are mixed with the inhabitants, and where 
great luxury prevails, wliich increases the number of those 
who live in voluntary celibacy, it is very probable that the 
abpve ratiq must be raised, and that it ought to be carried 
to.SOorSl. 

M. Kerseboora, in his book entitled, Essai de Calcul po^ 
UtiquCy concernant la quantité des hahitans des provinces de 
Hollande et de Westfricsland, Kc, printed ai the Hague, in 
1^48, has endeavoured to show that, to obtain the number 
of the inhabitants in Holland, the number of the births , 
ought to be multiplied by 35. If this be the case, there 
is reason to conclude, that marriages are less fruitful, or 
less numerous in Holland, than in France ; and this dif- 
ference may be founded on physical causes. 

If these calculations be applied to determining the po- 
pulation of great cities, it will be seen that the opinions 
entertained in general on this subject are erroneous ; for 
it is commonly said that Paris contains a million of inhabit- 
ants ; but the number of births there, taking oqe year with 
another, never exceeds 19500, which multiplied by 30 gives 
585000 inhabitants ; if we employ as multipher the num- 
ber 31, we shall have 604500, and this is certainly the ut- 
most extent of the population of Paris. 

§ VI. 

Of some other Proportions between the Inhabitants of a 

Country. 

We shall present to the reader a few more short observa- 
tions in regard to population. The book, which we quoted 
in the preceding paragraph, shall still serve us as a guide. 

By combining together the three generalities above 
mentioned, it is found, 

ist. That the number of the inhabitants of a country, is 
to that of the families, as 1000 to 222| ; so that 2000 in* 
habitants give in common 445 families, and consequently 
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ii headi on an arenge for each, oi 9 (tenons fbr tw» 
funilies. In this r^pect, those of Auvergne are the moat 
ntimeroui ; thoae of the Lyonoois are next, aod those of 
die gsaerality of Rouen are the least namerous. Betaking 
a mean, it ib found also, that in 25 families, there is one 
where there are 6 or more children. 

3d. The number of male children born exceeds, as has 
heen laid, that of the females ; and this excess côntiaoea 
till a certain age ; for example, the number of boys of the 
age of fourteen, or below, is greater than that of the f»> 
■lalei of the same age, and in the ratio of $0 to S9. The 
whole number of the females, however, exceeds that of the 
males, in the ratio of about 18 to 19. We here see the 
edect of the great consumpUon of men, occasioned by warj 
navigation, laborious employments, and debauchery. 

Sd. It it found that there are three marriages annôally 
among 337 inhabitants ; so that 112 inb^itaots produce 
one marriage. 

4th. The proportion of married men or widowera, to 
narried women or widows, is nearly as 125 to 140 ; and 
the whole number of this class of society, is to the wbofe 
of the inhabitants, as 265 to 631, or as 53 to 126. 

5tb. According to King and Kerseboom, the number of 
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obiIdren> people ia a state of celibacy, seryantSi or pa»* 
^ngçrs. 

?tb. It thence results also^ that 1870 married couplet 
give annually 057 children ; for a city of 10000 inhabitanti 
would contain that number of married couples, and give 
357 annual births. Five married couples therefore, of all 
ages, produce annually one birth. 

8th. The number of serva^nts is to the whole number of 
the inhabitants, as 136 to 15S5 nearly; which is somewhat 
more than the eleventh part, and less than the tenth. 

The number of male servants is nearly equal to that of 
^be female, being in the ratio of 67 to 69 ; but it is very 
probable that in large cities, where a great deal of luxury 
prevails, the proportion is different. 

9th. The number of ecclesiastics of both sexes, that is 
to say, secular as well as regular, comprehending the nuns, 
ia to the inhabitants of the above three generalities, as 1 to 
112 nearly; this is contrary to the common opinion, which 
supposes the proportion to be much greater. ^ 

lOth. By dividing the territory of these three generali- 
ties among their inhabitants, it is found, that the square 
league would contain 864 ; but the square league contains 
6400 acres : each man therefore, on an average, would 
have 7-rc* acres, and each family being composed, one with 
another, of 4| heads, SSi acres would fall to the share of 
each family. But it is to be observed, that the generality 
of Rouen, considered alone, is much more populous, since 
it .contains 1264 inhabitants for each square league, which 
gives to each head no more than five acres. 

1 1th. It appears by the same enumerations, that a very 
semble increase in the population has taken place since 
the beginning of the last century. It is indeed found, that 
the annual number of the births has been augmented ; and 
by comparing the present period with the commencement 
of the last century, there is reason to conclude, that the 
number of the inhabitants is now greater than what it was 
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at the beginniag of the ceotury, in the nlio of 14SS U^ 
1350 ; which makes less than a twelfth, aod more than a 
thirteenth, of increase. This is doubtless owing to the 
great extent to which agriculture and commerce have 
been carried, and to the cessation of those wan which so 
long exhausted the interior of France. The. wound givea 
to the rtation by the revocation of the edict of Nantes 
seems healed, and even more ; but had it not been for that 
event, France, in all probability, would contain a sixth 
more of inhabitants than it did at the commencement of 
the ISth century ; for the number who expatriated in con- 
sequence of that revocation amounted perha|ts to a twelfth 
part of the whole people, 

§ VII. 
Some Suestiom which depend on the precedmg Obieroaiioru. 

The following are some of those questions, in the sbla- 
tion of which the preceding observations may be employed : 
we shall not explain the principles on which each is re- 
solved ; but shall merely confine ourselves to referring to 
them sometimes, that we may leave to the reader the plea- 
sure of exercising his own ingenuity. 

1st. The age of a man being given, that of ^ for example^ 
yrobabililu is there that he will b 
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paidj capital and interest, when he attains to the age of 25 ; 
&ui in case he dies before that period^ the debt to become ex^ 
iinct. What sum ought he to engage to pat/, on attaining to 
the age of 25 f 

It is evident that if it nrere certain he would not die be* 
fore the age of 25, the sum to be then paid would be the 
capital increased by 6 years interest, which we h^re sup- 
pose to be simple interest : the sum therefore which in 
that case he ought to engage to pay, on attaining to the 
age of 45, would be 1250L But this sum must be in- 
creased, in proportion to the danger of the debtor dying 
in the course of these, five years, or in the inverse ratio of 
the probability of his being alive when they are expired* 
As this probability is expressed by the fraction fSfi^, we 
must multiply the above sum by this fraction inverted, or 
by f^fl, which will give 1329/. 3^. 11^« that is to say, 
79/. 3^. i id. tor the risk of losing the debt, which certainly 
cannot be considered as usury. 

3d. jf state or an individual hairing occasion to raise money 
on annuities, what interest ought to be given for the different 
ages, legal interest being at the rate of 5 per cent, f 

The vulgar, who are accustomed to burthensome loans, 
entertain no doubt that 10 per cent, is a great deal for any 
age below 50, and that such a method of borrowing can- 
not be advantageous to the state. But this is a great 
mistake; for it will be found by calculation, employing 
the before mentioned data, according to the table of M . 
de Parcieux, that 10 per cent, cannot be allowed before 
the age of 56. According to the same table, no more than 
6| can be given at the age of 20 ; 6 J at 25 ; 6| at 30 f 7| 
at 40: 8f at 50; 10 at 56 ; 11,5^ at 60: 16* at 70 ; 27|i 
at 80 ; 39t% at 85. 

It is also a very great error to believe, that on account 
of the number of persons who lay out money in these loans 
made by governments, they are soon freed from a part of 
the annuities' by the death of a part of the annuitants. 
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1 0th. An annuity is purchased for the life cfa ehUd^ qfZ 
years cf age^ an this condition ^ that the annuity ai the end of 
each year is to be added to the purchase money, tUl the an* 
nuity eqtuils the capital sunk» At what age will the annuity 
be due, legal interest being at 6 per cent f 

Many people imagine tfafat a capital can be deposited in 
the bank of Venice on this condition, that nothing is re- 
ceived for the first 10 years^ but after tliat period the an- 
nuitant receives an annuity equal to the capital. This 
* Ijiowever is entirely groundless, as has been shown by M« 
de Parcieux in his Addition à P Essai sur les Probabilités de 
la durée de la Vie humaine, published in 1760; for it is 
there shown, by a calculation, the demonstration of which 
is evident, that if 100/., for example, were sunk on the life 
of a child S years of age, it could not be^in to enjoy an 
annuity of 100/. till it had attained to the age of 45 or 46. 

The table of M . de Parcieux presents, on this subject, 
two things very curious. For example, on the above sup- 
position, if the increase of the annuity were not stopped 
till the end of 54 years, the person ought to receive 205/. 
per annum during the remainder of his life ; if it were not 
stopped till 58 years, he ought to receive till the time of 
his death 300/. ; and by stopping it only at 75 years, he 
would be entitled to 2900/. per annum : in the last place, 
if the arrears due each year were left, on the like condi- 
tions, to accumulate till the 94di year, the annuity for the 
remainder of the person's life ought to be 134069/. 19^. 2if. 
a sum which must appear prodigious. 

But it may seem astonishing that M. de Parcieux should 
begin his calculations only at the age of 3 years. It is 
very true that people do not venture capitals in the pur- 
chase of annuities on the lives of new born children ; but 
if ever such an establishment existed at Venice, it is evi- 
dent that it must have been only on the supposition of the 
money being risked on the life of a child just born, be- 
cause great mortality takes place during the first year. 
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AND 



PHILOSOPHICAL 



RECREATIONS. 



PART SECONIX 



Containing a Series of Geometrical Problems and Questions, 
calculated for Exercise and Amusement. 

PROBLEM I* 

From the extremity of a given right line to taise a perpen" 
diculaVj without continuing the line, and even without 
changing the opening of the Compass, if necessary. 

L Let ab (iig. 1 plate 1% be the given straight line^ and 
A the extremity, from which it is required to raise a per- ^ 
pendicular, without prolonging it. 

From A towards b assume 5 equal parts at pleasure; 
and extending the compasses from a, so. as to include 3 of 
these parts, describe the arc of a circle ; then from b, the 
extremity of the fourth part, with an opening equal to the 
5 parts, describe another ; these two arcs will necessarily 
cut each other in a certain point c, from which if a straight 
line, as ca, be drawn, it Vill be perpendicular to ab* 

For the square of ga, which is 9j added to the square ef 

VOL, ]• Q 
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A^, irliich is 16, are together equal to S5 tbe square eS.' 
the triangle ca& is therefore right angled at a. 

We migfit assume also, for the radius of the ark to be 
described from the point a, a line eqaal to & parts ; for 
the base a£ 12, aod for the other radios be 13 ; because 5> 
12, and )3, form a right-apgled triangle. Indeed, all the 
right-angled triangles io numbers, of which there are a great 
variety, loay be employed in tbe solution of this problem. 

II. On any part nbatever of tbe given line ab (6g. 2 
pl. 1), describe an isosceles triangle acb, that is, so that 
the tides AC, CB, shall be equal ; and continue ac to d^ 
so that CD shall be equal to cb ; if a line be then drawn 
from D to B, it will be perpendicular to ab. Tbe demon- 
stration of this is so WMjf that it requires no illustration, 

TBOBLEH II. 

Ta dividt a given ^raight Hne into at»f mimher of equai partit 
at pletuure, mthmtt repealed trials. 
Let it be proposed, for example, to divide the fine ab 
(fig. 3 pl. 1), into 5 equal parts. Make this ^ven line tbe 
base of an equilateral triangle abo ; and from the point c, 
in tbe sidecB,continuedif necessary, set off 5 equal parts, 
which we shall suppose to t^mioate at i>, and make ce 
equal to en ; then make df, for example, equal to one of 
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and it would even seem that this instrumetit is absolutely 
necessary in practical geometry* 

A geometrician however may happen to be unprovided 
Mrith such an instrument^ and even destitute of the means 
ef procuring one. We shall supposes him in the woods of 
jflimericai with nothitig but a knife to cut a few pegs^ and 
a long stick to serve him as à measure : he has several 
geometrical operations to perform, and even inaccessible 
heights to measure ; how must he proceed to accomplish 
t^bat is here proposed } 

We shall suppose also^ that the readet* is acquainted 
ilrith the method of tracing out a straight line on thé 
ground, between two given points ; and in what manhki* it 
fnay ht indefinitely continued on either side, 8cc. This 
being premised, we shall now proceed to give a feW of 
those elementary problems of geometry, required to be 
performed, without emplo3ring any other line than à 
litraight ot^e, and even excluding the use of a cord, with 
which the arc of a circle might be described. 

1 A. Threugh a given paint to draw a straight Itne, parol" 
Id to a given straight line. 

Let AB (6g. 4 pi. I) ht the given stratight line, and c the 
point through which it is required to draw a straight line 
parallel to ab. From the point c draw the line cb, to any 
point in ab, and divide cb into two equal parts in d ; in 
this point d fix a peg, and from any point A in the given 
straight line draw, through D, an indefinite line ade, and 
make dk equal to ad : if a straight line be then drawn 
through the points c and £, it will be parallel to ab. 

2d. From a given point in a given straight line, to raise 
m perpendicular. 

iMvide the given line ab (fig. 5 pL ]} into two equal 
parts, AC and cb ; and from the point c draw, any how at 
pleasure, the line cd; make co equal to ca ; draw pa A, 
and make ae equal to ac, and af equal to ad ; through 
the points s and f draw the line feo ; and if eg be made 

Q2 
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equal to r.F. we shàîl Iiâtc the poi:it u, «rhich wkli the 
■pinnt A wili Jetcrm-.r.c tbe positioD of tbe perpeD{lic;jlar 

AC. 

For the sides ad and ac of tbe triangle cad, bein>r re- 
spectively equal to tiiesidca AFand ak ot the triangle eaf. 
these two triangles are etjual; and, in tne triangle dca, 
the tides cu and ca being equal, the ûiles ea and ef of 
the other will be equal aUo : the angle efa titerefore irill 
be equal to EAF, and con^cquentiy to cad. But in tbe 
triangl'.; FCA, tlie side fc is equal to ab, for eg by con- 
struction is the double of fe, and fb or ae is equal to ac, 
which is the half of ab : the triangles fag and adb thea 
are equal ; since the sida fg, fa are equal to t!ie sides ab, 
AD, and the included angles equal: the angle fag uiii 
therefore be equal to adbj but tlie latter is a right angle, 
because tbe lines cs, cd, ca being equal, tbe point d is iu 
the circumference vf a semicircle, described on the diame* 
ter AB. The ani;1c fag theo is a ri^bt aiij^le, and ga is 
perpendicular to ab. 

3d. From a given point a, t« draw a straight line perpen- 
dicular to a given straight line. 

Assume any point b (iig. 6 pi. 1) in the indefinite line 
BC; and having measured the distance BA,makc bc equal 
to BA ; draw ca, which roust be measured also, and then 




place, fix a peg at g, in such a manner as to be in a 
straight line with a and b, and also with F and e; the 
distance ag will then be equal to Ap. 
. If it be found impossible to proceed far enough' from 
the line ab towards e or f, we may take in ae or af only 
the half or the third of AC and ad, for example Af, kf% if 
à peg be then fixed in g^ so as to fiiH in the côntmuation 
of both the lines ba and ff, we shall have kg equal to the 
lialf or the third of ab respectively. 

Now let the distance ab (fig. 8 pi. i) be inaccessible 
throughout. The solution of this case may be easily de-- 
duced from that of the former : for having fixed a peg in- 
c, and having continued by a series of pegs the lines bc 
and AC, if the parts ce and cf be, by the above means, 
made respectively equal to bc and €A, or the half or thi» 
third of these lines, it ûiay be readily seen that the line 
which joins the points £ and f, will be equal to the line 
required, or to the half or third of it ; and that in either 
case it will be parallel to it, which resolves the problemj 
to draw a line parallel to an inaccessible line. 

These examples are sufficient to show in what manner 
a person, who has only a slight knowledge of geometry, 
may execute the greater part of geometrical operations, 
witbout any other instruments than those which might bc 
procured in a wood by means of a knife. It must indeed 
be allowed that one can never be in such circumstances, 
unless on some very extraordinary occasion ; but, how- 
ever, it may afford satisfaction to those who have a turn 
for geometry, to know in what manner they might proceed, 
if ever such a case should happen. 

It is remarkable, that it is not perhaps possible to re- 
solve in this manner, that is to say without employing the 
arc of a circle, the very simple problem, and one of the 
first in the elements of geometry, viz. to describe an equi- 
lateral triangle. We have often attempted it, but without ' 
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■ucceuj wbile trying how far we could proceed in geome- 
try by the means of straight lines only. 

FROBLEK IT. 

To describe a circle, or ara/ determinate are of a cireU, 
•without knowaig the centre^ and witkotU compatses. 
To those who arc little acquainted with geometry, this 
will appear to be a sort of paradox ; but it may be easily 
explained by that proposition, in which it is demonstrated, 
that the angles' wboie summits touch the circumference, 
and whose tides pass through the extremity of the chord* 
are equal. 

I«t A, c, B (fig. 9 pi- 1) be three points in the required 
circle or arc : baring drawn the lines ac and c'b> make an 
angle equal to acb of any solid substance, and &x two 
pegs in A and b ; if the aides of the determinate angle be 
then made to slide between these pegs, the vertex or sum- 
nsit will deecribe the circumference of the circle. So that 
if the summit or vertex be furnished with a spike or pen- 
cil, it will trace out, as it revolves- between a and b, the 
required arc. 

If another angle of the like kind were constructed, ioata- 
ing the supplement of acb to two right angles, and if it 
were made to revolve with its sides always touching the 
points A and b, but with its summit in a direction oppo- 
, It would ilescribe the otlicr segment of die circle, 
iLtke up the whole circle. 
) de- 




10 pA^ 1) the estreiirities of that line which wc We s«p« 
pose to be the chord of the required ntc, the amplitude or 
stibtending angle of which is known, fi* two pegs, atid 
then find ont, by means of a graphometer or plane tablé, 
any point ^, in such a postttofi, that âc and Btf shall forn» 
an angle, a^b, equal to the given angle, and in that point 
fix a peg; then find oat another point d^ so sfftnated that 
Âd and i^d shall form an angle, Aiffi, equal to the fermer; 
if the points/ and € be found in like manner, it is evident 
that the points r, d, € and/ will be in the arc of a xjircle 
capable of containing the given angle. If the points g^ h, 
'"*if if be then found, on the other side of ab, so situated^ 
that the angle a^b or AÂfi, &c, shall be the supplement of 
the former, the points c, d, e^f^ g^ h^ i, k^ wiQ evidently be 
all in a circle. 

PBOBI^EM V. 

^ Three points^ not in the same straight Ime^ bemg given, to 
describe a circle which shall pass through them. 

Let the three points be those marked 1, 8, 3, (%• Id pL 
d) : from one of them a» a centre, that for example mat keé 
2, and with any radius at pleasure, describe a drcle; KVtà 
from- ofte of the other two points, 1 for example, assumed 
as a centre, make with the s&me radius two intersection^ 
'ifi> tb« eirctimference of the first cir cte, as at a and b ; 
draw the line ab, and assumifig the third point S as a cen* 
Irey make with the same radius tw^ ifiore intersections in 
4he circmxifi^renee of the first ehrete, as b and 8 : if im be 
then drawn, it wiH cut thér former litte ab m the point c, 
which will be the centre of the cinele required, if a eirele 
therefore be described from thni point asacentre^lfttfough 
^ne of the grren points, its eircvmference will pas» through 
the other two. 

It may be readily seen that ùàii eonstrudlion is the same, 
m principle, as the common one, taught by Eoclid and all 
other eleaieatafy wriftcra; for it ii evident chat tie Km» 
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. under which the distances of the 




elBÔMETRlCAli l^ltOBLEMS; ~ ^S^ 

ing an angle of 160°; and on thé side bc another capable 
of containing an angte of 130® ; the point where they in-" 
tersect each other will be the point required. 

For it is evident that this point is in the circumference 
of the arc described oh the side ab, and capable of con- 
taining an angle of 160°; because from all the points of 
tiiat arc, and of no other, the distance ab is seen under an 
angle of 160^ In like manner the point d must be found 
in the arc described on the side bc, and capable of contain-^ 
Ing an angle of 130° ; consequently it must be in the place 
where they intersect each other, and no where else. 

REMATIK. 

On this construction^ a trigonometrical solution may be 
founded, to determine in numbers the distance between p. 
and the points a, b, and c ; but we shall le;ive this to the 
ingenuity of the reader. 

PROBLEM VII. 

If two lines meet in an inaccessible pointy or a point which 
cannot be observed ^ it is proposed to draw ^ from a given 
point f a line tending to the inaccessible point. 

Let the unknown and inaccessible point be o (fig. 13 pi. 
2),' the lines tending to it ao and bo ; and let £ be the 
point from which it is required to draw a straight line 
tenditig towards o. 

Through the point e draw any straight line ec, inter» 
secting ao and bo in the points d and c ; and through 
any point f, assumed at pleasure, draw fg parallel to it ; 
then make this proportion, as cd is to de, so is fq to gh; 
if the indefinite line he be then drawn, through the points 
E and H, it Avill be the line required. 

Or if the given point be e, make this pf'oportion^ as cd 
is to ce, so is fg to fA; the line eh will be that required. 

The demonstration of this problem will be easy to those; 
who know, that, in any triangle, if lines be drawn parallel 
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to tbe base, all tboie drawn from the vertex (tf tbe trW 
augle will dÏTide them proportionally. 

PROBLEM Vlll. 

The same supposition being nude; to cut off" two egutUfor- 
tvmsjrvm the Imes bo and ao (&g. 14 pi. 3). 

From tbe point a, drav ac perpoidicuiar to bo, and 
AD perpendicular to ao; if tlie angle ca» be then AtiAlà 
into two eqnat parts by tbe line ab, meeting bo id e, this 
line will cut off from bo and ao tbe two equal parts^ ao 
and EO. 

This may be easily demonstrated, by showing that, in 
conseijuence of this coustruction, the angle oae becomes 
equal to OEA. But the angle oab is equal to the angle 
OAC plus cab ; and the angle oea is equal to ooA or oac 
plus E.AD, or EAC> which is equal to it; the angle oai 
then is equal to oEA^ and tbe triangle oaz is isoscelwt 
therefore. Su. 

PROBLEM IX. 

The same supposition ttiU made ; t» dioide the Miglt Aoi 

into two equal partSy (Eg. 14 pi. 2)k 

Construct the same figure as in tbe preceding probjem ; 

then between the two giren lines draw any line fo, par^ 
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Multiply one of the sides by half the other, and the pro- 
duct by the sine of the included angle: this new product 
will be the area. 

It may be easily demonstratedj that the area of every 
triangle is equal to half the rectangle of any two of ils 
sides, multiplied by the sine of the included angle. 

Let ABC (fig. 15 pi. 2), be a triangle, having an acute 
angle at a ; produce ac towards i/, and from a as a centre, 
with the distance ab, describe the semicircle bf^; then 
from the point a draw fa perpendicular to ac ; and from 
the point b draw bd also perpendicular to ac. 

It is here evident that the two triangles fac and BAe 
iire respectively to each other as af is to bd ; that is to 
say, as radius is to the sine of the angle bac, or as unity 
is to the number which expresses that sine; the triangle 
fac then being equal to half ttie rectangle of fa by ac, 
the other will be equal to that half rectangle multiplied by 
the sine of the angle bac» 

This property enables us to avoid that tedious process, 
necessary to be employed in order to find the measure of 
the perpendicular let fall from the extremity of one of the 
ànowh sides on the other, that the latter side may be then 
multiplied by the half of this perpendicular. 

Thus, for example, let the two sides ab and ac be re- 
spectively equal to 24: and 63 yards ; and let the included 
angle be 45^ The product of 63 by 12 is 756, and the 
sine of 45** is 0*70710;. if 756 therefore be multiplied by 
0*70710, according to the method of decimal fractions, the 
product will be 534-^V* 

PB0BLBM XI. 

To find the superficial content of any trapezium or quadrUa^ 
ieral figure, without knowing its sides. 

The solution of this problem is a consequence of the 
preceding. Let the given trapezium be abco (fig* 16 pi. 
2) ; measure the diagonals ac and bd, as well as the angle 



SS8 eBOUSTBlCAL raOBLEMS. 

Let the given triangle be abc (fig. 19 pt- S), and the ' 
given point be b. From the point e draw the lines sir 
and EB, parallel to the base and the side bc respectively, 
and meeting them in D and b ; let tlie base ac be divided 
into two equal parts in m ; and having drawn die fine d» 
from the point n, draw bn parallel to it, and divide CN 
into two equal parts, in I ; on ir describe the semiinrcle 
IKS, in which apply bk = Bc ; and, having drawn ik, if 
IV be made equal to it, the points r and e will determine 
the line FBO. 



It is evident that ci must be at least doable of CB( 
otherwise ca could not be applied in tbe semicircle de- 
scribed on IB, which would render tbe prnblem impossible. 

In juimbers. Let ab = 48 fathoms, bc = 4-2, ao = 30, 
CD = 18, and DB or CB = 6 ; consequently cm will be 
= IS. But CD : cu :: CB : cn, that is to say 16 : is a 
42:35; hence it follows that ck = 35, and ci = 17}; and 
as cu is equal to 6, we shall have ie = )1|. Bat the 
tri angle ikr being right-angled, ik = y'lB* — bk* = 
^1324. — 36 = '/W^, or 9^- fathoms, which gives cr 
K 27^^ fathoms. 

The demonstration of this construction is too prolix ta 
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Through the centres a and b (fig. 18, n**. 1, pi. 3), of 
the two circles, draw the indefinite straight line abi: then 
from the centre a draAv any radius ac, and through the 
centre b draw the radius bd parallel to it. If the points 
c and D be joined by the line cd, it will meet ab in i, 
which will be the point required ; that is to say, if ie be 
drawn from the point i a tangent to one of the circles, it 
will be a tangent also to the other. 

When the circles do not cut each other, the point i (fig* 
18, n**. 2) may happen to fall between them. To find it, 
in that case, nothing is necessary but to draw the radius 
BD parallel to ac, and in a direction opposite to that of 
fig. 18 n*. 1. ab and cd will then intersect each other in 
the point i, which will have the same property as the 
former. 

REMARK. 

We cannot here help observing, that if any secant what- 
ever, as iDH or idh (fig. 18 n^ 1), be drawn from the 
point 1, through the two circles, the rectangle of id and 
IH, or of \d and lÂ, will be always the same, that is, equal 
to the rectangle of the two tangents ie and if. In like 
manner, the rectangle of ic and ig, or of ir and i^, will 
be equal to the rectangle of the same tangCRts. This 
is a very remarkable extension of the well known property 
of the circle, by which the rectangle of the two segment» 
ID and iG is equal to the square of the tangent ie. 

PROBLEM Xin. 

A gentlemariy at his deaths left two children^ to whom he be- 
. queathed a triavgtdar field, to be divided equally between 
. them ; in the field is a well, which serves for watering it ; 
and as it is necessary that the line of division should pass 
through this well, in what manner must it be drawn^ so'' as 
to intersect the welly and divide theficld^ at the same thiie^ 
into two equal parts ? 
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given point ; and this poiat may beta&sumed eren.witboii( 
tlie triangle. 

PROBLEM XIV. 

7^10.7 points and a straight Une, not passing through them, 

being given: to describe a circle which shall touch the 

straight line, and pass, through the two given points. 

Let the given line be ab (èg. 22 pi. 3), and the given 

points c and d. Join tiiese two points, and on tbe middle 

of the line cd raise the perpendicular ef> meeting tlw 

given straight line in f ; and.on the same line let fall tbe 

perpendicular eh ; draw fc, and from the point b, with 

!the radius eh, describe a circle intersecting re, continued, 

in I; draw ie, and through the point c draw ck pardlel 

%o it : the point k will be the centre, and kc the radius of 

- tbe circle required. 

For if the perpendicular kl be let fall from tbe point ■) 
on the line ab, it will be equal to kc, which is equal to 
KD. But FE is to FK, as EH is to KL, and a* ei to kc ; 
therefore eh is to Ki.a9 ei to kc ; and consequently, as El 
is equal to eh, kl will be equal to kc; therefore, Sec. 

It may be readily seen, that if the given line passed 
through one of the giveti points, the ceijtre of the re- 
quired circle would be in the point k (fig. 23 p). 3), where 




. PROBLEM XV. 

^ti^o lines AB and cd (fig. 24 pi. 3), with a paint e bettpeen 
them, being given ; to describe à éifcté which shall pass 

through this pointy arid touch 'the two tines. 

• ■•• « . • • • 

If the two lines meet^ as at f^ draw the line fh dividing 
the angle bfd into two equal parts ; or, if they are p^al^ 
lei, draw one^ such as fh (fig. 25), equally distant fxjcàfi 
both ; then from the point £ draw ;^GI, perpendicu]ac4p 
FH^and make oi equal to ge ; the. points i and £ willj^ 
so situated, that if a circle, touching one of the given Hq^, 
be described through them, it will touch the other given 
Une also ; which reduces this problem to the preening 
cme* 

^HEOfeKM Î. 

Farious demomtraiions of the forty^seventh proposition of 
the first book of Euclid^ by the vure transposition of 
parts. 

The beauty of this elementary proposition, and the dif- 
ficulty beginners often find to comprehend the demonslra- 
iioD, have induced some geometricians to invent others of 
a simpler nature; Some of these are very ingenious, and 
worthy of notice, because it can be seen on the first view, 
that the square of the hypothenuse is composed of the 
same parts as the squares of the two sides : with «this dif- 
ference only, that they are differently ^arranged i Some of 
these demonstrations are as follow : 

Isti Describe the right-angled triangle abc (fig; 26 pi. 
4), and on the two sides of it, ac and bc, construct the 
two squares cg and cd. On the base ab mise the two 
perpendiculars ai and bh, the former meeting gf cohta-^ 
nued, in i, and tiie latter- meeting bd id h ; and tbendraw 
IH. It may, in the fir&tplace, be easily dempnstrated that 
Ai and BH are equal to ab \ so that aius is the squace of 
the base ab ; for it may. be readily .seen t,lwt the Iriang^e 

VOL. 1« B 
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BHO w «qtial and limilar to the tmoyle ate, u wett as 
tbe triangle iga ; M tbu bh iin<i At are each equal to AB. 

It may be aSorn, with equal eate, that the small trU 
angle xbh is equal to tfoj and lastly that the triangle 
nv n (^ual to AUO> 

But the constituent parts of the two squares are, the 
fn»JrUateral obhKi the triangle bdr, the triangle KHB* 
«he quadrilateral OAOr, and tbe triangle aco, which we 
fhtll show lo be the same that compose the square abhI'; 
ftr rite quadrilateral CBUE is common, and ibe triangk 
9B0 is equul lo bca, and may be substituted for it, and 
tTAiKpOiied into its place. lu like manner, we may con- 
eeive the triangle aco transposed into ikl} there will 
then remain, in the square of the hypotbenuse, tbe vacM^ 
iiA, and we shall hare, to fill it up, the qiuidrilateral 
TOAO, with tite triangle bf-h: let tbe triangle kbh be 
transposed into ofi, which is equal to it, and it will com* 
picte the triangle iag, which is equal and similar to ial ; 
heme it follows tbut the square of tbe hypotbenuse is con- 
po'ied of the same parts as tbe sqowes of the other two 
•ides. 

We may therefore cut these parts from a piece of card, 
and first compose the two squares of tbe two sides, and 
then that of the hypotbenuse, which will form a sort of 




posed of the parts l^ liK, 3, 4» 5 ; and thu sqû»i^ A« is com- 
posed of the parts 1^ 5, 6, 7» St But i;he parts 1 and 5 
are common, and the parts 6 and 2 arei'dvidQntly equal : it 
remains then that the parts 4 and S «houkl be equal t« the 
parts 7 and 8. But this is also evideoti for. the partes is 
equal to 9, and the part 8 to 6, consequendy the parts 4 
and S, or 4 and 9^ are equal to the parts If and 8> or 7 and 
6, since the rectangle fi is divided into two equal parts, by 
thé diagonal. The squares of the sides then are composed 
of the satne parts as the square of the bypothenuse, and 
consequently they are equal. 

3d. Retaining the same construction, it b evident that 
the square i^d is equal to the squares of the two sides AC 
and CB of the right-angled triangle acb, plus the two 
equal rectangles cg and ch. But the square ae, of the 
bypothenuse, is equal to the same square less the four 
equal triangles abU| bed, egn, nfa, which taken together 
are equal to the two rectangles above mentioned^ since 
each of the triangles is the half of, one of the rectangles. 
The quantity by which the square fd e:xceeds the squares 
of the sides of the right'-angled triangle acb, is the same 
as that by which it exceeds the square of the hypothenuse : 
these squares and that of the hypothenuse are therefore 
equal ; for quantities which are less than a thifd by an 
equal quantity, are themselves equal. 

We shall now give a few propositions which are only 
generalizations of the forty-seventh of the first book of 
Euclid, and from which. that celebrated proposition is de-* 
duçed as a simple corollary. 

THEOREM II. 

If a square be described on each of the sides of any triangle 
ABC (fig. 28 and 29^ pU 4), and if a perpendictdar bp be 
let fall from one of the angles ^ as b, on the opposite side 
AC ; ift/ie lines ^K and bt be drawn in such a manner 
that the angles aeb and cfb shaU be equal to the angle s; 

r2 
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€ni htttfy if Bi wd Fi he drawn parallel to eo, the sOe 
f^Me jfiMrr, tka tquare o/ab will be equal to the rectangle 
A>, end tju ifaare of^c to the rectangle cl ; consequent 
ike mm of the squMre» on ab and bc will be equal'to the 
Sfitare of the bos» leu the rectangle el, if the angle b be 
i^tuu, and plus the same rectangle if the angle b be 
acute*. 

The demonstratioD of tliU theorem is u follows : the 
triangle aeb is similar to the triangle abc, because the 
angle a is common, and the angle aeb equal to the angle 
ABC ; cODKquently AC : ab : : ab : ab, whence it follows 
that the rectangle of ac x ae, or of ae x ah, which i^ 
the same since ah = Ac, is equal to the squure of ab. 

In like maDoer it may be proved that the square of Bç 
u eqnal to the rectangle cl. 

But it may be readily seen, that ifthe angle B be obtus^ 
the line be will fall between the points a and o, and .the 
line BF between c and o ; the contrary of which is the 
case if the angle B be acute; and that these two lines are 
confounded with, or coincide with, the perpendicular tOf 
«hen the angle b is a right one. 

In the first case tlien it is evident, that the sum of the 
squares of tlie sides, is less than the square of the base bj 
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T^EOBEM ni. 

Jjet ABC (fig. 30 pi. 4), h a trimgkf^md let any parallelo* 
gram ce be described on the side ac, 4md ismy paraUelo* 
gram BV an the side ad ; continue the sides de and kf 
till they meet in the point Uffroni^hifih draw the straight 
line HAL, and make iM e^ual to ha ; if the parallelogram 
CO be then completed on the base bc, by drawing bo or 
fSN parallel to lm> this paralldogram will be equal to tks 

' two CB and bf. 

Continue ob and nc till they meet the sidef of the pa- 
rallelograms BF and CE, in p and r, and draw PB. 

Then since cr and ha are parallel^ and comprehended 
between the same parallels, viz. CA and dh, they are 
equal ; consequently CR is equal to lm. In like manner 
it may be demonstrated that bp is equal to lm. ce and 
BP therefore are equal, and the figure bprc is a parallelo- 
gram equal to bn. 

Now it is evident that the parallelogram rl, on the base 
BC| is equal to the parallelogram rcah, because it is on 
the same base and between the same parallels ; and for the 
same reason the parallelogram acdesacrh; conse* 
quently the parallelogram acde n rclo. 

It may be demonstrated in like manner that the paralf 
lelogram bkfa s bpgl ; consequently the two paralielo^» 
grams ce, bf are together equal to bpbc or to bcno> 
which is equal to it. 

COROLLARY. 

The reader, if in the least acquainted with geometry, 
may readiiy see, that this very ingenious proposition is 
only a generalization of the celebrated proposition, by 
which it is proved, that in every right-angled triangle, the 
squares of the two sides, containing the right un^le, are 
equal to that of the hypothenuse. For if we suppose thai 
the triangle bac is right«angled at a> and that tbf twit 
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parallelograms ce and bf are tlie two squares, it may be 
easily conceived that tlie'tliird pLirallelogram bn will be 
aho a square, viz. that of the hypothenose ; in cotise- 
qucncc bf the preceding demonstration then, these two 
first sqnares will be equal to the third. This tbeorem is 
extracted from Pappus Alexandrinus. 

THEOREM IV. 

in every paraUeiograntt the sum of the squares of the four 
sides, is equal to the sum of the squares qfthe two diago~ 
nais. 

Let ARCD,((ig, SI pi. 4'), be an oblique parailelogram. 
the diagonals of which are ad and oc. From one of the 
angles a let fall, on the diagonal cb, the perpendiculsr 
AP ; and by Euclid, book ii, prop. 12, the square of a? ' 
will be equal to the square of ae, plus the square of bb 
plus twice the rectangle of te and kb : the square of ac 
also will be equal to the sum of the squares of ak and ec, 
minus twice the rectangle of fe and ec, which is equal td 
that of fe and eb, because eb is equal to EC : the sum of 
the squares of A B and ac then is equal to twice the square 
of AE, plus the square of eb, plus the square of bc, oc 
twice the square of a? plus twice that of be. 
. But the squares of bd and nc are equal to the squares 
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tf the two diagonals J plus four times th€ Sfuare eftht line 
which joins the middle of these diagonats. 

Let A BCD (fig. 32, pL 4) be « quadrilateral figure, the 
two diagonals of which are AC and bd ; and let lis suppose 
them divided each into two equal parts in B and tf and 
that the straight line ef has been drawn. It may be de* 
monstrated, that the squares of the four «des, taken to* 
gether, are equal to tlie squares of the two diagonals, plus 
four times the square of bf. 

We shall confine ourselves here to the enunciation of 
this elegant and very curious problem, for which, it is 
said, we are indebted to the celebrated Euler. The de» 
monstration of it, which is too prolix to be admitted into 
this work, may be found in the New Memoirs of the Âcap> 
demy of Petersburg, vol. i. 

We shall only observe that, when the quadrilateral 
ABCD becomes a parallelogram, the two diagonals thea 
^ually intersect each other, which makes the points B and 
y to coincide, and by these means the line bf vanishes» ' 
7he preceding theorem, therefore, is only a particular case 
ût the present one, 

PBOBUM XVI. 

The three sides of a rectilineal triangle being given; to de- 
termine its superjicial content, without measuring theper^ 
pendicular let fall from one of the angles on the opposite 
side. 

From half the sum of the three sides subtract each of 
the three sides separately ; multiply the three remainders 
together, and the product by th« half sum of the sides; if 
the square root of the last product be then extracted, it 
will be the area required. 

Let the three sides, for example, be 50, 120, and 150 
yards ; the half sum of which is 1 60 ; the first difference is 
1 10, the second 40, and the third iO : the product of these 
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four numbers is 7040000, the square root of which is jW53 
and ■/■„ nearly, which is the area. 

It might easily be shown, that the usual method, that is 
to say, by finding the per pe adieu lai let fall from one of 
the angles on the opposite side, would require a muclf 
piore tedious calcul^on. 

REMARK. 

By this method we have a very easy rule for finding thç 
Tadiiu of the circle inscribed in a triangle, the three sides 
ol which ace given : nothing is necessary but to multiply 
together the difference between each side and the half 
turn ; to divide the product by this half sum, and to ex- 
tract the square root of the quotient ; the result will be thç 
radins required. 

Thus, in the above example, the product of thp di%r- 
ences is 44000 j which divided by 160, gives 27£; the 
square root of this quotient iG-^si >s ^^^ radius of thç 
circle inscribed in the givei) triangle. 

FBOBLËH XVIT. 

Ih surveying the side of a hill, ought its real surface le be 
measured, or only ike space occupied by its horizontal pro- 
jeetion? 
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must always be vertical : a little more care only is required 
iq building on such ground than on horizontal. 

Another reason is, that inclined ground, conapared with 
the horizontal ground in the neighbourhood, contaiqs les* 
vegetable earth or mould, as part of it is always carried 
away by the rains, and deposited on the lower grounds; 
consequently it is not capable of supplying nourishnient 
to siich a quantity of productions as' the other. 

It is therefore evident that the horizontal surface only, 
and not the real or inclined surface^ ought to bç measured, 
unless these considerations are thought to be of little value 
in adjusting the price. 

REMARK. 

It is in topographical descriptions of mountainous coun- 
tries chiefly, that care should be taken to reduce the whole 
to a horizontal plane ; for if we suppose that a country has 
jbeen surveyed, and that, in measuring the sides of pretty 
steep mountains, the real and not the horizontal distancjss 
of places have been taken, it will be impossible, in con- 
structing a map, to make the measiu^es agree. This in* 
.deed would be the sam^e thing as if one should attempt to 
transfer to the plane or base of a pyraihid, the triangles 
which form its.inclined sides ; for if one of the triangles 
were laid down on it, all the rcbt would be fialsely repre- 
sented. 

PROBLEM XVIH. 

To form one square of Jive equal squares. 

Divide one side of each of four of the squares, as a, b, 
c, D, (fig. 123 i\i 1 and 2, pi. 15), into two equal parts, 
and from one of the angles adjacent to the opposite side 
draw a straight line to the point of division ; then cut these 
four squares in the direction of that line, by which means 
each of them will be divided into a trapezium and a tri* 
angle, as seen fig. 123, n°. 1. . 
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Lastly, arrange these four trapeziunu and Ûtœ four 
triangles around the whole square b, as seen fig. IfS nT. 
2 ; and you will hare a square evidently equal to the five 
squares given. 

8BHABK. 

By means of the solution to the following prdilem, one 
«quare may be formed of any number of squares at plea- 
sure ; for any number of squares may be traturormed into 
an obtong, and we shall show, in the next problem, how 
an oblong may be resolved into several parts, susceptible 
of being arranged in such a manner as to form a square. 

ritOBLEH XIX. 
Jny rectangle whatever being given; to ouvert itf fy a 
simple troTtsposilion of parU, itUo « Sfuare. • 
Let the given rectangle be abcd (fig. 1*4 pi. I5). To 
cut it into several parts susceptible of being arranged in a 
square, first find the geometric mean proportional between 
the sides ba and ad ; make ae bqual to that mean pro» 
portional, and draw ef perpendicular to ae. bb will cot 
AD in the point », which will either fall beyond 0, in re- 
gard to the point a, or on the point d itself, or between d 
and A : this forms three cases, the last of which subdividei 
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parts, as seen fig. 124 n*. 2, and you will have a perfect 
square. 

The demonstration may be easily found, by considering, 
in fig. 124 if, 1, the square constructed on ae, viz, aeki ; 
,but it is first necessary to show, that if ai be drawn paral- 
lel to EF, and Ki, through the point d, parallel to ae, the 
rectangle aeki, thence resulting, will be a square. Now 
Jthis is easy ; for if ik be continued till it meet bc produced 
in p, we shatl evidently have the rectangle aeki equal to 
the parallelogram aepd, which is equal to the rectangle 
A BCD, or that of ab and ad ; hence it follows that ae 
into AI is equal to ab x ad. But the square of ae is 
equal to ab into ad, consequently ae into ai is the same 
thing as the square of ae. 

This being demonstrated, draw lg parallel to ad, and 
LM parallel to ae ; then, from the points m and g, to ad 
and ae, draw the perpendiculars mn and gh. It is here 
evident that the triangle amn is equal and similar to elc: 
in like manner the triangle agh is equal and similar to 
DLK ; and the trapezium behg is equal and similar to 
M DIM, for BE is equal and parallel to dn, bg to mn, di 
to EH, and MI to gh. The four parts abld, ecl, behg, 
AGH, which compose the rectangle ac, are therefore equal 
to the four aeld, amn, noim, and dlk, which compose 
the square aeki, or, its equal, that of the same figure, n"*. 
2, &c. 

Case 2d. If the point f falls on the point d, the solution 
of the problem will be exceedingly easy; for in that case 
the triangle d vanishes, since dl vanishes ; the square equal 
to the rectangle, therefore, will be composed of the right- 
angled isosceles triangle aed (fig. 124 n^ 3), and the 
other two right-angled sgid isosceles triangles a be and 
CDE, equal to each other, and to the half of the former; 
consequently these parts may be arranged in a square 
without any difficulty. This case indeed can never exist' 
but when the side ab is exactly the half of ad : the rect^ 
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ang)e ac is then compowd of two eqnal «quant* But the 
manner in which two eqnal squares may be formed ii^o 
one is well known. 

Case 3d. Let us now sappoie that the point r falls bo- 
ttveen a and n (fig. 125), but in tuch a manner that pd is 
less than sb. In this case make KO equal to fd, and drav 
CH perpendicuUr to as ; by which means the rectangle 
ac will be divided into four parts, viz, the triangle Auv, 
the trapezium cofk, the trapeziom abgh, and the triangle 
EGH ; which we shall distinguish by the letters, a, b,c,d.- 
]f these four parts be arranged as seen fig. 125 o*. 2, we 
shiiU have a perfect square, as may be easily demonstrated. 

If FD he exactly equal to be, it is evident, that instead 
ofthe trapezium ABGH, we should bare a triangle abAj sq 
that the square to be formed would conùst of three tri- 
angles, and a trapezium ecdp, as seen %. 425 u". 2. 

If Fp exceeds eBi and is exactly equal to af, draw dk 
parallel to ef, and if the rectangle be cut according to the 
jiucs AE, EF, and kq, there will be formed three triangles 
and a parallelogram ed, which if arranged as s^en tug. 13$ 
II*. 3, .will compose the square aike. 

Lastly, we may suppose the height ad (fig, 126 pi. 16% 
of the given rectangle to be such, (iiat having the general 
construction described in the first part of tbis problemi 
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tinguish by the letters a, i, f, d, e; these five parts can be 
arranged into a perfect sqaare, as aike, which is com- 
posed of the triangle a, the parallelogram i, tlie trape- 
ziums c and dj and the small triangle e. 

If AF were contained tw ice in fd, six parts would be re- 
quisite; two of them parallelograms, as b. 

By a sort of retrograde progress, the following problem^ 
may be resolved. 

PROBLEM XX. 

To cut a given square into 4, or 5, or 6, S(c, dissimilar parU^ 
which can be arranged so as tajonn a i^ectangle. 

Let it be required, for example, to divide the square 
AEKi (fig. 125, n°. 1, pi. 15), into four parts, susceptible 
of such an arrangement. On the side ek assume ep 
greater than the half of it, and draw af; make ao equal 
to EF, and draw om parallel to af ; lastly, from the point 
My where cm meets ik, draw mn perpendicular to af ; the 
four parts required will be the triangles aef, omi, and the 
two trapeziiuns aomn, mnfk, which may be arranged in 
such a manner, ;is to form the rectangle A bod. To those 
who have comprehended the solution of the preceding 
problem this will appear evident. 

If five parts be required, assume ef (fig. 126 pi. 16) of 
such a length, that it may be contained in ek twice, with 
a remainder ; let these parts of the line ek be ef and fo, 
and let the remainder be ok ; draw af, and, making an 
and NP each equal to ef, draw no and pq parallel to af, 
the latter of which will meet the side ki in q ; from this 
point draw çR perpendicular to no ; and we shall have 
two triangles, a parallelogram, and two trapeziums, which 
are evidently susceptible of being formed into an oblong 
such as A BCD ; since they are the same parts into which 
that oblong might be divided, in order to form, by their 
transposition, the square aeki: therefore, &c. 
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PROBLEM XXI. 



A transposition, Jrom which it seems to result that a part 
may be equal to the mhole. 

Construct a right-angled parallelogram, having its long 
sides equal to eleven parts, and the short ones to three» 
and divide it into equal squares^ by parallel lines drawn 
from each of the points of division, as seen 6g. 137 n*. (• 
By these means we shall have 33 equal and similar squares. 

Through the opposite angles dr^w the diagonal ab, and 
if the parallelogram be then cut according to the lines Eff 
and GH, and the diagonal ba, we shall have four pieces, 
which when put together, as seen iig. 127 n*. 1, will con- 
tain SS squares. 

But if they be placed together in such a manner, that 
the line AH (6g. 127, n*. a and 3), joins the line ar, aod 
th^t the two triangles bho and bfa form a rectangle, wc 
shall have 34 squares instead of 33. 

Here then we hare 33 equal to 34 ; but this is only an 
illusion, which may easily he discovered; for it may be 
readily seen that all the squares traversed by the oblique 
lines of union, ah and ab, arc each less in height by -^ 
than the rest. But 1 L squares are traversed in this oian- 
uer, consequently it needs excite no surprise that there 
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R£MABK« 

It was no doubt by a similar deceptioii, that M. Lîger 
pretended to demonstrate, that twice 144 or 288 was equal 
to 9S9y the square of 17; from which he concluded that 
the square of 17 was equal to twice the square of 1 2, and 
that 17 was the exact value of the diagonal of a square 
having 12 for its side. It is hardly possible to believe 
that any one could be so weak as to maintain suchabsurdi* 
ties. 

' PROBLEM .XXII. 

To divide a line in extreme and mean ratuK 

A line is divided in extreme and mean ratio, when the 
whole line is to one of the segments, as tliat segment is to 
thç other. As a great many geometrical problems are re- 
duced to this division, some of the geometricians of the six- 
teenth century gave it the name of the divine section. But 
without adopting so emphatical a denomination^ we shall 
proceed to the solution of the problem. 

Let the line, to be divided in extreme and mean ratio, be 
AB (fig. âS pi. 4). From its extremity b raise the perpen- 
dicular BC, and make it equal to the half of AB ; draw AG, 
and make cD equal to cb; if AE be then made equal to 
the remainder ad, the line AB will be divided as required, 
and we shall have this ratio : ab is to AB as as is to eb. 

REMARKS. 

The line ab (fig. 34) being divided in extreme and mcsan 
ratio, if its greater segment be added to it, we shall bave*^ 
the line bc^ also divided in extreme and mean ratio, in thç 
point a; so that be will be to ba as ba is to ae* 

2d. The line ba (fig. 34 n^. 2), being divided, in the 
same manner in c*, if cd be made equal to tbe small seg* 
ment k*, ca will then be divided in the same manner; thnt 
is to say, ca will be to cd ds cd to da. ^ 
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PROBLEM XXV. 

éd pointy a circle^ and a straight line ^ being given in position^ 
to describe a circle which shall pass through the given 
point, and touch the circle and straight line. 

Through the centre of the given circle draw be (fig. 37 
pi. 5) perpendicular to the given straight, line, and let it 
Cut the circle in b and p ; draw also ba to the given point 
A, and take bg a fourth proportional to ba, be, bf; if a 
circle be then described through the points a and 9, touch- 
ing the line cd, it will touch also the given circle. 

If the point a be within the circle (fig. S8), the construc* 
tion will be the same : in this case'it is evident that the 
line which ought to be touched by the required circle, 
must enter the given circle also ; and there are even two 
circles which will resolve the problem, as may be seen in 
fig. 38. 

PROBLEM XXVi. 

Two circles and a straight line being given; to describe a 

circle which shall touch them all. 

This problem is evidently susceptible of several cases ; 
for the circle which touches the straight line may inclose 
both the other circles, or only one of them, or may leave 
them both without it ; but, for the sake of brevity, we 
shall confine ourselves to the last case, and leave the rest 
to the sagacity of our readers, who, when they compre- 
hend this solution, will find no difficulty to resolve the 
rest. 

Let there be given two circles, whose radii are CA and 
ca (fig. 39 pi. 5), and let the Hne de be given in position. 
In the present case, on the radius cA make ao equal ca, 
and with the radius co describe a new circle; draw also 
beyond de the line de parallel to be, and distant from it 
by a quantity equal to ca; then, by the preceding pro- 
blem, describe a circle through c, which shall touch the 

VOL. U ' S ^ 
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drcle having for its radius co, and also the straight line 
de; let the centre of this circle be b ; if its radius be di- 
minished by the quantity ao or ca, the circle described 
Trith this new radius will evidently be a tangent to the two 
given circles, as well as to the straight line SE. 

FBOBLEH XXVII. 

Of inscribing regular pob/gans in the circle. 

The following general method of inscribing regular po- 
lygons in the circle is given in various books of practical 
geometry. On the diameter ab (iîg. 40 pi. 5) of the 
giren circle, describe an lujuilateral triangle ; and divide 
this diameter into as many equal parts as the required po- 
lygon is intended to have sides ; then from e, the summit 
of the triangle, draw through c, the extremity of the se- 
cond division, the line ec; and continue it tilt it meet the 
circumference of the circle in d: the chord ad, they say, 
will be the side of the required polygon to be inscribed. 

We hare noticed this method merely to say that it is 
erroneous, and could be invented only by a person igno- 
rant of geometry, or else intended oi Jy as near the truth. 
For it may be easily demonstrated that it is false, even 
when employed for finding the simplest polygons, sueb, 
for example, as the ottagon. It will be found indeed, by 
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• .,/ 

The pentedecagon and its derivatives, as the polygon of 
thirty sides, &c. 

The rest, such as the heptagon, enneagon, endeçagon^ 
&c, cannot be described by means of the rule and com- 
passes aione> without trial; and all those who have at- 
tempted this method bave failed, or have produced ridi^ 
eulous paralogisms. 

The following, in a few words, is the method of de* 
scribing geometrically in a circle, the five primitive poly- 
gons, which may be inscribed with^the fuie and com-^ 
passes. 

Divide the dl-cle AtiBE (fig. 41 pL 5), into four equal 
parts, by the two diameters ab and de, intersecting each 
other at right angles ; then divide the radius cd into two 
equal parts in f, and draw ofg parallel to ab : the line 
EG will be the side of the inscribed triangle, as well as go 
and oE. 

The line eb, a^ every one kuowsj will be the side of Che 
square. 

If EH be made equal to the radius, it is in like maiifier 
evident that it will be the side of the hexagon* 

Divide the radiug ac into two equal parts in i, and 
draw EI ; make ik equal to ic, and the chord el equal to 
the remainder ek : el will be the side of the decagon; 
and by making the arc lm equal to the arc el, we shall 
liave the chord em for the side of the pentagon. 

Then divide the arc OM, which is the difference between 
the arc of the pentagon and that of the triangle, into two 
equal parts in n, and draw the straight line on, which will 
be the side of the pentadecagon, or polygon of 15 sidles, 

REMARK. 

The heptagon is susceptible of a construction, not geo- 
metrical, but approximated, which is pretty near the truth, 
and which on that account deserv'es to be known ; it is as 
follows; First describe an equilateral triangle, or at least 

s2 
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detenmne the nde t^ one, the half of which will be die 
nde oearl; of the insasceptible heptagon. It will be foond 
indeed by calculation, that the nde of the triangle, radius 
bdnK unity, will be equal to O-8660S ; the half of which 
il 0-43301 , and the side of the hepu^^on ii 0*43387 ; the 
diflerence tberefoie between it and half the aide of the 
triangle is less than a thousandth part. Wbenerer then 
the thousandth part of the radins of the given circle b aa 
iDsetmble qaantity, the above construction will approach 
Toy near to the truth. 

It is much to be wished that methods of constractioa 
•qnally simple, and as near the truth, could be discoyered 
for all other polygons ; which indeed' is not possible. 

rBOBLEM XXTIII. 

7Xc nie ^ M pofygm tf a ghen number ^ sidei êeàig 

tngm; to find the centre of the drcunueriplible circle. 

This problem is, in KHoe measure, the reverse of the 

fwmer, and may be easily solved for the same polygons. 

We shall say nothing of the triangle, the square and the 

hexagon, because those who are acquainted with the first 

elements of geometry know how to find the centre of an 

equilateral triangle and a square, and that the side of the 

hexagon is equal to the radius of the circumscriptible 
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For the octagon. Let ab (fig. 49 pi. 6) be the given 
side ; on this line déscribe a semicircle, and raise the radius 
CO perpendicular, and indefinitely continued ; draw the 
side of the square bg, and make cf equal to the half of 
B6 ; draw fs perpendicular to the diameter, and through 
the point s, where it cuts the semicircle, draw ab^ which 
will meet C6 continued in n : this point d will be the 
centre of the circle required. 

For the decagon. If ab (fig. 42 pi. 5) be the given side, 
find, as if a pentagon were to be constructed, the line bf, 
and from the points a and £ with the radius af, describe 
the isosceles triangle aAb : the point h will be the centre 
of the decagon. 

For the dodecag^, and any other polygons whatever. 
Let the line given for the side of the polygon be ab (fig. 
44 pi. 6). With any radius whatever cb describe a circle, 
and inscribe in it the required dodecagon or polygon, the 
side of which we shall suppose to be db : continue de to p, 
if AB exceeds de, so that df shall be equal to ab, and then 
draw CB, and its parallel fg : the point where the latter 
meets the diameter dh continued, will evidently be the 
centre of the circle, in which thé^ required polygon is in« 
scriptible. 

Though we have given particular methods for the 
pentagon, octagon and decagon, it is evident that the last 
method may be applied equally to them all. 

We shall conclude this article, on polygons, with two 
useful tables, one of which contains the sides of the poly- 
gons, the radius of the circle being given, and the other 
the length of the radius, the side of the polygon being 
known. If the radius of the circle then be expressed by 
100000, the side of the inscribed triangle will be within 

an unit of. « 17320^ 

that of the square . . . • . . 141421 
that of the pentagon . • • • 117557 
that of the hexagon : . . • . lOOOOO 
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that of the heptagon 
that of the octagoa . 
that of the ennengon 
that of the decagoQ . 
that of the endecagon 
that of the dodecagon 
that of the tredecagoD' 
that of the tesseradecagc 
that of the quindecagon 
. On the other band, if the side 
the radius of the circle wil' '"- ' 
of the triungle . 
of the square 
of the pentagon 
of the hexE^oa 
of the heptagon 
of the octagon , 
of the enneagon 
of the decagon 
of the endecagon 
of the dodecagon 
of the tredecagon . , 
of the tesseradecagon 
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The dodecaedron, formed of twelve equal pentagons. 

The icosaedron, formed of twenty equilateral triangles. 

Two methods may be employed to form any one of 
these regular bodies. The first is, to construct a sphere, 
and then to cut off the excess, so that the remainder shall 
form the regular body required; the other, which resembles 
the process used in stone-cutting, consists in first tracing 
out on a plane, made at hazard, one of the faces of the 
body to be formed, and then cutting out the adjacent 
faces, under the determinate angles. 

To resolve then the problem in question, we shall first 
answer the following questions. 

1st. The diameter of a sphere being given, to find the 
sides of the faces of each of the regular bodies. 

2d. To find the diameters of the less circles of that 
sphere, in which the faces of each, of these bodies are 
inscriptible. ^ 

3d. To determine the opening of the compasses, with 
which each of these circles may be described on the sur- 
face of the same sphere. 

4th. To determine the angles which the contiguous 
faces form with each other, in their common intersectioD. 

Jst. A sphere being given ; to find the sidei qf the faces gf 

each of the five regular bodifs. 

Let ABC (fig. 45 pi. 6) be the half of a great circle of the 
given sphere, and ac one of its diameters. Divide ac 
into three equal parts, and let ai be two thirds ; draw bi 
perpendicular to the diameter, cutting the circle in b and 
join AE : this line will be one of the faces of the tetraedron, 
and c£ will be that of the cube or faexaedron. 

Then, through the centre f, draw the radius fb, per- 
pendicular to AC, cutting the circle in B,and join ab : this 
line AB will be the side of the octaedron inscribed in the 
same sphere. 

The side of the do4ecaedron will be found, by cUvidiDj^ 
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Iiave for the radius of the circumscribing circle 8506^ which 
will give for the radius of the face of the dodecaedron, 
6070. 

3d. To determine the opening of the compasses^ with which 
the circle^ capable of receiving the face of the regular 
bodi/y ought to be described on the sphere. 

This is very easy; for if ef (fig. 46 pi. 6) be the radius 
of the lesser circle of the sphere, capable of receiving the 
given face, it is evident that fd is the opening of the 
compasses proper for describing this circle on the surface 
of the sphere. But ef is the sine of the angle fcd, 
which will consequently be given ; and fd is the double 
of the sine of half this first angle : fd therefore may be 
found by seeking in the tables for the angle fcd, then 
halving it, afterwards seeking for the sine of that half, 
and then doubling this sine. This operation will give the 
value of fd, which in the case of the tetraedron will be 
11742; in those of the hexaedron and octaedron, 9192; 
and in those of the dodecaedron and icosaedron, 6408* 

4th. To find the angle formed by the faces of the different 

regular bodies. 

Describe a circle (fig. 47 pi. 6) as large as possible, and 
determine in it the side of the regular body required ; if a 
perpendicular be then let fall from the centre on this side, 
it will be the diameter of a second circle, which ndust also 
be described. We shall here suppose that this diameter is 

AB. 

Describe then, on the side of the regular body found, 
the proper polygon, or at least find the centre of the cir- 
cumscribing circle, and from this centre let fall a perpen* 
dicular on the side which has been found; in the second 
circle already mentioned make the lines ad and ac equal 
to this perpendicular, and the angle pac will be equ^l tQ 
the angle required. 
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and you will have the five poles of the five faces, whicl^ 
rest on the first. In like manner, you may easily deterir^ÎDC 
the other poles, the last of which, if the operation be 
exact, ought to be diametrically opposite to the first, 
Lastl}^, from these twelve poles, describe two equal circles^ 
which will both be cut into five equal parts, and these will 
determine twelve segments of a sphere, which being cut 
off, will give the twelve faces of the dpdecaedron re- 
quired. 

Second method. Having first found out, on the pro^ 
posed block, a plane face, describe on it the polygon 
belonging to the regular body required ; then cut out, on 
each side of this polygon, a new plane, inclined according 
to the proper angle, as determined in the above table, or 
which has been traced out by means of the geometrical 
construction before given; and you will thus obtain so 
many plane faces, on which new polygons, having one 
side commoa with the first polygons, must be described. 
If the same thing be done on these polygons, you will at 
length arrive at the last, which, if the operation has l^een 
exactly performed, must be perfectl}^ equal to the first. 

We mustliowever observe, that perfect exactness will 
be attained with much more certainty by the first method. 

5th. To form the same bodies of apiece of card. 

If you are desirous of fopming these bodies of a piece of 
card or stiff paper, the following method will be the most 
convenient. 

First trace out on the card all the faces of the required 
body, viz four triangles for the tetraedron, as seen fig. 48 
pi. 6, six squares for the cube, as fig. 49, eight equilateral 
triangles for the octaedron, fig. 50, twelve pentagons for 
the dodecaedron, fig. 51 pi. 7, and twenty equilateral 
triangles for the icosaedron, fig. 52. If you then cut the 
edges^ it will be easy to fold up the faces so as to join, and if 
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diagonal of the cube, or the square of which is triple to 
that of the cube, describe a semicircle, and make ac equal 
to the side of the cube, and ad equal to the diagonal of 
one of its faces ; if from the point c there be let fall, on 
the ho/tzontal tangent of the circle in b, the perpendicular 
CE, passing through the point d, be will be the side and 
the radius of the required hexagon abed fig. 54. 

When this operation is finished, describe on this hex- 
agonal projection, and around the same centre, the square 
which forms the projection of the given cube placed on 
one of its bases,, so that one of its sides shall be parallel, 
and the other perpendicular to the diameter izc; it may be 
demonstrated, that this square can be contained within the 
hexagon, in such a manner, as not to touch with its angles 
any of the sides : a square hole therefore, equal to one of 
the bases of the cube, may be made in it, in a direction 
parallel to one of its diagonals, without destroying the 
continuity of any side; and consequently another cube of 
equal size may pass through it, provided it be made to 
move in the direction of the diagonal of the former. 

PROBLEM XXXI. 

JVUh one sweep of the compasses, and without altering the 
opening, or changing the centre, to describe, an oval. 

This problem, as is the case with others of a similar 
kind, is a mere deception ; for it is not specified on what 
kind of surface the required curve ought to be described. 
Those to whom this problem is^ proposed will think of a 
plane surface, and therefore will consider it impossible, as 
it really is; while indeed the surface meant is a curved 
one, on which it may be easily performed. 

If a sheet of paper be spread round on a cylindric sur- 
face, and if a circle be described upon it with a pair of 
compasses, assuming any point whatever as a centre, it is 
evident that, when the sheet of paper is extended on a 
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plane surface, we shall hure an oval figure* the shortest 
diamctei' of which will be in tKe direction corresponding 
to that of the axis of the cylinder. 

We should however be deceived were we to take thk 
curve for the real ellipsis, so well knono to geometriciaiu. 
The method of describing the latter is as folto^vs. 

PROBLEM XXXII. 

To deserSte a true oval or ellipsis geametricaUi/. 

The geometrical oval is a curve with two unequal axes^ 
and having in its greater axis two points so situated, that 
if lines be drawn to these two points, from each point: of 
thecircumference,thesumof these two lines will be always 
the same. 

Let AB (fig. 55 pi. 7) then be the greater axis of the 
ellipsis to be described j and let de, intersecting it at right 
angles, and dividing it into two equal parts, be the lesser 
axis^ which is also divided' into two equal parts in c; from 
the point u as a centre, with a radius equal to ac, describe 
anarcof a cirtle, cutting the greater axis in Fandy.- these 
two points are what are called the foci: fix in each of 
these a pin, or, if you operate on the ground, a very 
Straight peg; then take a thread, or a chord if you itie&fi 
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It is here seen that the geometric ellipsis, or oval, is, as 
we may say, a circle with two centres 5 for in the circle 
the distance from the centre to any point of the circum- 
ference, and from that point back to thç centre^ is always 
equal to the same sum, viz the diameter. In the elhpsis^ 
where there are two centres, the distance from ope of them 
to any point of the circumference, and from that point to 
the other centre, is always equal to the same sum, or to 
the greater diameter. 

A circle therefore is nothing else than an ellipsis, the 
two foci of which, by continually approaching, have at 
length been united and confounded with each other. 
. Another method of describing an ellipsis, which maybe 
also used some times, is as follows. 

Let ABC (fig. 6 pi. ^7) be a square, and bh and bi th« 
tVo semi-axes of the ellipsis to be described. Provide a 
rule, such as £D, equal to the sum of these two lines, and 
having taken £F equal to bh, fix in the point f, by some 
mechanism which may be easily invented, a pencil or 
' piece of chalk, capable of tracing out a line upon paper ; 
then make this rule turn in the given right angle, in such 
a manner, that its two extremities shall always touch the 
sides of that angle, and during this movement, the pencil 
fixed in f will describe a real geometrical ellipsis. 

It may be readily seen, that if the pencil or chalk were 
fixed in the point o, which divides de into two equal 
parts, the curve described would be a circle. 

REMARK. 

Another sort of oval, very much used by architects and 
engineers, when they intend to form a flat or an acute 
arch, is called by the French workmen anses de paniers. 
It consists of several arcs of circles having different radii, 
which mutually touch each other, and which represent 
pretty nearly a geometrical ellipsis. But it has one fault, 
which is, that however well these arcs touch each other, a 
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nice eye will always observe at the place of junction- an in- 
equality, which is the effect of the sudden transition of one 
cnrre to another that is larger. For this reason, any arch 
which rism on its pier without an impost seems to form 
an inequality, though the arch at its junction with the pier 
may touch it eiactly. 

This inconreoience however is compensated by one 
advantage, which is, that for the wmssoira of the arch, 
there is no need but of two panneaux, or model boards, if 
tbe quarter of tbe oval be formed of two arcs, or of three 
if it be fonncd of three ; whereas, if it were a real ellipsis, 
it would bare occasion for as many panneaux as voustoirs. 
If any one however should have the courage, and it would 
require no small degree ef it, to surmount this difficulty, 
we entertain no doubt that the real ellipsis would have 
more beauty than this bastard kind of it. . 

PROBLEM XXXIII. 

On a give» base la describe an infinite number of triangles, 
in vAùA l/ie sum of the two tides, standing on the base, 
shall be elUkij/s the same. 
This is only a corollary to the preceding problem. For 

on a given base let there be described an ellipsis, having 
■ ■ oft 
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triangles. Let acb (6g. 57 pi. 7) then be a triangle on 
the base ab, the sides of which ac and cb are unequal. 
We have already shown^ that if there be constructed a tri- 
angle AFB ; the equal sides of which af and fb are together 
equal to ac and cb^ the triangle afb will be greater than 

ACB. 

For the same reason^ if there be constructed, on af as 
a base, the triangle a^f, the sides of which Ab and &f are 
equal to each other, and together equal to ab and bf, the 
triangle a^f will be greater than afb. In like naanner, i£ 
we suppose va and ab equal, and their sum equal to fa 
and AB, the latter triangle rab will be still greater thaa 
AFB, which has the same perimeter, &c. But it may be 
readily seen by this operation, that the three sides of the 
triangle always approxin^ate towards equality, and that, 
by conceiving it continued ad infinitum, the triangle would 
at length become equilateral, and consequently the equi- 
lateral triangle will be the greatest of all. 

For example, if the three sides of the first triangle be 13, 
13, 5, the sides of the second will be 12, 9, 9 ; those of the 
third 9, IQ^y lOj ; those of the fourth lOj, 9|-, 9^; those 
of the fifth 9|, ia|, 10|; those of the sixth 10|, 94^, 9f^ ; 
those of the seventh 94.4 , IO-3V» 10^; and so on; by which 
it is seen that the difference always decreases ; so that at , 
last the three sides become 10, 10, 10, and the triangle will 
then be the greatest of ail. 

If we now take a rectilineal polygon, such as abcdef 
(fig. 58 p). 7), all the sides of which are unequal : draw the 
lines AC, c£, and ea. By what has been already shown it 
will be seen, that if an isosceles triangle a&c be described :. 
on AG, in such a manner, that Ab and be shall be together 
equal to ab and bc, the polygon, though of the same pe- 
rimeter, will become greater by the excess of the triangle 
Abe above abc* If the same thing be done all around, the 
surface of the polygon will be continually augmented ; all 
ts sides and its angles will more and more a^pproach to 

VOL. I. Ï ' 
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equality, and coDseqnently the greatest of ftll will be Ùmt 
which has all its sides and angles eqnal. 

We shall now demonstrate, that, of two regular poly 
goDs, having the same perimeter, the greater is that wUch 
has the greatest number of sides. For this purpose, let 
•ny polygon, an equilateral triangle for example, be cti- 
cumscribed round a circle, and Jet kfhi (fig. S9 pL 7) be 
an hexagon circumscribed about the same circle : it is evi- 
dent that the perimeter of the latter will be less than that 
of tbe triai^le; for the parts fb^ QH,andiK, arecoaunon, 
and tbe side cr is less than pb plus bq, Sec ; a bexagOD, 
concentric to the former, and equal in perimeter to the 
triangle, which we here suppose to be mho, will therefoce 
be without tbe hexagon kfh ; consequently the perpen- 
dicular ci will be greater than ci^ But as the triangle has 
tbe same perimeter as tbe hexagon uNO, th«r arew will 
be 13 the perpendiculars cl, cl, let fall from the centre <tf 
tbe circle ; and therefore the hexagon, having tbe stunçi 
perimeter as the triangle, will be the greater. 

What has been demonstrated in r^ard to a triangle «ltd - 
hexagon of the same perimeter, is evidently appli^ble to 
«ny other two polygons, one of which has a number of 
sides double to that of the other ; consequently the more 
side* a polygon of a dt; terminate perimeter has, the greater 
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clescribed several figures, the greatest will be that which 
has the greatest number of sides, besides the base, atid 
which approaches nearest to regularity ; hence it f ollows^ 
that if it be required to describe, with a determinate length, 
on a given base, the greatest figure, that figure will be the 
segment of a circle, viz, a segment having that base for ita 
chord, and for its arc the given length. 

All these things may be demonstrated by a mechanical 
consideration. For let us suppose a vessel, the sides of 
which are flexible, and that any liquor is poured into it ; 
the sides it is certain will arrange themselves in such a 
manner as to contain the greatest quantity possible. On 
the other hand, it is well known that the vessel will assume 
thecylindric form ; that is to say, its base and the sections^ 
parallel to the base will be circular ; hence it follows that, 
of all figures having the same perimeter, the circle is that 
which comprehends the greatest area. 

By means of the above observations it will be easy to 
solve the following questions, 

I- 

A has afield 500 poles in circumference^ which is sgmre; b 
has one of the same circumference which is an oUang, and 
proposes to a an exchange. Otight the latter to accept the 
offer? 

It is easy to answer that he ought not ; and a would 
sustain more loss by the exchange the greater the in- 
equality is between the sides of the field belonging to b* 
This inequality might eveu be such, that the latter field 
would be oi^y the half, or the fourth, or the tenth part o£ 
that of A. For let us suppose the field of a to be 100 
poles on each side ; and that the field of b is a rectangle, 
one side of which is 190 poles, and the other 10, by which 
means it will have the same perimeter as the other; it will 
however be found that the surface of the latter will be 
only 1900 square poles, while that of therfomier will be 
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sel of a determinate capacity, bat in such a nianner as tp 
save the materials a« mUch as possible, k ought to be in 
the form of a spliere. But this M'ill be better illustrated 
by the following probleoi. 

FBODLEM XXXIV.' 

% 

A gentleman wishes to have a silver vessel of a cylindnc 

form, open at the top, capable of containing a cubic foot of 

liquor ; but y being desirous to save the material as much 

as possible, requests to know the proper dimensions of the 

vessel. 

If we suppose that the vessd ought to be a Hoe in thick- 
ness, for example, it is evident that the quantity ol the 
matter will be proportional to the surface. The question 
then is: Of all the cylinders, capable of containing a 
cubic foot, to determine that which shall baye the lea«t 
surface, exclusive of the top. 

It will be found that the diameter of the base ought to 
be 16 inches 4 lines; and the height 8 inches 2-^ Unefi, 
which is the ratio of nearly 2 to 1 between the diameter 
and the height. 

If it were required to have the vessel in the form of a 
cask, close at both ends, the question would be : To find 
a cylinder which shall have its whole surface, comprehend- 
ing the two bases, greater than that of any other of the 
same capacity. In this case the diameter of the baae 
ought to be 13 inches, and the height 12 inches 5|- lines. 

PROBLEM XXXV. 

On the form in which the bees construct their combs. 

The ancients admired bees on account of the hexagonal 
form of their combs. They observed that, of all the regu- 
lar figures which can be united, without leaving any va- 
cuum, the hexagon approaches nearest**jto the circle, and 
with the same capacity has the least perimeter ; whence 
tbey inferred that this animal was endowed with a sort of 
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inatinct, wfaich msde it choose this figure as that, whidi 
contaiDing the same qoaatity of honey, would require the 
least wax to construct the comb; for it appears that bees 
do not prepare was on its own account, but in order to 
construct their combs destined to be tbe repositories of 
their honey, and receptacles for their young. 

'HUB however is far from being the principal wonder in 
r^ard to the labour of bees, if we can give the name of 
wonder to a labour blindly determined by a peculiar or- 
ganization ; for it may be remarked, in tbe first place, that 
it is not absolutely wonderful that small animals, all en- 
dowed with tbe same activity and the same force, presâng 
outwards, from within, small cells all arranged close to 
each other, and all equally flexible, should give tbem, by 
a sort of mechanical necessity, a hexagonal form. If we 
suppose indeed a multitude of circles, or small cylinders, 
highly flexible and somewhat extensible, close to each 
other, and that forces acting internally, and all equal, tend 
to make their sides approach each other, by filling up the 
vacuities left between them, the first form they will assume 
will be the hexagonal ; aSt^ which all these forces re- 
maning in equilibrium, oothiog will tend to change that 
'form. 

However, not to deprive tbe bees of the admiration 
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(lef pendicular to their axes ; there is a method of termi- 
nating them which employs less wax, and even the least 
possible, still leaving to the cells the same capacity; and 
it is this method which these insects adopt, and which they 
execute with great precision. 

To execute this disposition, it is necessary, in the first 
place, that the two rows of cells, of which it is well known 
a comb consists, and which stand back to back, should not 
be arranged so as to make their axes correspond, but in 
such a manner that the axis of the one may be in a line 
with the common juncture of the three posterior* As is 
seen fig. 60 pi. 7, where the hexagon described with black 
lines corresponds with the three formed of dotted lines, 
which represent the plane of the posterior cells ; and it is 
thus that the cells of bees are arranged, to suit the dispo- 
sition of their common bottoms. 

In the second place, to give an idea of this disposition, 
let us suppose an hexagonal prism, the upper base of 
which is the hexagon abcdef (fig. 61 pi. S)j with a tri- 
angle AEC inscribed in it. Let the axis fo be continued 
to s, and through the point s and the side ac let a plane 
pass, which shall cut off from the prism the angle b, so as 
to form a rhomboidal face asct : such is one of the bot- 
toms of the cell of a comb : if two other similar planes be 
made to pass through s and the sides ae and ec, they will 
form the other two ; so that the bottom is terminated by 
a triangular pyramid. 

It may be readily seen, that wherever the point s may 
be situated, as the pyramid acos is always equal to acbt, 
and as the case is the same with the rest, the capacity of the 
cell will not vary, whatever be the inclination of that part 
of the bottom turned towards ac. But the case is different 
with the surface where there is such an inclination, that 
the whole surface of the prism and of its bottom will be 
less than with any other inclination. It has been found 
by the researches of geometricians, that, for this pttrpoae^ 
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that there is not ; and that whatever be the arrangement, 
if the polygon can be inscribed in a circle, it will be 
always the same ; for it may be easily demonstrated, that 
whatever be this order, the size of the circle will not vary; 
the polygon will always be composed of the same trian- 
gles, having their summits at its centre : the only differ- 
ence will be, that they will be differently arranged. 

PROBLEM XXXVII. 

What is the largest triangle that can be inscribed in a circle ; 
<ind what is the least that can be circumscribed about it? 

The triangle required in both these cases is the equila^ 
teral. 

The case is the same with the other polygons. The 
greatest quadrilateral figure that can be inscribed in the 
drcle, is the square ; this figure also is the least of all 
those that can be circumscribed about a circle. 

The regular pentagon is likewise the greatest of all the 
five-sided figures that can be inscribed in the circle ; and 
the same figure is^the least of all the pentagons that can be 
circumscribed about the circle. And so on; 

PROBLEM XXXVIII. , 

AB (fig 62 pi; 8) is the line of separation between two plains; 
one of which acib consists of soft sandy in which a vigor- 
ous horse can scarcely advance at the rate of a league per 
hour; the other abdk is covert w^hfine turf where the 
same horse^ without muchfatigucj can proceed at the rate 
of a league in half an hour; the two places c and d are 
given in position^ that is to say the distance ca and, db of 
each from the line of boundary ab, as well as the position 
and length of ab, are known ; now if a traveller has to go 
from D to c, what route must he pursue, so as to employ 
the least time possible on his Journey ? 

Most people, judging of this question according to com- 
mon ideas, would imagine that the route to be pursued by 
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the trarellsr ought to be tbe straight line. Id this how- 
ever they would be deceived, as may be easily shown y for 
if the straight line can be drawn, it may be readily eon- 
ceived that it will be gaining an advantage to perform, in 
the Srst plain, where it is difficult to travel, the part of the 
journey cf, which is somewhat shorter thait ce ; and to 
perform >n the second, tviiere it is much easier to travd, 
the part fd, longer than de, that is to say, than the space 
which would be passed over by going directly from c to 
D ; so that less time would really be employed to go froni 
c to-D, by CF and fd, than by en. and eo, though the road 
by tbe latter is shorter. 

This indeed may be demonstrated by calculation. For 
if HO be drawn perpendicular to ab, through the point 7, 
it will be found that one can go from c to d, in the least 
time possible, when the sines of the angles cfo and dfh, 
are to each other respectively in the inverse ratio of the 
velocity with which the traveller can pass over tbe planes 
ACiB and ABDK, that is to say, in the present case, as i to 
2 ; and therefore the sine of the angle cfg ought to ba 
half only of that of the angle dfh. 

PBOBLEH XXXIX. 

On a given base to describe an infinite number of trvmgles, 

\ thai the sum of ike sniiares of the s 
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REMARK. 

Every one knows that when the sum of the squares of 
the sides is equal to the square of the base, tlie triangle is 
right-angled, arid has its vertex in the circumference of 
the circle described on that base. Here it is seen, that if 
the sum of the squares of the sides is greater or less than 
the square of the base, the vertices of the triangles, which 
in this first case are acute-angled, and in the second obtuse- 
angled, are ahvays in a semicircle also, having the same 
centre, but on a diameter greater or less than the base of 
the triangle ; which is a very ingenious generalization of 
the well-known property of the right-angled triangle. 

PROBLEM XL. 

On a given base y to describe an infinite number of triangles, 
in such a manner, that the ratio of the two sides, on that 
base, shall be constantly the same. 

Divide the given base ab -(fig. 65 pi. 8) in such a man- 
ner in D, that ad may be to db, in the given ratio, which 
we shall here suppose to be as 2 to 1. Then say, as the 
difference between ad and db is to db, so is ab to be ; 
and if AD exceeds db, be must be taken in the direction 
abe; then divide de into two equal parts in c, and from 
c as a centre, with the radius on or ce, describe a semi- 
circle on the diameter dis : all the triangles, as afb, a/b, 
Af b, 8cc, having the same base ab, and their vertices r,f, 
f, in the circumference of this semicircle, will be of such 
a nature, that their sides af, fb ; Af,jB ; aç,. f b, will be 
in the same ratio, viz, that of ad to db, or of ae to eb, 
which is the same thing. 

But the centre c will be found much easier by the fol- 
lowing construction; on ad describe the equilateral tri- 
angle A6D, and on db the equilateral triangle dub ; 
through their summits, g and^ h, draw a straight line. 
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centre^ and the other almost at the distance of a radius» 
By means of this theorem therefore, it will be easy to 
solve the following problem. 

FKOBLEM XLI. 

To find four proportional circles^ which taken together shall 
be equal to a given circle^ and whieh shall be of such a na» 
tiire^ that the sum of their diameters shall be equal to a 
given line. 

It is evident, for the above reasons, that the given line 
must be less than twice the diameter of the given circle^ 
and greater than once that diameter; or, which is the 
same thing, that the half of this line must be less than the 
diameter of the given circle, and greater than its radius. 

This being premised ; let the given line, or the sum of 
the diameters of the required circles, be ab {fig. 67 pi. 8), 
the half of which is ac; let adb£ be the given circle, the 
two diameters of which are ab and be, perpendicular to 
each other. On the radii CA and ce continued, make the 
lines CF and cg equal to ac^ and draw fg, which will ne- 
cessarily intersect ch, the. square of the radius of the circle. 
In the part IK of that line comprehended within the square, 
assume any point l, from which draw the lines lm;, and 
LNr, the one parallel and the other perpendicular to the 
diameter ab ; through the points m and n, where they in- 
tersect the circumference of the circle, draw mr and nq, 
the one parallel and the other perpendicular to ab: the 
chords Ns and mt will be the two chords required. 

For it is evident that nq and mb are equal to i^q and Lr, 
which are together equal to cg or cf, or to the half of £z(; 
the whole chords then are together equal to ab; conse- 
quently, by the preceding theorem, they solve the pro- 
blem, and the four circles described on the diameters no, 
OH, OS, and ot, will be equal to the circle adbe. 
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The line fc may bappen ooly to toocb tbe ctrde ; ia 
vfaicb case any pqiot, except tbe pCMDt of cootact, «iU 
equally solve tbe problem. 

£nt if VG intersect tbe circle, as sees (6g. 68), tbe point 
L most be assumed in tbat part of tbe line ic» which is 
«itbont tbe circle, as seen in tbe same 6gure. 

This solution is macb better than that gireo by M. On- 
nani; forbetellsosto takeonaf(fig. 67)aportioii less than 
tlK radios, and to set it off &om c tof ; then to draw tbe lines 
qu anJ xr, and to set off tbe remainder of *e from c tor; 
but it is necessary tbat tbe pmot r should fail beyond B, 
otherwise tbe two semi-cbards would not intersect each 
other. In the last place, according to tbe magnitude of 
ac, in regard to tbe radios, there is a certain magnitude 
which must not be eiceeded, and which M, Ozanam does 
not deteroù'ite: this therrfore renders the solution de- 
fectire. 

PBOBLEH ZLIl. 

Of ike Trùatim and Multisection ojan AngU, 
I'his problem is celebrated on account of tbe ftnitless 



attempts made, from time to time, to resolve it geometri- 
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But thougli it cannot be solved by the rule and com- 
passes alone, without repeated trials, there are some me- 
chanical constructions or methods, which, on account of 
their simplicity, de^rve to be knowy. They are as fol- 
low : 

I^t it b^ proposed, for examplis, to dividie the, angle 
ABC (fig. 69 pi. 8) into three equal parts. From the point 
A let fail, on the other side of the angle, the perpendicular 
AC, and through the same point a draw the indefinite 
straight line as parallel to bc ; if from the point b you 
thçn djraw to ae a line 3ë, in such a manner, that the part 
iFlj, intercepted betweeii the lines ac and ae, shall be 
equal to twice the line ab, which may be done very easily 
hy repeated trial, you will have the angle fbc equal to 
^he third part of a^c. 

If Fi^ indeed be divided into two equal parts in d, and if 
AD be drawn ; as the triangle fae is rightrangled, d will 
be the centre of the circle p^^sing through the points f, 
A, E ; consequently da, de, and df will be equal to each 
Other, and to the line ab ; the triangle ade then will be 
isosceles, and the angles dae and de a will be equal ; the 
external angle adf, which is equal to the two interior 
one& DAE and dea, will therefore be the double of each of 
jthem. But as the triangle bad is isosceles, the angle abd 
is equal to adb, and the angle aed, or its equal fbc, is 
lialf of the angle abd ; consequently the angle abc is di- 
ivided by be, in such a manner, that the angle ebc is the 
third part of it. 

Arudher method. Let the given angle be acb (fig. 70 pi. 
9) : from the vertex of it as a centre, describe a circle, and 
continue the radius bc indefinitely to £ ; then draw the 
line AE in such a manned, that the part de, intercepted be- 
tween be and the circumference of the circle, shall be 
^ual to the radius bc ; if ch be then drawn through the 
centre c, parallel to ae, the angle jbch will be the third 
part of the given angle acb. , 
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If the radius cD be drawn, it tnaj be readily seen that 
the angle bca is equal, onaccoant of the parallel lines, to 
CAD or CDA. But the latter is equal to the angles sce 
and DEC, or to the,double of one of them ; nnce cd and 
DE* are equal by construction ; and as the angle hcb is 
equal to dce or dec, the angle ach is the double of bcb, 
and Goosequentlj acb is the triple of hcb. 

PEOBLEM XLIII. 

TIte Duplication of the Cube. 
To double a rectilineal surface, or any curve whaterer, 
as the circle, square, triangle, 8lc, is easy ; that is to say, 
one of these figures being given, it is easy to construct a 
similar one, which shall be the double or any multiple of it 
wbatever, or which shall be in any given ratio to it at 
pleasure; nothing is necessary for this purpose, but to 
find the mean geometrical proportional between one of 
the ûdes of the given figure, and tbe line which is to that 
side in the given ratio ; this mean will be the side homolo- 
gous to that of the given figure. Thus, to describe a 
circle double of another, a mean proportional most be 
found between the diameter of the former and the double 
of that diameter; tliis proportional will be the diameter of 
the double circle, &c. The case is tiie same with every 
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being sent to Delphds to consult Apollo, the deity pro* 
mised to put an end to the destructive scourge, when an 
altar, double to that which had been erected to him, should 
be constructed. The artists who wove immediately di- 
spatched to double the altar, thought they had nothing to 
do, in order to comply with the demand of the oracle, but 
to double its dimensions. By these means it was made oc- 
tuple ; but the god, being a better geometrician, wanted 
it only double. As the plague still continued, the Atheni- 
ans dispatched new deputies, who received for answer, 
that the altar was more than double. It was then thought 
proper to have recourse to the geometricians» who endea* 
voured to find out a solution of the problem* There is 
reason to think that the god was satisfied with an approxi- 
mation, or mechanical solution; had he required more, 
the situation of the people of Athens would have deserved 
pity indeed. 

There was no necessity for introducing a deity into this 
business. What is more natural to geometricians than to 
try to double a solid, and the cubé in particular, after faav* 
ing found Hhe method of doubling the square and other 
surfaces ? This is the progress of the human mind in 
geometry. 

Geometricians soon observed that, as the duplication of 
any surface consists in finding a geometrical mean between 
two lines, one of which is the double of the other, the du- 
plication of the cube, or of any solid whatever, consists in 
finding the first of two continued mean proportionals be- 
tween the same lines. We are indebted for this remark 
to Hippocrates of Chios, who from being a wine merchant, 
ruined by shipwreck or the officers of the excise at Athens, 
became a geometrician. Since that time, all the efforts of 
geometricians have been confined merely to the finding of 
two continued geometrical mean proportionals between 
two given lines, and these two problems, viz, that of the 
duplication of the cube, or, more generally, of the con* 

VOL. 1. u 
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struciion of a cube in a given ratio to another, and that of 
the two continued mean proportionals, have become sjroo- 
nimoiis. 

The diSérent methods of solving this probleiD, some of 
vhich require repeated trial, and some no other instru- 
ments than a rule and compasses, are as follofv : 

1st. Let the two lines, between which it is required to 
find two mean proportionals, be ab and Ac (Bg. 71 pi. 9). 
Form of them the rectangle bacd, and continue the sides 
ABand AC indefinitely; draw the two diagonals of the rect- 
angle intersecting each other in E ; and we shall then have 
the solution of the problem, if the line fou, terminated by 
the sida'i of the right angle »ag, be drawn through tE»e 
point a, in such a manner, that the points u and F shall be 
equally distant from the point e; for in that case the 
lines AB, CG, bf, and ac, will be in continued proportioD. 

Or, with E as a centre, describe an arc of a circle, as 
iiG, in ïuch a manner, that by drawing the line fg, it shall 
pass through the point d ; we shall then have a solution of 
the problem. 

Another method is as follows: Circumscribe a circle 
about the rectangle bacd ; then through the point o 
draw the line fg, in such a manner, that tiie scgments.jn 
and OH shall be equal ; the lines CG and bf will be conti- 
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tinued indefinitely ; draw the indefinite line ade, and from 
the point c draw the line cef, in such a manner, that the 
part EF, intercepted within the angle edf, shall be equal 
to cb; the line df will then be the first of the required 
mean proportionals, and ce will be the second. This con- 
struction is that of sir Isaac Newton. 

PROBLEM XLIV. 

An an^lcy which is iwt an exact portion of the circumference j 
being given ^ to find its value with great accuracy/ by means 
iif a pair of compasses only. 

From the vertex of the given angle, with as great a ra- 
dius as possible, describe a circle, and mark its principal 
points of division, as the half, tliird, fourth, fifth, sixth, 
eighth, twelfth, and fifteenth parts of the circumference ; 
then by means of the compasses take the chord Of the 
given arc, and set it off along the circumference, from a 
determinate point, going round it once, twice, thrice, &c ; 
and counting the number of times that the chord is applied 
to the circumference, until you fall exactly on one of the 
points of division, which cannot fail to be the case after a 
certain number of revolutions, unless the given arc be in- 
commensurable to the circumference ; then examine what 
the point of division is, or how many and what aliquot 
parts of the circumference it is distant from the first point ; 
add the number of degrees which it gives to the product 
of ^60 degrees multiplied by the complete number of turns 
made with the compasses, and divide the sum by the num- 
ber of times that the compasses were applied to the cir- 
cumference : the quotient will be the number of degrees, 
minutes and seconds required. 

Let lis suppose for example, that the compasses, with an 
opening equal to the chord of the given arc, have been 
applied to the circumference seventeen times, and that 
after four complete revolutions they have coincided ex- 
actly on the second division of the circle divided into five 

u2 
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«qoal parti. Tbe fifth part of the circanifn«ice is 73*, 
and two fifths are 14V> ; if 144 then be added to tbe pr»- 
duct of 360* by 4, which is tbe Dumber of Um complete 
reTolutioDB, and if the sum 1584* be divided by 17, tbe 
quotient 93* 10' 35* will be tbe value of tbe required ara 

PKOBLEH XLV. 

A straight line being gioen ; to find, by an easy operation, 
and without a scale, ta a thousandth, ten thous€mdihf hat- 
dred thousandth, Mc part, nearh/, its proportion ta an- 
other. 

TjBt tbe first or least of these lines be called A/ and se- 
cond B. 

Take with a pair of compasses the extent of the line a> 
and set it off as many umes as possible on b : we ^all here 
suppose that A is contained in the latter 3 times, with a 
remainder. 

Take this remainder iii the compasses, and set it off, in 
hke manner, on tbe line b, as often as possible: we shall 
suppose that it is £bntaitied in it 7 times, with a remain- 
der. 

Take the second remainder, and perform the same ope- 
ration on the iine b, in which we shall suppose it to be 
Lained 13 tioies, with a remainJer; and, in the last 
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an uncertainty in regard to the division on which the ex- 
tremity of the given Jine would fall ; whereas, a line ap- 
plied with the compasses along a greater one, can never 
leave any uncertainty in regard to the number of times it 
is contained in it, with or without a remainder. 

If the above fractions be added, in the usual manner, 
we shall find that the given line is equal to ^ffl ^^ ^^^ 
second. 

PROBLEM XLVI. 

^ To make the same body pass through a square hole, a round 

hole, and an elliptical hole. 

We give a place to this pretended problem, merely be-^ 
cause it is found in all the Mathematical Recreations 
hitherto published ; for nothing is easier to those who are 
in the least acquainted with the simplest geometrical 
bodies. 

Provide a right cylinder, suid suppose it to be cut 
through its axis ; this section will be a square or a rect- 
angle ; if cut through a plane perpendicular to the axis, 
the section will be a circle ; and if cut obliquely to that 
axis, the section will be an ellipsis. Consequently, if 
three holes, the first equal to this rectangle^ the second to 
the circle, and the third to the ellipsis, be cut in a piece of 
wood or pasteboard, it is evident that the cylinder may be 
made to pass through the first of these holes, by moving 
it in a direction perpendicular to its axis ; it will also pass 
through the circular hole when moved in the direction of 
its axis ; and through the elliptical hole, when held with 
the proper degree of obliquity ; in all these cases it will 
exactly touch the edges of the hole, so that if the hole 
were smaller it would be impossible to make it pass through 
it. 

This problem might be solved by means of other bodies; 
but it is so simple that nothing farther needs be said on 
the subject. 
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rvOBLEV XLTII. 

To meefurt tie drck, that is to My, tofinda reetiltae^ sptee 
tquai to the circle, or more generally, to find a straight 
Une efual to the circumference of the circle, or tea giten 
arc of that ciraimferemx. ' 

Wc are far from pretending to give an exact and per- 
fect soluiioD of this problem : it is more than probable 
that it will ever baffle the efforts of the hnman mind ; bat 
it is allowed in geometry, that when a problem cannot be 
completely solred, it ii some merit to approach near to it, 
and the more so when the nnknown quantity b circom- 
scribed within the nearest limits. Bat though geometri- 
cians despiur of ever being able to find the exact meunre 
of the circle, they bare accomplished things highly worthy 
of notice ; for tbey bare found means to approach so near 
to it, that even if the radius of a circle were equal to the 
distance between the sun and the 6rst of the fixed stan^ it 
is certain that its circumference might be found from the 
radius, niihout the error of a hùr's breadth. This ii 
doubtless more than sufficient to answer the, nicest pur- 
poses ill the arts ; but it must be allowed that it would 
give great pleasure to a geometrical genius, to be able to 
tell exactly the measure of the circle ; that is to say, to 
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is the given diameter to a fourth term ; or if we triple the 
diameter and add to it a seventh, we shall have-the circum- 
ference very nearly. 

The circumference of a circle, the diameter of which is 
equal to 100 feet, will be found therefore to be 314 feet 
, S inches 5j- lines : the error in this case is about 1 inch 6 
lines. 

If we are desirous of approaching still nearer to the 
truth, we must employ the proportion of Metius, which is 
that of 1 13 to 355 : we must therefore say, as lia to 355, 
so is the given diameter to the required circumference. 
The same diameter as before being supposed, we shall find 
the circumference to be 314 feet, I inch, 1044f lines: the 
difference between which and the real circumference is 
less than a hne. 

If still greater exactness be required, we have only to 
employ the proportion of 10000000000 to 31415926535 ; 
the error in this case, if the circumference were ,a great 
circle, such as the equator of the earth, would be, at most, 
half a line. 

To find the diameter, the circumference being given, it 
is evident that the inverse proportion must be employed. 
We must, therefore, say as 22 is to 7j or as 355 to 113, or 
as 314159 is to 100000, or as 3 1415926535 to 10000000000, 
»o is the given circumference to a fourth term, which will 
be the diameter required. 

J II. 

The diameter of a circle beùig given; to find the area. 

Archimedes has demonstrated, that a circle is equal to 
the rectangle of half the radius by the circumference. 
Find therefore the circumference, by the preceding para- 
graph, and multiply it by half the radius, or the fourth 
part of the diameter: the product will be the area t)f the 
circle, and the more exact, the nearer to truth ^he circum* 
fereuce has been found. 
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8d. Let AD (fig. 75 pi. 9) be the diameter of the circle» 
c the centre, and cb the radias perpendicular to thatdia* 
meter. In ad continued, make de equal to the radius; 
then draw be, and in ab continued make ef equal to it ; if 
to this lineEF, its fifth part fg be added, the whole line ag 
will be equal nearly, within a 17000th part, to the circum- 
ference described with the radius CA. 

For if DA be supposed equal to 100000, AG will be found 
equal to 31415S, with less than an unit of error: but the 
circumference corresponding to this diameter is, with the 
difference of nearly an unit, 314159 ; the error therefore 
at most is i^t%9à ^^ ^be diameter, or about the 17000th 
part. 

Sd. If the semicircle abc (fig. 76 pi. 9) be given ; from 
the extremities a and c of its diameter, raise two perpen- 
diculars, one of them ce equal to the tangent of 30°, and 
the other ag equal to three times the radius ; if the line 
GB be then drawn, it will be equal to the semi-circumfe- 
rence of the circle, within a l^uhdred thousandth part 
nearly. 

For it will be found by this construction, the radius be- 
ing supposed to be 100000, that the line eg, within a unit 
nearly, is equal to S14162, and the semi-circumference 
^ would be, with the difference of nearly an unit, 314159 ; 
the error therefore is about , ^6^006 ^^ ^be radius, or less 
than a hundred thousandth part of the circumference. 

4th. Let A (fig.' 77 pi. 9) be the Centre of the given cir- 
cle, and DE and cb its two diameters, perpendicular to 
each other. On any radius, such as ad, make af equal 
to half the side ec of the inscribed square ; draw bfi in- 
definitely, and to the point h, draw fh dividing ac in ex- 
treme and mean ratio, ah being the lesser segment ; if ci 
be drawn parallel to fh through the point c, the square 
blkt, constructed on bi, will be nearly equal to the circle 
of which BC is the diameter. 

For it will be found by calculation, that bh and bf are 
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respectively equal to 690t)8 and 61237, the radius being 
100000; Bi tberefore will be found equal to 88623, the 
square of which is 78540 &c, the square of the diametec 
being 100000 8cc, white tbe circle is 78539 8cc. 

&ih. ln>cnbe in the given circle a square, and to three 
times tlie diameter add a fifth part of the side of the square; 
the n-sult will be a line which will differ from the circun»- 
ference by ^out a 17000th part only. 

iiv. 

Several methods for makùtg, either numericalh/ or geome- 

trhvlfy, mnd very near the truths a stra^ht line equal to 

tMe given arc of a circle. 

1st. Let tbe given arc, which ought never to exceed SO*, 
be BQ (fig. 78 pi. »}. To obtain the length of it very , 
nrarly in a straight line, draw bh perpendicular to the 
diameter ab, and continue the diameter to d, so that ad 
•hall be e<)ual to the radius ; if dh be then drawn, it will 
cut «iTfrom mi the line ^e somewhat less, but very nearly 
equal to the urc bo. 

But if the line dfce be drawn in such a manner, that 
the segment df, intercepted between the circle and the 
diameter continued, shall be equal to the radius, the 
•traight line Be will then be somewhat greater than tbe 
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26106 ; if from this we subtract 25882, the difference will 
be 224, the third of which, 74|. , added to 26106, will give 
261801 for the arc of 30**. Twelve times this arc ought 
to give the whole circumference ; but 261804^, multiplied 
by 12, is equal to 314168, and the circumference is 314159, 
the difference, therefore, is only the nine hundred thou- 
sandth part of the radius. 

KEMAKK. 

As we promised to give a short account of the different 
attempts made respecting the quadrature of the circle, we 
shall here di^-charge our promise. What we are going to 
say on the subject is only an abstract from a very curious 
work, published by Jombert in 1754*. 

It will first be proper to divide those who have employed 
themselves on this problem into two classes. The first, 
consisting of able geometricians, were not led away by 
illusions. Being aware of the difficulty or impossibility of 
the problem, they confined themselves merely to the find- 
ing out methods of approximation more and more exact ; 
and their researches have often terminated in discoveries 
in almost every part of geometry. 

The other class consists of those who, though scarcely 
acquainted with the elements of geometry, and scarcely 
knowing on what principles the problem depends, have 
made every effort to solve it, by accumulating paralogisms 
on paralogisms. Like the unfortunate Ixion, condemned 
to roll up a heavy burden eternally, without being able to 
bring it to the place of its destination, we find them twist- 
ing and turning the circle in every direction, without ad- 
vancing one step further. When a geometrician has con- 
vinced them of an error in their pretended demonstrations, 
we see them returning a few days after, with the same 
demonstration in a new form, but equally contemptible. 

* The author of that curious little work was Montacja himself. 
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Very often tbey do not besiute to contest the best establisb. 
ed (ruths in the elements of geometry , and in general sensible 
of the weakness of their knowledge in this department of 
science, they consider themselves as specially illuminated 
by Heaven to reveal truths to mankind, the discovery oi 
which it has withheld from the learned, in order to confier 
tbe honour of it on idiots. Such is the ridiculous but re^ 
picture of this sort of men. It may he readily concaved 
that in the short history we are about to give of the quadra- 
ture of tbe circle, we shall not be so unjust towards the 
eminent geometricians, as to couple diem with such vision- 
aries. The singular flights of the latter will only furnish 
us, towards the end of this article, with matter for an 
amusing addition to it. 

Geometry had scarcely been introduced among the 
Greeks, when tbe quadrature or measure of the circle 
b^gan to give employment to all those who possessed a 
mathematical genius. Anaxagoras, it is said, exercised 
himself upon it while in prison ; hut with what success we 
are not informed. 

The question had already become celebrated in the 
time of Aristophanes, and perhaps had made some geo- 
metrician lose his senses ; for in order to ridicule the cele- 
brated Meto, that comic writer introduces him on the 
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made equal to a rectilineal space, the quadrature of the 
circle could be thence deduced ; and in this he was per^ 
fectly right. 

It is very probable that geometricians were not long 
ignorant that the circle is equal to the rectangle of half 
thé circumference by the radius. Before the time of Plato, 
geometry had been enriched with more difficult discoveries, 
yet this truth is first found in the writings of Archimedes. 
Something more however was necessary: the proportion 
between the circumference and the diameter, or the radius, 
remained to be determined ; and this discovery occasioned, 
no doubt, many a sleepless night to that profound geome- 
trician. ' Not being able to succeed with geometrical pre- 
cision, he had recourse to approximation, and found, by 
calculating the length of an inscribed polygon of 96 sides, 
and that of a similar one circumscribed, that the diameter 
being 1, the circumference would be more than 3|-Ji, and 
less than 3|^, or 3f. For he showed that the inscribed 
polygon is somewhat greater than 3f^, and that the cir- 
cumscribed is somewhat less than 3f^. 

Since that time, if great exactness be not required, to 
find the ratio of the diameter to the circumference, the 
proportion of 1 to Sf, or of 1 to 22, is employed ; that is 
to say, the diameter is tripled and f of it is added : this 
7th is never neglected, but by the most ignorant work- 
men. 

This object, we know, engaged the attention of several 
more of the ancient geometricians; among whom were 
Apollonius, and one Philo of Gadara; but the exactest 
approximations which they founc^ have not reached us. 

The first of the modern geometricians, who made any 
additions to what the ancients had transmitted to us, re- 
specting the measure of the circle, was Peter Metius, a 
geometrician of the Netherlands, who lived about the end 
pf the 16th century. Being employed in refuting the 
pretended quadrature of one Simon à Quercu, he found 
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this very rcmnrkable proportion, which approaches ex- 
ceedingly near to the truth, between the diameter and the 
circumferencir, viz, as 1 13 to 355. The error is scarcely 
the ten millionth part of the circamfcrence. 

After him, or about the same time, Vieta, a celebrated 
French analyst and geometrician, expressed the ratio of 
the circumference to the radius by the proportion of 
lOOOOOOOOOO to 314)5996535, and showed that the latter 
number was too small, but that if its last figure were aug- 
mented by only one unit, it would be too great. About 
the same period also Adrian Rnmanus, a geometrician of 
the Nethevland?, carried this approximation to 16 figures; 
but all these were far exceeded by Ludolph van Cculen, a 
native of the Netherlands likewise, who carried this pro- 
portion to 35 figures, and showed that, if the diameter be 
unity followed by 35 ciphers, the circumference will be 
greater than 3l4159263:i58979323816264338327950288, 
and less than 31415926S3i89793238+()2643583'2T950289. 
He was so proud of this labour, which however required 
less sagacity than patience, that, like Archimedes, he re- 
quested it might be inscribed on his tomb-stone : his de»re 
WHS complied with, and this singular monument is still to 
be seen, it is s^d, in one of the towns of Flanders. 

Wilh;brord Snell, another countryman of Melius, made 
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icribed polygon greater than the supposed value of the 
circumference, and what circumscribed polygon it sur- 
passes : in either case this will serve to prove the falsity of 
the pretended rectification of the circular circumference. 

The celebrated Huygens, when very young, enriched 
the theory of the measure of the circle with a great many 
new theorems. He combated also the pretended quadra- 
tare of the circle, whicli father Gregory Saint Vincent, a 
josuit of the Netherlands, announced as discovered, and 
requiring only a few calculations, which he dexterously 
forgot to make. Gregory Saint Vincent, however, was an 
able geometrician ; he wrote an answer to Huygenft, and 
the latter replied ; some of Gregory's pupik entered the 
lists also, and another Jesuit, a geometrici^-n, combated on 
the same side. But it is certain, whatever father Caste! 
may have said, that Gregory was mistaken, and that bis 
large work, which contains some very ingenious things, 
ended with an error, or something unintelligible. As he 
pretended to have found the quadrature of the circle, why 
did he not perform those calculations which are necessary 
to express it numerically ? But this was never done, either 
by him, or by any of his pupils, who carried on the dispute 
with a great deal of aspeiity. 

James Gregory, a celebrated geometrician in Scotland, 
undertook, in 1668, to demonstrate the absolute impossi- 
bility of the quadrature of the circle. This he did by a 
very ingenious method of reasoning, which deserves per- 
haps to be better examined. However, it did not meet 
with the approbation of Huygens, and this produced a very 
warm dispute between these two geometricians. But it 
must be confessed that Gregory gave several very in- 
genious methods for approaching nearer to the measure of 
the circle, and even to that of the hyperbola. 

The higher geometry supplies us with a great number 
of différent methods for finding, by approximation, the 
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measarc of the circle, aod the greater part of them ve 
easier than the preceding ; but this is not a proper place 
for entering into an explanation of them. We shall con- 
tent ourselves with observing, that by means of these me- 
thods the approximation of Ludolph vao Ceuler has been 
carried as ^r as 127 figures or decimals. Sharp, an En- 
glish geometrician, first carried it to 74 6gures; Mr. Machin 
extended it to a hundred, and M. de Lagny continued it 
to 127: it isasfolIowB, If the diameter be unity, followed 
by 127 ciphers, the circumference will be greater than 
SJ4159S6535S97932384C2643383279502884l97l69S9gâ7- 
51058209749445923078174062962089986280348 S5S421I- 
7O67982148O865132723O664709384«6, and less than the 
■ame number, when the last figure is increased only by 
unity. The error therefore is less than a portion of the 
diameter expressed by nnity, divided by unity followed 
by 137 ciphers. If we suppose a circle, the diameter of 
which is a thousand million of times greater than the 
distance of the sun from the earth, the error in the cir- 
cumference would be a thousand milliôos of times less 
than the thickness of a bur. 

It is eren possible to go still further; and Euler hat 
pointed out the method, in the Transactions of the Imperial 
Academy of Sciences at Petersburg; but it must be t 
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ingi which displayed nothing geometrical, to determine 
the length of the line thus described* He was refuted bj 
Regiomontanus, in 1464 or 1465. 

After him, viz, about the middle of the 16th century^ 
Orontius Finaeus, though professor royal of the matbem»» 
tics, rendered himself ridiculous by his paralogisms, not 
only in regard to the quadrature of the circle, but ako io 
regard to the trisection of an angle and the duplication of 
the cube* Peter Nonius however, a Portuguese geome- 
trician, and J« Borelli his former pupil, clearly exposed 
the &llacy of his reasoning. The same Orontius Fineus 
published also a work on Gnomonics, which is nothing 
but a series of paralogisms. 

We are astonished to find the celebrated Joseph Scaliger 
fall, soon after, into the same error. As he had no great 
esteem for geometricians,^ he was desirous to show them 
the superiority of a man of letters, in solving, by way of 
amusement, what had so long difficulted them: he at- 
tempted the quadrature of the circle^ and seriously imai> 
gined be had discovered it, by giving, as the measure of 
it, a quantity which was only a little less than the inscribed 
dodecagon. It was therefore no great difficulty for Vieta^ 
Clavins, and others, to refute his reasoning : this threw 
him into a violent passion ; and, according to the practice 
of that period, exposed the latter in particular to a great 
many epithets not very decent, while it confirmed Scaliger 
more and more in his opinion, that geometricians ^ore 
destitute of common sense* 

We are sorry to include, among this class, die cele- 
brated Danish astronomer, Longoroontanus, who pretended 
to prove that the diameter of a circle is to the circumfer* 
eoce, exactly as 100000 is to S14185. Soon after, the 
famous Hobbes imagined also that he had found the qua^ 
dratare of the circle, and being refuted by Dr. Wallis, ho 
undertook to prove that the whole system of geometry 
before taught was nothing but a series of paralogisois. 
VOL. u X • ■ 
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This fonns tbe subject of a work entitled. De r 
et batu Geomctrarum. 

Olivier de Serres, tbe agriculturist, by weigbing a circle 
and a triangle, equal to tbe equilateral triangle inscribed, 
believed be bad found that tbe circle was exactly tbe 
double of it. Tlûs weak man did not see that tbis douUe 
Û exactly tbe bexagou inscribed in tbe same circle. 

A. M. Dethlef Cluver pretended, in 1695, to bare 
squared tbe circle i and he reduced tbe probl«n to one 
much easier, which he anaounced in tbe following a 
Invenire mnndam Menti divinsi analogum. He uoi 
the parabola, and endeavoured to prove that Archimedet 
bad been deceived in regard to the measure of that figtUB. 

Leibnitz endeavoured to engage him in a dispute with 
M. Nieuwentyt, who then started a great many diflùidtîci 
against these new calculations; bat tbe attempt did not 
succeed. 

Though these ridiculous attempts, as appean, oaght to 
have prevented others, men were seen, and are still seen- 
daily, falling into enon of tbe like kind. About thii^ 
years ago a M. Liger pretended that he had found out tbe 
quadrature of tbe circle, by demonstrating that tbe square 
root of S4 was the same as tbat of 25 i and that of 50 die 
e as that of 49 : this he demonstrated, according to bti 
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of tbe motion of tbe earth. No one before him had been 
able to suspect the least affinity between these questions. 

But what shall we say of the complex calculations of the 
late M. Basselin, a professor in 3 university, who, after as 
much labour almost as van Ceulen^ found a proportion 
between the diameter and circumference beyond the limits 
even of Archimedes ? This weak man, who had so happily 
discovered the quadrature of the circle, was ignorant, till 
sopae days before his death, that Archimedes had squared 
the parabola. He proposed also, had he recovered from 
hh malady, to examine the process of Archimedes, being 
fully convinced that the geometrician of Syracuse had 
been deceived. 

But if these men incurred only ridicule, and ridicule 
confined to the circle of a small number of geometricians, 
we are now going to introduce one to whom the ambition 
of squaring the circle cost much dearer. We allude to 
the Sieur Mathulon, who, from being a manufacturer of 
stufis at Lyons, commenced geometrician and mechanist ; 
but with less success than Hippocrates of Chios, who, 
from being a wine merchant at Athens, became an illustri- 
ous geometrician. Sieur Mathulon, about 40 years ago, 
deposited the sum of 1000 crowns at Lyons, and having 
announced to geometricians and mechanists the discovery 
of the quadrature of the circle and the perpetual motion, 
declared be would give the above sum to the person who 
should prove that he was in an error. M. Nicole, of the 
Academy of Sciences, proved that his knowledge of geo- 
metry was very limited; that his pretended quadrature 
was a mere paralogism ; and demanded the 1000 crowns, 
which were adjudged to him. The Sieur Mathulon de-^ 
murred, and maintained that he ought to prove also the 
falsity of his pei^etual motion ; but he lost his suit, and 
M. Nicole gave up the 1000 crowns to the general hospital 
at Lyons, to which they were delivered. 

Had the Cbatelet of Paris been equally severe, a similar 
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centre of gravity of a sector of a circle, in common parts 
of the radius and the circumference of the same circle* 
We do not rightly understand what the author means, by 
common parts of the radius and the circumference. If he 
means those parts of the radius in which it is usual to ex* 
press the circumference, as when it is said that if the radius 
be 100, the circumference will be 314, we can answer, in 
the name of all geometricians, that the quadrature df the 
circle would, in that case, be found* We will even nojfc^ 
hesitate to tell him, that in whatever manner he determines, 
in the axis of a sector or arc of a circle, its centre of 
gravity, provided that in this determination the arc itself 
is not employed as one of the data, be will have solved 
this famous problem; for who does not know tbat th* 
distance of the centre of gravity of the semi^circumference, 
for example, from the centre, forms a third proportional 
to the fourth part of the circle and the radius? But this 
determination of the centre of gravity of the sector, or are 
of a circle, is a discovery rather to be wished than hoped 
for. 

M. de Yausenville had no need to challenge, dther 
individually or in general, all the geometricians of Europe» 
and even those of Turkey and Africa, where the meaning, 
of the words centre of gravity is certainly not known ; and 
he had still less occasion to inform them that if they did 
not refute him, he would consider their silence as a sign 
of their defeat, and that his quadrature was acknowledged 
as resting on a solid foundation. This bravado will cer» 
tainly excite neither the Eulers, the d'Alemberts, nor the 
Bernoullis, &c, to attack his quadrature. Either M. de 
Vausenville is right, and in that case mathematicians will 
acknowledge his discovery, and bestow oa him every jusi 
praise ; or his pretended quadrature is a mere paralogism, 
and of cour^ it will meet with as little attention as tbat of 
Henry Sullamar, a real Bedlamite, who found it in the 
number €66, inscribed on the forehead of the beast in the 
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Revelationst or those of many others which deserre» in 
like manner, to he consigiwd to obhvion. 

FBOBLEH XLVIII. 

Of the Length of the Elliptical Ciratmferenee. 

We have spoken in a pretty full manner of the circalar 
circumference, the exact determination of whicli in length 
would gire the quadrature of the circle. But no author, 
as far as we know, has sud any thing satisfactory, or use- 
ful in a practical view, respecting the circumference of 
the ellipse. It is however necessary, in many cases, and 
eres in practical geometry, to know the length of that 
curre ; in the higher geometry there are also a great many 
probleoM, tbeiolntioD of which depends (A) the same know- 
ledge : a few obterrations therefore on this subject may 
be of utility. 

Some authws, who bare written on practical geometry, 
arc of opinion that the circumference of an ellipse is an 
arithmetical mean between the circumference of the circles 
described on the two axes as diameters; but this is a mis* 
take ; and had they possessed a little more of the spirit of 
geometry, they would have readily perceived it; for it 
nkay be easily demonstrated that this is false in an ellipse 
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ahernately less and greater than the circumference of a 
given ellipse : and by this method we have calculated the 
following table. We have supposed a series of ellipses, 
one half of the common greater axis of which is 10 parts, 
while the half of the less axis becomes successively 1,8, 
3, &c, as far as 10, the last value given by a circle; and 
we have found that the length of the circumferences of the 
ellipse is as here expressed* 

Common length of the greater axis 20* 



Lesser 
axis. 


Length of the 
elliptic circum- 
ference. 


Length of the mean chr^ 

cumference of the circles 

described on the greater 

and less axis. 


2 


40-6324S 


U'5579 


4 


42-01968 


37-6990 


6 


48-68526 


40-8406 


8 


46-02506 


43*9822 


10 


48*44215 


47-1238 


12 


51-05407 


50*2654 


14 


53-82877 


53-4070 


16 


56-72739 


56-5486 


18 


59-81022 


59*6902 


20 


62*83185 


62-83185 



It here appears, that the circumference of the circle, 
which forms a mean between those described on the greater 
and less axis, is always less than the elliptic Knci and the 
more sensibly so, the more the ellipsis differs from a circle: 
in the first of the above ellipses the error is the 7th part» 

By the help of this table all the mean lengths of the 
ellipsis between the preceding may be calculated : nothing 
is necessary but to take the proportional parts. Let us 

■ * Sir Jbnas Moore also calculated a like table for the elliptic circumfer- 
ences^ extending ten times as far, that is to a hundred difierent ellipses, the 
conjugate axes gradually increasing from 1 to 100» which is the constant 
transverse. The numbers indeed are set down to four decimals» but they 
an not commonly true to more than tw«. Eoitoh. 
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«oppoae, ïbr exam [tie, that the greater axis of a MOi* 
ellipw is SO feet, and that the half of its leu axis i» 7} 
fcM ; it il evident that, in this case, the whole of the lea 
azi> will be 15 feet. This ellipsis then will bold a meao 
place betweeo that in which half the less axis is 44 of *^ 
greater, and anotlier ■□ which the less axis is 44- ^^ ^ 
dividing the difièreace between the lengths of theas two 
ellipses into two equal parts, it will be found, without any 
considerahle error, that the length of the circumference oS 
the meau ellipse will be 55-27558 parts, the aiis being 20t 
consequently the half of the proposed ellipsis having its 
transverse diameter equal to 20 feet, and its ccmjugate to 
7}, will he 27 feet 6 inches and 8 lines : the error hâag 
scarcely a line. 

PBOBLEH XLIZ. 

To describe gemnttricaU^ a circle, the cireuviference ^ 
which shall approach veiy near to that of a given ellipse. 

It is to Mr John Bernoulli also that we are indebted 
for this simple and ing'-nious method of describing a circle 
isoperiinetrous to a given ellipse. As it may serve as a 
supplement to what we have said on the rectification of 
the ellipse, we shall here give it a place. 

Form the two axes of tlic ^ivcn ellipsis into one straight 
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even in the most unfavourable case, such as that, for ex- 
ample, where the ratio of the axes of the ellipse is as 10 
to 1. 

It may be readily seen, that if the semicircle had been 
divided into 8 parts, it would have been necessary to take 
only the 8th part of the sum of all the lines drawn to the 
points of division, including the points d and a. And so 
for other numbers of parts.. 

If this operation were performed with a circle of a foot 
radius, the precision of the result would approach very 
near the truth ; and by means of a geometric scale, with 
exceedingly minute divisions, a very satisfactory numerical 
approximation might be found without calculation*. 

PROBLEM L. 

To determine a straight line nearly eqiud to tlie arc of any 

curve whatever» 

We shall suppose that the amplitude of the given arc is 
not very considerable, as not more than 20 degrees ; that 
is to say, if tangents be drawn at the extremities of the 
arc, and then perpendiculars to these tangents, the angle 
included between these perpendiculars shall be at most 20 
degrees. 

* It it noticed above, by Montucia, that an arithmetical mean between 
the tiFO axes of an ellipse, has been often taken as the diameter of a circle of 
equai circumference with the ellipie* It may be added that this rule always 
gives the perimeter in defeet^or less than just. 

Another rule, almost as easy, which gives the perimeter always in excess» 
or more than just, is this: Square each axis, and take .the arithmetical mean 
between these squa^^s, that is, add the squares together, and take half the 
sum; then extract the square root of this mean« and it will be nearly the 
diameter of a circle of equal circumference. 

As this latter rule is nearly as much in excess as the former is in defect, 
if s» arithmetieal mean between them be taken, that is half their sum, it 
viU be the diameter of a circle of equal circumference^ within the ûfty thoo* 
aandtb part of the whole, and is the nearest approximating rule yet given* 
Thèse rules are taken from my treatise on Meosurationi where several 
ofbers/ may also be seen, both for the whole circomference and also for wuf 
part of it. Editor. 
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This anppotition being made ; draw the chord of the 
arc ; and then find* either by calculation, or by means of 
the compasses, the third of the tangents comprehended 
between the place where they meet and the points of con- 
tact ; if we then add to this third two thirds of the chord^ 
we shall have a straight line so nearly equal to the arc, that 
in the present case the difference will be bat a ten thou- 
sandth part. But if the amplitude be only about 5 degrees, 
the error will not be a millionth part, as has been shown 
by M. Lambert, member of the Academy of Sciences at 
Berlin, in a very interesting work, published in German, 
-which is highly worthy of being translated. 

IP the amplitude of the given arc be greater, as about 
50 degrees for example, nothing will be necessary but to 
divide it into three parts nearly equal, and to draw tan- 
gents to the eitremities of the arc and to the points of 
section, which will give a portion of the polygon circum- 
Ecribexl about the curve ; if the three chords of the three 
parts of the arc be then drawn, and if two tlurds of these 
three chords be added to the third of the tangents, forming 
the circumscribed polygon, the result will be a line equal, 
within a hundredth thousandth part, to the length of the 
given arc. 
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For it is evident that the circle described on the diameter 
AFy will pass through the point £, since the angle aef is a 
right angle. It is also evident that the line drawn from r, 
the centre of the second circle, to the point e, will be 
parallel to df, because the sides ad and af of the triangle 
DAF are bisected in the points e and i. But the angle 
AFD is half a right angle, being half of dca, which is a 
right angle, since the chord of the inscribed square sub. 
tends an arc of 90°: consequently the angle aie is equal 
to 45° ; whence it follows that ab is the side of the octagon 
inscribed in the circle having a F for its diameter. And it 
is evident that 8 times ae is equal to 4 times ad. 

remark. 

If AB be, in like manner, divided into two equal parts in 
G, and if gh be drawn perpendicular from the point g, 
till it meet the second circle ; by drawing ah, that line 
will be the diameter of a third circle, in which if a polygon 
of 16 sides be inscribed, it will be isoperimetrous to the 
above square or octagon. 

. Hence it follows, that if this operation were infinitely 
continued, we should obtain a circle or polygon of an 
infinite number of sides, isoperimetrous to a given square. 
The circumference of this circle therefore would be equal 
to the perimeter of the square, and we should thus have 
the quadrature of the circle. 

We have seen a very ingenious attempt to discover the 
quadrature of the circle on this principle. The author M. 
Janot, professor of mathematics in the Royal Military 
School, reduced the problem to a very exact equation^ 
but complex, by the solution of which he expected to 
obtain this last diameter; but when he seriously tried to 
reduce it, he found the two members of his equation to be 
composed of the same terms, which of course gave him no. 
solution. 
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PBOSLEH LII. 

The three sides of a rtghtangled triangle being gtoen-, /• 
fnd the value of its angles without trigonometrual tables. 

We shall first suppose that the ratio of the hypothenuse 
to the least aide is greater or not less than 3 to 1, in order 
that the angle opposite to that ùde may \>e at most about 
SO*; for the error will be less the more that angle is below 
30°. 

Thia being premised ; let us suppose, for example^ that 
the hypothenuse of the triangle is equal to 13, the greater 
ude camprehending the right angle 12, and the less 5. 
Vi'e must then make this proportion ; as twice the hypcH 
tlienuse, plus the greater side, or 38, is to the less side or 
5, so is three times unity or 3, to a fourth proporUonal, 
wfaivh will be fj-. But f| reduced to a decimal fractioik 
is, 0-S9473: if this number be divided by 0*1745, the 
quotient will be the number of the degrees and parts of ■ 
degree contained in the angle opposite to the less sid^ 
This quotient is 22-^^, which makes 22° 37' IS". By the 
tables it will be found to be 22* 31' Sa". 

If the sides of the triangle are nearly equal, such for 
example a&3, 4, 5, we must suppose in the triangle a line 
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BCD to be 18^ 26' 7% and consequently its double» or the 
angle acb, 36* 52' 14'^ By trigonometrical tables the 
latter will be found to be 36"" 52! 15'' ; so that the differ- 
ence is only one second. 

PROBLEM LIII. 

jfn arc of a circle being given, in degrees, minutes, and 
seconds; to find the corresponding sine, without the help 
rf trigonometrical tables. 

The solution we are going to give of this problera, is 
not so simple and short as the preceding; but it appears 
to be the best hitherto proposed, especially as it is easyj^ 
and may be readily remembered by means of an observa- 
tion we shall make at the end, and which will show its 
source as well as the demonstration of it. 

In this problem there are three cases» which require 
three different methods of operation. The given arc may 
exceed 60% or it may be less or at most not more than 
%(f ; and in the last place it may be greater than 9XP, but 
less than 60^. 

1st. We shall suppose that the arc exceeds 60*» and that 
its sine is required. Take its complement to 90®» and 
reduce that arc into parts of the radius, which we shall 
suppose to be 100000 ; for this purpose» nothing is nece»* 
sary but to multiply the degrees it contains by 1745^^» 
and the minutes by 29*09» and then to add the products. 
Square this arc thus reduced» and raise it also to the 4th 
power ; divide the square of it by 2» and from the quotient 
subtract unity or the radius s divide the 4tb power of it 
by 24» and add the quotient to the above remainder: the 
number thence resulting will be nearly the sine of the 
given arc. 

. Let the given arc» for example» be 70° 30^ ; its comple- 
ment to 9œ is 19'' 30'» which reduced to parts of the 
radius» as beforesaid» will give 34025. The square of this 
number» suppressing the five last figures» which are use* 
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I«M, becuiae we hare no occsMon for more dnn 100000 
paiU (^ the rKdim, ii 1158S, and its half 5793, which 
taken from. 100000 leaves 94S0S. Square 11583, which 
will give the 4th power of 340S5 ; and if five 6gures be 
suppressed, as useless for the reason before mentioned. 
we shall have 1341, which must be divided by 24. The 
quotient, which is somewhat less than 56, being added to 
94208, will make 94264, which will be the sine of IV SC. 
And this is exactly what it will be found to be in the 
tabla of sinei. 

fid. Let u8 now suppose that the given arc is at most 
30*. Find the cube and 5th power of that arc reduced to 
parti of the radius ; tben divide the cube by 0, aad tb* Ah 
power by ISO; if the ûrst quotient be «nfatr a cted traa 
the arc, and the second be added to the remainder, we 
shall have the value of the sine, a very small error ex- 
cepted. 

Let the given arc, for example, be 30*. ' When reduced 
to 100000th parts of the radius it will give 5236fi, the cube 
of which, suppressing the last ten figures, «ill be 14354. 
The 6th part of this number is 2392, which taken front 
the arc 52362, leaves 49970. The âth power of the same 
number 52363, GUpfireasing the last twenty figures, is 
3935, which divided by 120 gives 32 ; if 32 be added to 
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If, instead of the sine of an arc, that of its complement 
be required, the same rules may be employed : the sine of 
the complement of 20"*, for example, is the right sine mi 
70* ; and, on the other hand, the sine complement of 70% 
is the right sine of 20*^ ; by which it may be readily seen, 
that to find the sine complement of an arc, nothing is 
necessary but to find the right sine of the complement of 
the arc. 

When the right sine and the sine complement of an arc 
are known, it will be easy to find the tangent by the follow- 
ing proportion : As the sine complement, or cosine, is to 
the sine, so is radius to the tangent : nothing therefore is 
necessary, but to divide the sine, increased with any num- 
ber of ciphers at pleasure, by the cosine. 

BEMABK. 

We have here given a method for supplying the place 
of tables, so necessary in practical trigonometry, or of 
forming them very expeditiously, in cases when they are 
not at hand, or cannot be procured. I was once myself 
in such a situation, having lost my baggage, which was 
taken from me by a party of the Iroquois Indians, when 
posted at Oswego in Canada. In that dreary abode, I en- 
deavoured to amuse myself by the study of geometry. An 
opportunity of performing some trigonometrical opera- 
tions occurred ; but, being destitute of books, I fortunately 
remembered the theorem of Snellius, which serves as a 
basis for the solution of the preceding problem : in short, 
I recollected two expressions, in infinite series, which give 
the value of the nne and cosine, the arc being given. The 
first, as is well known, a being made to represent the arc, is 

a — "T + -r^ — — 8lc« And the second 1 1 — — 

8ic. But when tbe arc [a is very much below the value 
of the radius or rnnty, it is evident that the three first 
terms of each will be safficient^ because all the following 
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terms become excessirely «iibU. After what bas beeo said, 

tbe demonEtration of these rales may be easily discovered. 

PVOBIKH LIV. 

A circle and two points being green; to describe another 
circle, which shall pass through these points, and touch 
ihejormer circle. 

It is here evident, that tbese two points must be both 
within, or both without tbe given circle. 

Let tbe two given points then be a and b, as in the two 
figares 81 and 82, pi. 10. Join tbese points by a straight 
line jiB ; and through one of them, for example a, and 
the centre of the given circle, draw the straight line aib^ 
intersecting it in tbe two points h and i ; then take ad a 
4th proportional to ab, ah, ai, and from the point d, draw 
the two tangents de, ve; last]y,from the point a, through 
the two points of contact draw the two lines baf, enf^ 
intersecting the circle in f and f: the circle described 
through the two points a and B, and through f, will touch 
tbe given circle in s ; and if one be described through 
tbe points A, b, and/*, it will touch the given drcle iaf. 

PBOBLBU LV. 

7W circles and a point being given ; to describe a third 

circle, which shall pass through the given paint, and touch 
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PROBLEM LVI. 

Three circles being given; to describe a fourth^ which shall 

touch them all. 

It may be readily seen that this problem is siisceptible 
of a great number of different cases and solutions ; for the 
required circle may contain the three given circles, oir 
bnly two of them, or even one, or the giVen circles may all 
be without it. Eut, for the sake of brevity, We shall con- 
fine ourselves to one of these cases, that where thé circle 
to be described must leave the other three without it* 

Lei the three given circles then be denoted by a, b, c, 
(fig. 84 pi. i'O) and let their tadii be Aa, b5, cc; let a also 
"be the greatest, b the mean one, and c the least. In the 
radius kd make dd equal to cc, the radius of the least cii^cle, 
and from a as a centre, with the radius A(2 describe a new- 
circle. In the radius b^, make pe equal to cc also, and 
from B as a centre, with the radius Be describe another 
circle ; then^ by the preceding proposition, through the 
centre c describe a circle, which shall touch the two new 
circles ; let its centre be e, and its radius eg ; diminish 
this radius by thé radius cr, and from the same centre e 
describe another circle, which will evidently touch the 
three first circles given. 

For since the Circle described from the centre A with 
the radius kdy is within the proposed circle a, by the 
quantity ad or ccj it is evident that if the radius eg be 
diminished by that quantity, the circle described with this 
new radius, instead of touching the interior circle, having 
Kd for its radius, will touch the proposed circle, the radius 
of which is Aa. 

It may be seen also that the same circle described with 
the radius eg, less c^, will touch externally the circle 
which has for its radius b^. Lastly, it will touch externally 
the circle having cc for its radius; consequently it will 
touch them all three externally. 

VOL, I. V 
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TBa problem had same celebrity among tbe anâenta; 
and indeed'it is attended with a certain degree of diffi- 
culty. It terminated a treatise of ApoUonius, entitled De 
Coiitactibos, which has been lost, bat which Vieta, a cde- 
bratsd geometrician who lived about tbe end of tbe 16tb 
century, restored, and wbicb may be found in bis works, 
printed in Latin, at Leyden, in 1646, in folio, with the 
title of ApoIloDtusGallus, seuexsuBcitata ApolloniiPei^» 
de Tactionibus Geometna. 

Newton has given a beaotiful and ingenious stdutîoQ of 
tbb prc^lem ; but that of Vieta appeared to us prefoable 
for tbe present work, being^founded on easier principles. 
We cannot omit this opportunity of observing, that the 
abore work of Vieta is a most elegant piece of geometry, 
treated in tbe manner of tbe ancients. 

PBOBLBH L\II. 

WAat Miet mre time, tie mcrfueet tfwhkh have fie umt 
ratio to each other as t/ieir solidiiiet f 

This problem was proposed^ in the form ataa-entgiDa, 
in one of tbe French Journals, entitled tbe Mercury, of 
tbe year 1773. 
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swer which was given to the enigma in the following Mer- 
cury^ 

But we may go a little f urther, and say, that there are a 
great number of bodies which, when compared with each 
other, and with the sphere, will answer the problem also : 
such are all solids formed by the circumvolution of a plane 
figure circumscribed about the same sphere, and even all 
plane-faced solids, regular or irregular, that can be cir« 
cumscribed about the same sphere ; for the solidity of all 
.these bodies is the product of their surfaces by the third 
of the radius of the inscribed sphere, while the solidity of 
the sphere is the product of its surface by the third of its 
radius. 

Thus, the equilateral cone is to the inscribed sphere^ 
both in surface and solidity, as 9 to 4. 

The case is the same in regard to the sphere and the cir- 
cumscribed isosceles cone ; except that the ratio, instead 
of 4 to 9, will be different according to the elongation or 
oblate form of the cone. 

If the sphere and the circumscribed cylinder possess this 
property, it is because the latter is a body produced by 
the circumvolution of the square circumscribed about the 
great circle of the sphere, on an axis perpendicular to two 
of the parallel sides. 

If tlie square and inscribed circle revolved around the 
diagonal of the square, the surface and solidity of the 
body, thus produced, would be to each other as v^2 is 
to 1. 

We shall here propose a similar problebi : 

What are those figures^ the surfaces and perimeters of which 
are to each other in the same ratio f 

The answer is easy : the qircle and all polygons^ regular 
or irregular, circumscriptible of it. 
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TMEOBEM VIII. 

The dodecagon inscribed iii the circk is ^ of the square of 

the diameter, or equal to the square of the side of the «i- 

seribed triangle. 

This theorem, which is exceedingly curious, was first 
remarked by Sticllius, a Dutch geoihetrician. 

Let AC (fig. 85 pi. 10) be the radius of a circle, in which 
is inscribed the bide ab of the hexagon; and if ad and 
no be the side» of the regular dodcci^on, it tbence fol- 
lows that, by drawing the radius dc, it will cut the side 
AB pcriiendicularly, and divide it into two equal parts. 
But it is evident, that the area of the dodecagon is equal 
to 12 times one of the triangles adc, or ncs; and as the 
triangle adc is equal to the product of the radius by the 
half of A F, or by the 4th part of the radius, that is to say, 
is equal to a 1th of the square of the radius, the twelve 
will bcetjual to^ times the square of the radius, or to^of 
the square of the diameter. 

On the other hand, the side of an equilateral triangle in- 
scribed in a circle, the diameter being unity, is equal to 
v'l; consequently its square is also equal to -^ of the 
square of the diameter, or to the dodecagon. 
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y^y fV ' its surface will be rational^ and equal to |^|4 of 
the square of the diameter. 

PROBLEM LYIII. 

If the diameter ab (fig. 86 pK 10) of a semicircle acb, be 
divided into any two parts whatever ^ ai> and db ; and if 
on these parts as diameters there be described two semi- 
circles AED and DFB, a circle is required equal to the rtf- 
mainder of the first semicircle. 

From the point d raise dc perpendicular to ab, till it 
meet the semicircle acb : if a circle be then described 
having no for'its diameter, it will be that required. 

The demonstration of this problem, so well known, is 
deduced from a theorem in the 52d book of the Elements of 
Euclid^ viz. that the square of a b, is equal to the squares of 
AD and DB and twice the rectangle of ad and db ; a rect- 
angle to which the square of dc is equal by the property 
of the circle. Instead of these squares, if we substitute 
semicircles, which are in the same ratio, the problem will 
be demonstrated. 

PROBLEM LIX. 

A square being given ; to cut off its angles in such a manner^ 
that it shall be transformed into a regular octagon» 

Let the given square be abcd (fig. 87 pi. 10). In the 
two sides dc and da, which meet in d, take any two equal 
segments whatever, di and dk, and draw the diagonal ik; 
make dl equal to twice dk, plus the diagonal ik, and 
draw LI ; if cm be then drawn parallel to li, through the 
point, c, it will cut off from the side of the square the 
quantity dm, to which if dn be made equal, by drawing 
the line nm, we shall have the side of the octagon re- 
quired. If AE, AF, BG, BH, CN and CO be made equal to 
the line dm, by drawing ef, oh and on, the required oc- 
tagon will be completed. ^ 



-' zxiziple of what often 
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•f the given angle, and make the rhombus lega, eqaal to 
the given square. On the line de describe a semicircle^ 
in which apply df equal to dl, and draw ef ^ lastly, if oh 
be made equal to ef, and hdi be drawn through the point 
H, the line hdi will be the one required. 

PROBLEM LXIl. 

Of the Lunule of Hippocrates of Chios. 

Though the quadrature of the circle be in all probabi- 
lity impossible, means have been devised to find certain 
portions of the circle which are demonstrated to be equal 
to rectilineal spaces. The oldest instance of a circular 
portion, which may be thus squared, is that of the lunules 
of Hippocrates of Chios ; the construction of which is as 
follows : 

Let ABC (fig. 90 pi. 11) be a right-angled triangle, on 
the hypothenuse of which describe the semicircle abc, 
touching the right angle b: if semicircles be then described 
on the sides ab and bc, the spaces in the form of a ere» 
scent, AEBHA and bdcgb, will together be equal to the 
triangle abc. 

For it is well known that the semicircle on the base Ac 
is equal to the two semicircles aeb and bdc, because 
circles are to each other as the squares of their diameters: 
if the segments ahb and bgc, which are conmion to both, 
be taken away, there will remain, on the one hand, the 
triangle abc, and on the other the two spaces in the form 
of a crescent, aebh and bdcg, and these remainders will 
be equal : therefore &c. 

If the sides ab, bc are equal, as in fig. 91, the two lu- 
nules will evidently be equal, and each will be half of the 
triangle abc, that is to say, equal to the triangle bfa or 
bfc. 

Hence we obtain a simpler construction of the lunule of 
Hippocrates. Let abc (fig. 92) be a semicircle on the 
diameter ac, and afc an isosceles right-angled triangle» 
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If from tlie point r as a centre, there be described through 
A and c, the arc of a circle abc on the b^se ac, the lu- 
Du)e ABcn will bo equal to the triangle cat. 

Since the square of jpc is double the square of ^e, or of 
EF, the circle described with the radius re will be double 
that described witb the radius ec: consequently a 4th part 
of the former, or the quadrant fadc, will be equal to the 
half of the second, or to the semicirele abc. If the conhr 
mon segment adcea therefore be taken away, the re- 
mainders, viz, the triangle afc, on the one hand, and the 
lunule ABCDA, on the other, will be equal. 



We shall take this opportunity of making the reader ao* 
quainted with several curious observations, added by mo- 
déra geometricians to the discovery of Hippocrates. 

1st. From the centre i (fig. 93) if there be drawn any 
straight line whatever ve, cutting ofF a portion of the lu- 
nule AEGA ; that portion will still be qoadrable, and equal 
to the rectilineal triangle ahe right-angled at h. For it 
may he easily demonstrated, that the segment A£ will be 
«qual to the semi-s^ment agh. 

Sd. From the poiut e, if ei be let fall perpendicular on 
AC, and if fi and fe be drawn, the same portion of the lu- 
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titled CurvilinjBorum Amsenior Contemplatio, 1654, 4% and 
afterwards by other geometricians. 

4th. If the two circles, forming the lunule of Hippo- 
crates, be completed, the result will be another lunule, 
ivbich may be called Conjugate, and in which mixtilineal 
spaces, absolutely quadrable, may be found. 

From the point f, if there be drawn any radius rM, in- 
tersecting the two circles in r and m ; we shall have the 
mixtilineal space ramb, equal to the rectilineal triangle 
LAR : which can be easily demonstrated ; for it may be 
readily seen that the segment ar, of the small circle, is 
equal to the semi-segment lam of the greater. 

Hence it follows, that if the diameter mo touch the small 
circle in f, the mixt triangular space arfwa, will be 
equal to |he triangle asf, right-angled in s, or to half the 

lunule A6CBA. 

5th. There are also some other portions of the lunule 
of Hippocrates that are absolutely squarable ; which, as 
far as we know, were never before remarked. Let abcfa 
(fig. 94) be a lunule, and let ab be a tangent to the inte- 
rior arc. Draw the lines ea and eA making with ab equal 
angles ; if from the point b there be then drawn the chords 
BE, BCy which will be equal, we shall have the mixtilineal 
space, tern^inated by the two circular arcs, eb^, agf, and 
the straight lines j^e and fe, equal to the rectilineal figure 
eAEBe. 

This would be true, even if the figure abcfa were not 
absolutely quadrable; that is to say, though abc should 
not be a semicircle, provided the two circles were always 
in the ratio of 2 to !• 

PROBLEM LXIII. 

To construct other lumùes^ besides that of Hippocrates, which 

are absolutely squarable^ 

The lunule of Hippocrates is absolutely squarable, be- 
cause the chords ab, bc (fig. 92) and Ac fi^re t^uch, that 
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the square of the lost is equal to the squares of the other 
two ; so that by describing on the last an aro of a circle, 
similar to those subtended by ab and bc, the two segmenta 
AB and BC are equal to adc. 

This method of considering the lunule of Hippocrates 
conducts us to more general views ; for we may conceire 
in a circle any equal number of chords at pleasure, for ex- 
ample four, as AB, BC, cd and de, (fig. 95) of such a na^ 
ture, that by drawing the chord au, the square of it shall 
be quadruple of one of them; or more generally, the num* 
ber of these chords being n, the square of ae may he to 
that of AB, as n to 1. Thus, if we describe on AB an arc 
similar to those subtended by the chords ab, bc> &c, the 
segment ae will be equal to the segments ab, bc, Gcc, to- 
gether : if from the rectilineal 6gure abcoe therefore, wa 
take away the segment ae, and add to it the segments ab> 
BC, 8cc, the result will be a lunule formed of the arcs ace 
and AE, which will be equal to the rectilineal polygon 
abcde. 

The question then is, to resolre the following geome- 
trical problem : 
In a given circle to inscribe a series of equal chords, a b, bc, 

CD, &.C, in suck a manner, thai the square of the chorS 
y which theii are all subtended, shall be to the square 




GEOMETRICAL PROBLEMS. S31 

which the lunule is to be constructed. Continue ab to b, 
so that BD shall be equal to the radiijis^ and on ad as a 
diameter describe the semicircle aed» cutting be^ drawn 
perpendicular to ad, in £ ; draw de, and make df equal 
to it: on af describe also a semicircle arf, intersecting 
the radius co, perpendicular to ab, in h ; draw ah, and 
in the given circle make the chords ai, ik and kl equal 
to AH ; then draw al, and on that chord, with a radius 
equal to de, describe an arc of a circle al ; by these 
means we shall have the lunule agbla, equal to the recti- 
lineal figure aikla. 

Construction of the second lunuk, where the circles are as 

1 to 5. 

Continue the diameter of the given or leas circle, till the 
part PD (fig. 97) be equal to half the radius; and draw 
the indefinite line de perpendicular to ad ; then from the 
point s, which divides the radius a c Into two equal parts^ 
with a radius equal to 3 times Ac, describe an arc of a 
circle, cutting the before-mentioned perpendicular in £ : 
make ef equal -^ of ac, and dh equal to the radius; di« 
vide hf into two equal parts in o ; and from o as a centre, 
with a radius equal to oh, describe an arc of a circle cut- 
ting the straight line ad in i : then make dk equal to hi, 
and draw kr perpendicular to the diameter, intersecting 
the semicircle described on ac in l ; lastly, draw al, and 
let the chords am, mn, no, op, pq, be made equal to it: 
if an arc of a circle be then described on aq, with a radius 
equal to de, the lunule anpqa will be equal to the recti- 
lineal figure AMNOPQA. 

Lunules absolutely squarable may therefore be formed 
with circles, which are to each other in the ratios of 1 to 
2, 1 to 3, and of I to 5. But there are no others formed 
by circles in simple multiple or sub-multiple ratio, which 
can be constructed merely by the rule and coippasses. 
Those which might be formed with circl«fl in the ratio of 



333 CEOHBTBICAI. PBOBLBHS. 

I to 4, I to 6, or 1 to 7, Sec, would require tlie assistance 
of the higher geometry. The trisection of an angle, or 
the finding of two meaa proportionals, is a problem of the 
same nature, and ofthe same degree, and to be solved only 
by the same moans. But there are still two, which may be 
constructed by the help of simple geometry, and which 
" are formed by circles in the ratio of 3 to 3 aud of 3 to 5. 
For the sake of brevity, we shall confine ourselves to show- 
ing the method of construction. 

For the first. Let. there be any drcle, the radius of 
which is supposed to be 1 ; inscribe in it a chord ab (fig. 
98 pi. 12), equal to >/ ^~ y'^i, and let it be twice re- 
peated, from B to c, and from c to d: draw the chord 
AU, and on ad describe an arc similar to the arc abc ; if 
the two equal chords ab and ed be then drawn, the lu- 
nulc ABCDEA will be equal to the rectilineal polygon 

AnCDEA. 

For the second. In a circle, the radius of which is I, in- 
scribe a chord equal to /I ~ iv'f ~ ^\ - i:V\> *'*'^ 
carry it round five times ; draw the chord of the quintuple 
arc, and describe on it an arc with a radius = t/^; in 
this arc inscribe the' three chords of its three equal parts. 
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tangent of the arc adc, and then draw the line af in such 
a manner^ that the angle ëâc shall be to the angle fAc in 
the sanie ratio as the less circle is to the greater ; the^ one 
of the three foUowlng things will take place : af will be a 
tangent to the circle abc, fig. 99 ; or it will ciit it, as in^i 
fig. 100; or as in f fig, 101< 

In the first case, the lunule will be absolutely squarable^ 
and equal to the rectilineal figure kalc (fig. 99). 

In the 2d, this lunule, minus the circular segment ^^ 
will be equal to the rectilineal figure a/kcla, or the space 
AKCL, plus the triangle AK/(fig. 100). 

In the 3d, the same lunule, plus the circular segment 
a f will be equal to the rectilineal space a^Kcla or the 
space aKcl minus the triangle àKç (fig. 101). 

We omit the demonstration, both for the sake of brevity, 
and because it may be easily conceived from what has 
been already said. 

Hence it may be readily seen, that if the given circles 
have to each other a certain ratio, which will admit of the 
angle fac (fig. 99, 100) being constructed with the rule 
and compasses, in such a manner as to be to the angle eac, 
in the reciprocal ratio of these circles, we may draw the 
line fa, which will cut ofi^ from the lunule the portion 
adcb/a, equal to an assignable rectilineal space. Now 
this will always be the case when the less circle is to the 
greater in the ratio of 1 to 2, or 1 to 3, or 1 to 4, or 1 to 5, 
&c; for the angle fag must then be double, triple, qua- 
druple, or quintuple of eac : in this there is no difficulty. 
The case will be the same if the less circle is to the greater 
in the ratio of £ to 3, or 2 to 5, or 2 to 7, &c j or the arc 
Ai>c, being susceptible of geometrical trisection, as is 
often the case, if the greater circle be to the less as 3 to 4, 
or 3 to 5, or 3 to 7, &c. 

Another Method. Let af (fig. 102) be a tangent to the 
circle abc in a, and ae a tangent to the arc adc in the: 
same point. Draw the line act in such manner^ that tbe 
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angle fac may be to tbe angle bag, as tbe greater drcle 
ia to the leu ; that is, that tbe angle fab shall be to bag, 
as tbe greater circle minus tbe less is to tbe latter : the line 
AO will then fell either on ac, or above it, as in ao, or 
below it, as in kg. 

Now, in the first case, it may be eaûly demonstrated^ 
that the lunule is absolutely sqoarable. 

In the 2cl, it may be shown that tbe same Innnle, minin 
the mixtiline^ triangle moc», is equal to an assignable 
rectilineal space. 

In the 3d, it may be proved that tbe same lunale» if tihe 
mixtilineal triangle cmg bé added, will be equal to the 
same rectilineal space. 

Lastly, let there be drawn, in each of tbe preceding 
figures, between Ac and ab (fig. 99, 100, 101, 103), any 
line whatever an, forming with the tangent ab any angle 
HAE ; then, in the angle fab, draw another line An, in 
sucli a manner, that the angle nAB shall be to ban, as fab 
to CAS. It may still be demonstrated, that the mûtblineal 
figure formed of the two arcs vn, ap, and the two lines 
An, PM will be equal to a rectilineal space ; which may be 
found, by dividing the arc sn into as many parts, similar 
to the arc af, as the number of times that the less circle 
is coiitaineJ in the greater : this may be performed geo- 
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1o its basCy which shall cut off from it a portion absolviety 
sjuarable. 

Remark 2. The following method for dividing circles, 
&c, is so curious, that it is well deserving of a place here, 
in addition to the foregoing ways of dividing them into 
certain portions. 

To divide GeometricaUy Circles and Ellipses into any Num^ 
ber of Parts at pleasure ^ and in any proposed Ratios. 

Although the learned labours of all ages have failed in 
their attempts at the geometrical quadrature of the circle, 
and even of the division of the circumference into any 
iiumber of equal parts at pleasure ; yet our own time has 
furnished the solution of a problem but little less curious, 
and heretofore esteemed almost, if not altogether, as diffi* 
cult as it ; namely the division of the circle into any pro* 
posed number of parts whatever, of equal perimeter, and 
the areas either equal or in any proportion to each other. 
The solution of this seeming paradox was first published by 
Dr Huhon, in his quarto volume of Tracts, in 1786. That 
curious solution was, in substance, as follows : 

Divide the diameter ab (fig. 132 pi. 17) of the given 
circle into as many equal parts as the circle itself is to be 
divided into, at the points c, d, e, &c. Then, on the 
lines AC, ad, ae, &c, as diameters, describe semicircles on 
one side of the diameter ab, and also on the lines be, bi>, 
BC, &c, on the other side of that diameter; then will these 
semicircles divide the whole given circle in the manner 
propcMsed, viz, into parts which are all equal to each other, 
both in area and in perimeter. 

For, the several diameters of the dividing semicircle 
being in arithmetical progression, and the diameters of 
circles being in the same proportion as their circumfe- 
rences, these will also be in arithmetical progression. But, 
in such a progression, the sum of the extremes being equal 
to the sum of each pair of terms that are. equally distant 
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froDi them ; therefore the sam of the circumferences bri à C 
and CB, is equal to the sum of those on ad and db, and to 
the sum of those on ah and eb, Ecc, and each sum equal 
to the semicircumference of the given circle on the whole 
diameter A B. Therefore all the parts have equal peri- 
meters; and each perimeter is eqUal to the whole circum^ 
ference of the first given circle. Which satisfies one of 
the conditions in the problème 

Again, the same diameters being in propoi'tion to each 
other as the numbers, 1, 2, 3, 4, &.c, and the areas of 
circles being as the squares of their diameters, the semi- 
circles will be as the square numbers If 4-, §, 16, &c, and 
consequently the diffcreuces between all .the adjacent 
semicircles are as the terms of the arithmetical progression^ 
l,S, 5, 7, &c:aDd here again the sums of the extremes aud 
of every two equidistant means, make up the several equa I 
parts of the circle. Which b the other condition of the 
problem. 

But this subject admits of a still more geometrical formj 
and is capable of being rendered very general and exten- 
sive, and is nloreover very fruitful in curious consequences. 
For first, in whatever ratio the whole diameter is divided, 
whether into equal or unequal parts, and whatever be the 
number of the parts, the perimeters of the parts will always 
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AB *- semicircle on âp : but the semicir. on aô =î semîcrr. 
on AE + semicir. on be, and the semicir. on ao =: semicir. 
on AE -r semicir. on ce, therefore semic. ab — semic. ac 
= semic. be + semic. ce, that is, the space p is « semic. 
BE + semic. ce ; to each of these add Éhe space 6> o)c thre 
semicircle on Bfc, then p + Q == seniic. j*e + semic. ce + 
semic- bc, that is, k» + q =^ double the semic. be, or = 
the whole circle on be. 

In like manner, the two spaces pq and its together, or 
the whole space r qrs, is equal to the circle on the diameter 
BF. And therefore the space rs alone is equal to the 
difference, or the circle on bf minus the circle on be. 

But, circles being as the squares of their diameters,' 
B£^, BF% and these again being as the parts or lines BC, 
bd, therefore the spaces pq, pqrs, rs, tv, are respectively 
as the lines bc, bd, en, ad. And if bc be e^ual to cù, 
then will fq be equal to rs, as in the first or simplest 
case. 

Hence, to find a circle equal to the space RS, where 
the points d and c are taken at random : From either end 
of the diameter, as a, take ao equal to dg, erect gh per- 
pendicular to AB, and join ah ; then the circle on ah will 
be equal to the space rs. For, the space pq is to the space 
RS, as BC is to CD or ag, that is as be^ to ah^, the squares 
of the diameters, or as the circle on be to the circle on 
AH. But the circle on be is equal to the space pq; 
therefore the circle on ah is equal to the space rs. 

Hence^ to divide a circle in this manner, into any pro* 
posed number of parts, that shall be in any ratio to one 
another : Divide the diameter into as many parts, at thç 
points D, c, 8cc, and in the same ratiosas those proposed'; 
then on the several distances of these points from the two 
ends a and b, as diameters, describe the alternate semi- 
circles on the different sides of the whole diameter ab ; 
and they will divide the whole circle in the manner pro- 

VOL. I. z 
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powd. That is^ the spaces tt, bs, pq, will be as the Unes 

«D, DC, CB. 

But these properties are not confined to the circle alone. 
They are to be found also in the ellipse, as the genus of 
vhich the circle is only a species. For if the annexed 
figure be an ellipse described on the axis ab (fig. 131 pK 
11) the area of which is, in like tnanner, divided by similar 
semiellipses, described on ad, ac, bc, bd, as axes, all the 
■emiperitneters ^, ae, bd, c, will be equal to one another, 
for the same reason as before in the circle, namely, because 
the peripheries of similar ellipses are in the same propor- 
tion as th«r diameters. And the same property would 
«till hold good, if ab were any other diameter of the 
ellipse, instead of the axis ; descrifaÀog on the parts of it 
Kmiellipses which shall be similar to those into which tbe 
diameter ab divides the^ren ellipse. 

And further, if a circle be described about the ellipse, on 
the diameter ab, and lines be drawn similar to those in 
the second figure ; then, by a process the very same as 
before in the circle, substituting only semiellipse for semi- 
circle, it is found that the space ' 
vg = the iùpilar ellipse on Uie diameter be, 
l>j)Bi = tbe âmilar elUpse on the diameter bf, 

= the «milar ellipse on tbe diameter ah, or to the 
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has been originally proposed in this manner. A certain 
number of persons purchased a grinding stone among 
them, in equal shares; and they agreed that they should^ 
one after another, grind dowir an equal portion of it, or 
an equal part of the area of its plane surface. 

Let ADBE (pi. 17 fig. 135) represent the flat or plane 
circular surface of the grindstone ; and suppose the num- 
ber of persons to be 5 ; then the problem is, to divide thi$ 
circle into 5 equal portions, by means of smaller circles^ 
concentric with the given circle, or having the same centre 
C This question was proposed in the Ladies' Diary for 
the year 1709, and the solution of it, in the following 
manner, was first given by Dr Button. 

, Divide the given radius ac into the given number (5) of 
equal parts ; at the points of division erect perpendiculars, 
to meet the semicircle described on tfab diameter ac, in 
the points e^f, g, h ; then through these points, from the 
centre c, describe as many circles ; and tbey will divide 
the given circle in the manner required. 

For the areas of the several included surfaces are pro* 
portional to the squares of their radii, ce, cf, eg, ch ; but 
the squares of these radii, by the principles of circles, are 
as the versed sines cd, cf, c&, ca; therefore the circles are 
as these versed sines ; but these versed sines, by the con- 
struction, are in arithmetical progression; therefore the 
areas of the circles are also in arithmetical progression ; 
consequently their differences, or the intervals between 
their circumferences, are all equal. 

PROBLEM LXV. 

Of various other Circular Spaces absolutdt/ Squarable. 

1st. Let there be two concentric circles, through which 
U drawn the line *b (fig. 103 pi. 12)^ a tangent or secant 
to the interior circle. Draw ca and cb, forming an angle 
ACD, and make the arc dv in proportion to the arc da, as 
the squavQ of cd is to the difference of the squares of cb 

z9 



310 âZOHETEICAI. TEOBLEUS. 

and CD : if ce be then drawn, we shall bave tbe mixtilinead 
space ABEF equal to the rectilineal triangle acb. 

It is evident that, to render tbe position of cE detennio- 
able by common geometry, the ratio between tbe arcs ad 
and OF must be that of certun numbers, as 1 toi, 1 to 2,1 
to 3, &c, or 2 to I, 2 to 3, &c. Consequently, tbe difier- 
ence of tbe squares of the radii of the two circles, must be 
to the square of the less, as 1 to 1 , or 2 to I , or 3 to I , Slc. 
The sectors of the different circleB being then in the com- 
pound ratio of the squares of their radii and of their ampli- 
tudes, we shall have thé sector bce equal to acf; if tbe 
common sector dcf therefore be taken awayy and tbe 
space ADB be added to both, tbe rectilineal triangle acb 
will be equal to the space afbb. 

2d. Let there be any sector, as acbga (fig. 104), of 
which AB is the chord. In a double, or quadruple, or 
octuple circle, take a sector acbga, tbe'angle of wliicb 
shall be the half, or tbe fourth, or the eighth part of kbe 
angle acb, which it is possible to do with the rule aad 
compasses ; let this second sector be disposed as seen in 
the figure, that is to say in such a manner, that tbe . arc 
agb shall stand on the chord ab. We shall then have tbe 
space AagbsGAf equal to the rectilineal figure kcvc, minus 
the two triangles aue and ^bf. 
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segment eb will be equal to the segment bc. Hence it 
follows, that the triangle formed by the two arcs eb and 
BC and the straight line ec, will be equal to the rectilineal 
triangle ebc. Lastly, that if ad be a tangent in a to the 
arc aeb, the mixtilineal figure aebcda will be equal to 
the rectilineal triangle adb. 

4th. If two equal circles touch each other in c (fig. 106), 
and if a third equal circle be described through the point 
of contact; the curvilineal space afcedba will be equal 
to the rectilineal quadrilateral abdc. For, if cb be drawn 
a tangent to the first two circles, the space comprehended 
by the arcs cfa and ab and the straight line <;b, is equal ^ 
to the rectilineal triangle cab, as has been shown already. 
The case is the same with the mixtilineal space cede in 
regard to the triangle cdb : therefore, &c. 

5th. The above remark was made by M. Lambert, in 
the Acta Helvetica, vol. iii. But other spaces of the same 
form may be found equal to rectilineal figures, though 
bounded by circular arcs, two of which only ^re equal. 

Let ABCD (fig. 107) be a circle, from which it is re- . 
quired to cut off, by two other circular arcs, a space of 
the above kind absolutely squarable. On an indefinite 
right line make the parts ce, ef, fh, each equal to the 
side of the square inscribed in the given circle ; and let 
the third part fh be divided into two equal parts in g : 
on the extremity of ce raise the perpendicular ei, and let 
it be intersected in i, by a circle described from o as a 
centre with the radius gc. Dmw ci, and make ck equal 
to it; lastly, on fg describe a semicircle, cutting, in l, 
the line kl perpendicular to fg; draw hl, and in the 
given circle make the chords ab and ad equal to it. If 
with a radius equal to ce, there be then described arcs, 
passing through the points a and b, a and d, wit!i their 
convexity turned toiyards c ; we shall have the space 
bounded by the arcs ab, ad and bcd, equal to the recti- 
lineal space formed by the chords ab, ad, and the four 
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chords DM, MC, cm and sa, of the four equal portioiw of 
the arc bcd. 

But, as enough has been said on this subject, n-e shall 
only add one reflection, which is, that these quadratures 
ought not to be con^dered as real quadratures of a curri* 
lineal space. All the marvellous in these operations, as 
M. de Fonfenelle has very properly remarked, consists in 
a kind of geometric legerdemaio, by means of which as 
much is dexterously added on the one band, to a rectiliiiea} 
space, as is taken from it on the other. It was not in this 
manner that Archimedes first squared the parabola, aiMl in 
which modern geometricians have given the quadrature of 
so many other curves. All these things hotvever appeared ' 
to us sufficiently curious to entitle them to a place in • 
work of this nature, 

FSOBLEH LXVI. 

Of the meamre of the Ellipse or Geometrical Oval^and of 
its parts. 

It may be easily demonstrated, that the ellipse (fig. 109 
pi. 13) is to the rectangle of its axes ab and jt&y as the 
circle is to the rectangle of its axes, or to the square of its 
diameter ab, since each axis is equal to the diameter. 

Thus, as ti>e circle is |4^ nearly of the square of its 
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elliptical segment bfg will also be to the circular segment 
s>B£, as FG to BE, or as the less axis of the ellipsis to the 
f;reaten 

Let there be likewise, in an ellipsis, any segment what- 
«ver, SLsnop. On the axes let fall two perpendicalars from 
n and p, and continue them till they meet the circle in n 
and p; if Kp be then drawn, we shall have the segment 
nop to the circular segment nop, io the same ratio as the 
less axis is to the greater. From this is deduced the solu» 
tion of the following problem, 

PROBLEM LXVn. 

To divide the sector of an ellipsis into two equal parts. 

Let it be required, for example, to divide the elliptical 
sector DCB (Bg. Ill) into two equal parts, by a line as 

On the diameter ab describe a circle; and havjng drawn 
oi perpendicular to ab, continue it to e, and draw £c, 
which will give the circular sector ecb ; divide the arc bb 
into two equal parts in f, and draw fii perpendicular to 
the axis ab ; then from the centre c, to the point g, 
where that perpendicular cuts the ellipsis, draw the line 
GC : the elliptical sector boo will be equal to gcd, as the 
x;ircular sector bcf is to fce. 

The case would be the same if the sector were equal to 
the 4th part of an ellipsis^ or any higher part; and also if 
the sector were comprehended between any two semi* 
diameters of the ellipsis, as dc and dc. 

In this case, from the points d and J, let fall on the axis 
the perpendiculars di and cfi, which when continued will 
cut the semicircle abb in e and^:; divide the arc et into 
two equal parts in^, and draw^A perpendicular to ab, 
cutting the ellipsis in g : the line eg will divide the sector 
Wid into two equal parts. 
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A carpenter has a triangular piece of timber; and, aiishing 
to make the most of it, is desirous to know by xchat means 
he can cut from it the greatest right-angle quadrangular 
table possible : In what manner must he pivceed? 

Let the given triangular piece of tiipber be abc (fig, 
j\2 pi. 13). piviije the two ^ides ab, bc into two equal 
parts, in f and g, and draw fg} then froip the pgiDts f 
and o draw fh and gi perpendicular to the base: the 
rectangle fi, will be the greatest possible that can be in- 
scribed in the triafigle, and will be exactly the half of it. 

If the triangle be right-angled at A (fig. 113) the question 
may be solved, in two di&êrent ways, by which there may 
be obtained the two rectangular tables fi and fi> which 
will each be the greatest inscriplible in the given triangle, 
and both equal. 

When the triangle has all its angles acute, the solutioa 
will be différent according to the side assumed as baKc. 
There will consequently be three, and each will give a 
table more or less elongated, and always of the same area, 
otherwise the greatest would exclukircly solve the pro- 
blem : such are the rectangles fi, gi., and Km (fig. 114), 
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Then make gl equal to ge, and through g draw go, 
parallel to bc, and through the point d draw dq parallel 
to AE ; then take gp a mean proportional between gq and 
GO : if the triangle bag be isosceles, the lines gl and gp 
will be the semi-axes of the ellipsis; and we have already 
shown in what manner an ellipsis may be described when 
the two axes are given. 

But if the angle lgp be acute or obtuse, the^ ellipsis may 
he traced out at once by means of an instrument, described 
in Prob. xxii; for it is of little importance whether the 
angle of the two given diameters be a right angle or not. 
This method will always be equally successful ; with this 
only difference, that when the above angle is not a right 
angle, the portions of the ellipsis, described in the two 
adjacent angles, lgp and lgr, will not be equal and 
similar. 

The two axes may be determined aUo directly: the 
method may be found in books oq conic sections, and to 
these we must refer, as the nature of this work will not 
admit of entering deeply into the subject. 

PROBLEM LXIX. 

The points b and c (fig. 128 pi. 16) are (he adjutors of two 
basons in a garden, and a ù the point where a conduit is 
introduced, and to be divided into two parts, in order to 
supply b and c with water* Where must the point of 
separation be, that the sum of the three conduits ad, db 
and DC, and consequently the expence in pipes, shall be the 
least possible ? 

This problem, which belongs to that branch of civil 
epgineering that relates to the conveyance of water, when 
reduced to geometrical language, may be enounced as 
follows: In a triangle abc to find a point, from which if 
three lines be drawn to the three angles, the sum of these 
li^es shall be the least possible. Now it is evident that 
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there mait be micb a point, and that its position being 
found, tbe espence in pipes will be less than if tbe point of 
separation were assumed in any otlier place. 

It would be tedious to explain tbe reasoning b^ meani 
of wbicb this problem is solved; and it would be im- 
posnble to employ calculation without great prolixity. 
We shall therefore only observe, that it may be demon- 
strated, that tbe required point d must be so situated, that 
the angles adc, adb, and bdc shall be equal to each 
other, and consequently each equal to ISO*. 

To construct this problem, on tbe side ac as a chord 
describe an arc of a circle adc, capable qF containing an 
angle of 120°, or equal to one third of tbe circle of wbioh 
it forms a part ; if the same thing be done on another of 
tbe ndes, as bc, the intersection of these two circular 
arcs will determine the required point d; and it is from 
this point tba,t the conduit must be divided, in order to be 
conveyed thence to b and to c. 

Such, at least, would be the solution of the problem, if 
the three pipes au, do, ub, were all to be of the same 
bore. But an intelligent engineer will not make the pipes 
equal in size; he will be sensible that to give greater. 
height to the jet, it will be proper that the pipes db and 

c should not together admit a greater qnaiitity of water 
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4)f these pipes is in the same ratio, because, in economical 
problems of this sort, it is the ratio of the prices that otrght 
chiefly to be considered. 

These things being premised, we shall find that the 
point of separation of the pipes ought to be in dy so 
situated, that the angles cdA and BdA shall be equal, and 
of such a nature, that the sine of each simll be to radius as 
10 is to 14; or more generally, as the price of the foot of 
the larger pipe, is to double that of the smaller. Hence it 
will be easy, according to this hypothesis, to determine 
the angle, which willbe found to be 132*" 56' or near 
133*. 

If on the sideç ab and ac then, of the triangle abc> 
there be described two circular arcs, each containing an 
angle of 135% their point of section will be in d, where 
the main pipe ought to be divided, to convey water to b 
and c, so as to incur the least possible expence in pip^. 

REMARK. 

By extending this problem, we may suppose that the 
main pipe is to convey water to three given points b, c, b 
^fig. 129). In that case it may be demonstrated, that if 
the four pipes were equal, the point of separation coul4 
not be placed more advantageously, at least for diminish* 
ing the quantity of the pipes, than in the place where the 
lines A£ and bc intersect each. other; but this perhaps 
would not be the most advantageous disposition for making 
the water to be thrown up with the greatest force. ' ' 

The same observation, made in regard to the first solu- 
tion of the problem, may be made here also. To give 
greater force to the jet, the main pipe ought to be nearly 
triple in size to each of the rest. Let us suppose then that 
the price of a foot of the former, is to that of a foot of the 
others, as ?n is to n; and in thé last place, to simplify the 
problem, the solution of which would be otherwise, ex- 
4:eedingly complex, we shall suppose that the lines ae and 
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m: cnt each other at right angles: this b«ng the case* 
it will be fouod, that the angle src ought to be Bocb, 
tà mt, radios being unity, the coâne of it shall be J n X 
^4 mt — (m— I), or, what amonnts to the suse thing, 
the nne of the angle dcp must be eqnal to the abore 
expFesuoD. 

If ire suppose then, for example, that m is to n as 5 to 
3, we shall bare the above expression equal to 0^1496, 
which is the une of an angle of 45° 38'. If the angle dcp 
therefore be made equal to from 45* to 4ff', the.point * 
will be that where the principal pipe ought to be divided. 

If m were to n as 2 to 1, the above expression would 
become equal to O'B66O0, which is the sine of an angle of 
60° } in this case therefore the angle dcf ought to be made 
equal to 60**, or each of the angles dfc and dfb equal to 
30". 

It is here evident that, to render the problem susceptible 
of a solution, m and n must be such, that the above ex- 
pression shall not be imaginary, nor greater than unity. 
In either of these cases there could be no soluUon ; and 
this would indicate, at most, that the division ought to be 
made at the point a, nr at as great a distance as possible 
from the line bc. This expression also must not be =0: 
in that ca^;e we ouglit to cojiclmJe that tin; division should 
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more. If we suppose, for example^ two parallel and 
vertical planes, on one of which is drawn a horizontal 
line, and on the other one inclined to the horizon, it may 
be readily conceived that they will not be parallel, and yet 
they can never intersect each other, their least distance 
being necessarily that of the two planes. Here then we 
have two lines, not parallel, which never meet: but this h 
not the sense in which the problem is understood. 

It may be demonstrated that there are many lines, and 
in the same plane, which continually approach each other, 
and which however can never meet. They are indeed 
not straight lines, but a curve combined with a straight 
fine, or two curved lines together. We shall here give a 
few examples of these lines, which are very familiar io 
those who are versed in the higher geometry. 

In the indefinite straight line ag, (fig. 116 pi. IS) take 
the equal parts ab, bc, cd, &c ; and from the points b, 
C| D, &c, raise the perpendiculars b^, cr, j)d, se, &c, 
which decrease, according to a progression no term of 
which can become 0, though it may become indefinitely 
small ; let these terms decrease, for example, according to 
the progression, 1 , i, if if if i» &c • ^^ ^^ evident that the 
curve passing through the summits of the lines, decreasing 
according>to this progression, can never meet the line c, 
however far continued, since its distance from that line 
can never become : it will however approach it more 
and more, and in such a manner, as to be nearer it than 
any quantity, however small. This curve, in the present 
case, is that so well known to geometricians under the 
name of the hyperbola ; which has the property of being 
contained between the branches of two rectilineal angles, 
having their vertices opposed to each other, towards 
which it approaches more and more, without ever touch- 
ing them. 

If the progression, according to which these lines b&,cc, 
nrf, &c, decrease, were 1, J, 4-, |, tV> &c> ^^^ line passing 
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through the prams b, c, d, e, 8cc, would ttill approacfa 
more and more to the gtrsiglit line ag, without ever meet- 
ing it ; for wliatever might be the distance of any term oS 
thii progression, it could never become = 0. 

Atwiker Example. Without the indeânite line af, (Bg. 
117) uasume any point p, from whicd draw fa perpen- 
dicular to AF, and any other lines at pleasure fb, fc, tOy 
&c, more and more inclined ; in the continuation of which 
make the lines aa, bâ, ce, &c, always equal: it is evident 
tliat tlio line passing through the points a, b, c, </, &c, never 
can meet the line af, though it may approach it more and 
more, and nearer than any determinate quantityi becaoae 
^ bacomes more and more inclined. This curve is tbA 
known to geometricians by the name of the coHckoid, and 
was invented by Nicomedea, a Greek geometrician, to 
serve for the solution of Uie problem respecting two mean 
proportionals. 

A great many other examples might be found in the 
higher geometry ; but these will be sufficient for oar par- 
pose. 

PROBLEM LXXI. 

In the isla)id of Debs, a temple consecrated to Geometry 
was erected, on a circular basis, (fig. 118 pi. 14), and 
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The ingenuity of this construction then was, 1st. To have 
cut from the dome, by the apertures above mentioned^ 
spherical portions of such a nature, that the remainder 
should be equal to a jSgure purely rectilineal. * 2d* To 
have described in the cylindric part, or circular wall of 
the temple, another figure which was squarable. The 
method that might have been employed is as follows : 

Let us first suppose a 4th part of the hemispherical 
dome, having for its base the quadrant acb (fig. 119^. 
Take the arc bd, equal to j. of the arc ab, as the breadth 
of the arc that ought to separate the windows ; and draw 
AD the chord of the remainder. Now let sc£ be any sec«. 
lîon whatever, through the axis of the dome sc, and let 
its intersection with ad be f ; make ce, of, ca continually 
proportional ; in the axis cs make the line ch equal to eg, 
and draw hi parallel to ce, which will intersect the qua- 
drant SE in I : then will i be one of the points of the win- 
dow required ; and the series of points i, determined in 
this manner, will give the contour of that window, the 
surface of which will be equal to double the segment 
AED, while the spherical portion s aids will be equal to 
double the rectilineal triangle cad. 

The whole surface of this 4th part of the dome will be 
equal then to double this triangle, plus the spherical sec- 
tor SDB, which is equal to double the circular sector gdb, 
or to the 4th of the spherical sector saeb ; if from this 
sector therefore, there be cut off the 4th part slm by a 
plaoe parallel to its base, and distant from the vertex s by 
the 4tb part of the radius sc, thç remainder of this hemi- 
spherical quadrant, that is to say the surface aidbmla, 
will be equal to double the rectilineal triangle cad. If 
the other quadrants of the hemispherical dome be then 
made similar to the present one, the whole dome, 'the 
^pertiures deducted, M'ill be equal to 8 times the triangle 

AGD. 

In regard to the aperture to be made in the circular wall 
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of the temple, and wbicli must be equal to a rectilineal 
space, nothing is easier, though it be a part of a cylindric 
surface. Let abdbp ((ig. 120) represent one half of this 
surface ; assume, as the breadth of the door to be formed* 
the chord gh, parallel to the diameter ad; make gi and 
HK, which are perpendicular to the base, of such a size, 
that the door may have that proportion which good taste 
and the character of the work require ; if through the 
points 1, K, and the line ad, a plane be then made to pass, 
which by its intersection with the cylindric surface will 
determine the curve ilk, we shall have the cylindric aper- 
ture GBHEi, a little arched at the lop, which will be to 
the rectangle of cb by gk, as the sine of the angle lcb is 
to the sine of half the right angle. The problem of the 
Greek geometrician therefore is solved. 

This problem might be varied a great roaoy ways. 
During my dreary residence, in 1753, at a post in Canada, 
I amused myself with these variations, and I resolved the 
problem by making the whole of the surface of the tempip 
absolutely quadrable. I left only one aperture in the 
dome, viz, a hole at the top, like that of the Pantheon at 
Rome, and I made the four windows in the cylindric part 
of the temple, &c, AH thb however will be easy to any 
one versed in geometry. 
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ture at the top. By these means the dome will bear upon 
parts that have some solidity, each window being sepa- 
rated from the other by an arc which forms a 6th part of 
the whole circumferenceé 

€d. Father Guido-Grandi has remarked, that if a poly- 
gon, for example the triangle abc, (fig. 121)^ be in- 
scribed in the circular base of a cone, and if on each side 
of this polygon a plane be raised perpendicular to the 
base, the portion of the conical surface, cut off towaisds 
the axis, is equal to a rectilineal space. For it may be 
easily demonstrated, that this surface is to that of* the 
rectilineal polygon abc, which corresponds to it perpen-* 
dicularly below, as the surface of the cone, is to the circle 
of its base; that is, as the inclined side of the cone sd, is 
to £D the radius of that base. 

The portions also of the coue cut off by the above 
planes, towards the base, are evidently in the same ratio 
with the segments of the circle on which* they rest. In 
fact, whatever figure be inscribed in the base, if we con- 
ceive a right cylindric surface raised from the circum- 
ference of the figure, it will cut off from the conical sur- 
face a portion which will be to it in the same ratio. 

This Italian geometrician, who was of the order of the 
Camaldùles, thought proper to give to this conical por- 
tion absolutely quadrable, the name of Velum Camaldu- 
lense. In like manner, a Franciscan took it into his head 
to construct a sun-dial on a body which resembled a san- 
dal, and to print a description of it, under the title of 
jSandalion Gnomonicum. 

PROBLEM LXXIl. 

If each of the sides of any irregular polygon whateoer^ as 
ABCDEA, (fig. 122 pi. 14), be divided into two equal parts^ 
as in a, b, c, d, e; and if the points of division in t/ie con^ 
tiguous sides be Joined; the result will be a new polygon 
abcdea : if the same operation be performed on this poly* 

VOL.1. A A 
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gon ; then on the one resulting from it ; and so mad m- 
finitum; it is required to fad the point where these divi- 
sions leill terminate. 

This problem, ioipossible to be resolved perliaps by 
considerations purely geometrical, is susceptible of a very 
simple solution, deduced from another consideration^ and 
which shall be given in the next volume. 

In the mean time our readers may exercise thùr inge- 
nuity upon it, as ve. shall only add, that it was proposed 

in 1750 by M, p. , who sud he had it from M. 

BulTon. 
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A COLLECTION 

Of Various Problems, bath Arithmetical and Geometrical; 
the solution of which is proposed by way of exercise to 
fiiathematical readers. 

Those who study matfaematics cannot begin too early 
to exercise their talents with the solution of the problems 
presented by that science ; for it is by such exercise that 
the inventive faculty is cabled forth and strengthened. We 
have therefore thought it our duty to subjoin to this part 
of the Mathematical Recreations' a selection of problems 
proper for exercising and amusing young mathematicians. 
They are of different degrees of dlfficultyi that they may 
be suited to the different capacities of those who read this 
work. Some curious theorems have been inserted among 
them; and, as the demonstration of these is required^ they 
may serve also to exercise their ingenuity. 

It may be here observed, that, as the most of these pro- 
blems are far from being difficult if the resources of alge- 
braic calculation be employed, it is therefore proposed 
that the solutions of them should be found by means of 
pure geometry ; as k is well known that algebraic analysis 
gives, for the most part, complex solutions, while those 
which arise from analysis purely geometrical are far more 
simple and elegant. 

ARITHMETICAL AND GEOMETEICAL PROBLEMS AND 

THEOREMS. 

p&OBLEM I. In a rightrwgled tq^iigle, giyep tb^ Jwfc, 

the sum or differeince pf the other [^Otiuide^r^od^^l^i^^^» 
to determine the triangle î 

A a2 
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PBOB- II. Given tbe base, the ratio of the other two 
sides, and the area, to determine the triangle. 

PHOB. 111. Tbe base> tbe angle comprehended by tbe 
two other 8ide£> and tbe area being given, to determine 
tbe triangle. 

PKOB. IV. Three lines being given in position, on a 
plane, to draw another line through them, which sbaU be 
cut by them into two parts, in a given ratio. 

PROS. v. Four lines being given in position on a piane, 
to draw another line through them, »hicb sLall bé cut^to 
thru parts, in a given ratio. 

PBOB. VI. What is tbe probability of throwing an ace, 
or any one of the faces of a die, in three throws ; that is 
either at the first, second or third throw î 

PBOB. VII. At the game of Piquet, a is Erst in' hand, 
and has no ace ; what probability is there that he will take 
ÏD from the pack either one^ or two, or three, or four 
aces? 

PBOB. VIII. What is the probability of throwing one 
ace, and'no more, in four successive tBrows ? 

PBOB. IX. In a lottery, where the number of blanks b 
to that of the prizes as S9 to 1 , as was the case in the year 
1720, how many tickets must be purchased that the buyer 
tnay have an equal chance for one or more prizes Î 
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THEOR. II. If lines be drawn from these angles^ divid- 
ing each of them into two equal parts, or cutting the op- 
posite sides into two equal parts^ these three lines will all 
pass through the same point. 

PBOB. XII. A trapezium being given, to dividerit into two 
equal parts, or in any given ratio, by a line passtfig 
through a given point, either in one of the sides, or within 
the trapezium, or without it. 

PROB. XIII. In a given circle to inscribe an isosce]es 
triangle of a given magnitude.— It is evident that this 
triangle must be less than the equilateral triangle inscribed 
in the given circle ; for the latter is the greatest of ^11 
those that can be inscribed in it. 

PROB. xiY. To circumscribe about a given circle an 
isosceles triangle of a given magnitude—This triangle 
must be greater than the circumscribed equilateral tri- 
angle ; since the latter is the least of all those that can be 
circumscribed. 

PROB. XV. In an isosceles triangle to describe three 
circles, each of which shall touch two sides of the triangle, 
and which all three shall touch each other. 

PROB. xvi. To do the same thing in a scalent triangle. 

PROB. XYii. What is the value of this analytical ex- 

pression, ^ ^ y^"2V^&c, in infinitum î— The answer is 
2 ; but a demonstration is required. In like manner the 

value of v' g y^ 3 y' 3 &c, in infinitum, is 3 ; and so of 
any other number. 

PROB. xviii. In a pyramid, of four triangular, faces, if 
the sides of these four triangles be given ; required the 
angles formed by the faces of this pyramid, the perpen- 
dicular let fall from any of the angles on the base, and the 
solidity of the pyramid. 

PROB. XIX. To cut a given trapezium into four equal 
parts, by lines intersecting each other at right angles. 

PROB* XX. A gentleman has an irregular quadrangular 
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piece of ground, from which he is desirous, for tbe pur- 
pose of making a parterre, to cut the largest oblong po»* 
sible, with its angles touching tbe lides of tbe qiu^ri- 
Jiitcral : how is this to be done Î 

FEUB. kxi. Given the area of a right-angled triangle, 
and the sum of itie three sides, to determine the triangle. 

PROB. kxil. If from a pack, consisting of J3 cards, IS 
of each suit, 5 cards be dealt to one person ; what Îb tbe 
chance that two of tliem shall he trumps, or of any suit 
that is proposed ? 

FROB, XX III. About a given circle to ciraumscribe a tri- 
angle, of a given perimeter; provided this perimeter be 
greater than that of the equilateral triangle circumscribed. 

PEOB. XXIV. In a triangle, iiot equilateral, to find a 
point, from which, if three perpendiculars be drawn to 
the three sides, they shall be tf^etfaer equal to a given 
line. — ^We have excluded the equilateral triangle, because 
it may be easily demonstrated, that from whatever point, 
within such a triangle, perpendiculars are let fait on tbe 
sides, their sum will be always tbe same. 

The case is the same in regard to every regular poly^ 
gon ; and even those that are irregular, provided tbe sides 
are equal, 

PROP. XXV. !n a glfen circle to inticribe an isosceles 
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« 

box : in Mrhg.t manner must he proceed î— It is evident 
.that this problem expressed geometrically h as follow^ ; 
In a given quadrilateral to ipscribe the largest ellipsis pos- 
sible : a probleo) which is certainly not ^asy. It is proper 
to inforqd tbo^ who may be disponed to try it, that it ro* 
quires a profound koowl^dge of analysis. Thfs following 
also might be proposied: About a given quadrilateral to 
l^rcumscHbe the least ^llip^is possible. 

^itOB. xxix* A point and a straight line being given^ 
in what line will be found the centres of all the circles 
parsing tbroi^gb the givep point, aod touching the givea 
line. 

PROB. xxx^ Required the same thing in Tegard to aU 
th^ ci/cles that touch a given circle and a given straight 
line. — ^This straight line may be without the given circle; 
or it may itouch it» or intersect it. 

. FftOB. XXXI. Any two circles being given, in what line 
will be found the centxes of all the circles that touch this 
given circles ; whether the touching circle comprehend» 
them both within it, or touches the one without and the 
Other within î 

pROB. XXXII. The base of a jangle, the sum of tbp 
Iwo otber sides, and the line drawn from the vertex tP the 
jsuiddle of the base, being given; to determine the tri*» 
iuigle. 

PROB. XXXIII. Given the three lines, drawn from the 
angles of a triangle to the njiiddle of each of the opposite 
Mdes; to determine the triangle. 

PROB. XXXIV. Given the base of a triismgle^ and the sum 
, and the difference of the squares of the sides, to deter* 
mine the triangle. — This problem is susceptible of a very 
simple and very elegai)t construction ; for the vertejic of 
this triangle is in the circumference of a certain circle, 
and is also in a certain straight line. 

PROB. XXXV. Given the three, lines drawn from the 
angles of a triangle to the opposite sides, dividing each of 
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ibese angles into two equal parts ; to determiiie the tri> 
angle. 

PsoB. XXXVI. Any number of points being given, te 
draw a straight line among tbem in such a manner, that if 
a perpendicular be let fall on it from each of these points, 
the sum of the perpendiculars on the one side, shall be 
equal to the sum of thoite on the' other side. 

PBOB. XXXVII. The same supposition being made, it is 
required that the sum of the squares of the perpendicalars 
drawn on ^he one àde, shall be equal to the sum of the 
squares of those on the other ; or that the^nim of these 
perpendiculars, raised to an^ power whatever n, shall be 
on both sides equal. 

FROB. XXXVIII. In any trapezium, given the foar sides 
and the area, to determine, the trapezium. 

PROB. XXXIX. An angle being given, to find a point 
from which if two perpendiculars be let fall on its ndes, 
the quadrilateral formed by tbem and the sides of tha 
angle, shall be equal to a given square. 

PBOB. XL. As there are an infinite number of points 
which wilt answer the problem, it is proposed to find the 
line traced oat by tbem, or the curve which they form. 

PBOB. XLi. To find four numbers in arithmetical pro- 
gression, to which if four given numbers, such as 2, 4, 8, 
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PROS. XLiv. Two bills of exchange^ one of 12001. pay- 
able in 6 months, and the other of 20001. j)ajable in 9 
months, were discounted at the same time, and at the 
same rate of interest, for lâOl. at what rate of interest 
were they discounted ? 

PROB. xLv. How many ways can lOOl. be paid by gui- 
neas, at 21 shillings, and pistoles af 17 shilling*^ each? 

PROB. xLvi. An angle and a point within it being given, 
to draw through that point a straight line intersecting 
the two sides of the angle, in such a manner, that the rect- 
angle of their^ segments towards the vertex shall be equal 
to a given square. — This ^iven square must hot be less 
than a certain square, which gives rise to the following 
problem. 

PROB. XLvii. The same supposition being made as in 
the preceding case, required the position of the line pass- 
ing through the given point, when the rectangle of the 
sides of the angle cut off towards the vertex is the least 
possible, 

PROB. xLViiT. Three lines being given in position, to 
find a point from which the three perpendiculars drawn 

to these lines shall be in a given ratio. We shall here 

observe that this problem is susceptible of a very simple 
and very elegant solution, without calculation* 

PROB. xLix. Given two circles in a given ratio, as of I 
to 2, for example, and which cut each other, but in such 
a manner as not to form a quadrable lunule ; it is pro« 
posed to draw through these circles a line parallel to that 
which joins the paints of intersection, so that the part of 
the lunule cut off above may be equal to a rectilineal 
space. 

PROB. L. The same supposition being made, it is pro- 
posed to cut the two circular atcs by à third, which shall 
be of such a nature that the concavo-convex triangle, 
formed by these three arcs, shall be equal to a rectilineal 
space, if possible. 
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PBOB. LI. Three persons hare together lOOl } and it » 
known that Q times the money of the first, plus 15 time! 
that of the second, plus 20 times that of the third, is equal 
to 15O0I. How much money )ias each ? — It may be here 
proper to observe, that this problem, as well as thé 45tb, 
S2à, 5Ttb, and 5Bth, is susceptible of several solutioDs ; 
and to solVe them completely it will be necessary to find 
all the différent answers, and to show that there can be 
DO more ; for by repeated trials it would not be difficult 
to find some of tliem, 

PROS. Lii. A farmer bought 100 calves, sheep', and 
pigs, for the sum of lOOl. at the rate of 3l. 10s. for the 
calves, ll. 6s. 8d. for the sheep, and* LOs. for the pigs : 
How many of each kind did he purchase î 

PBOB. nil. Three merchants enter into partnership, 
■and agree to advance each lOOOOl. towards a certain advea- 
lure ; two of them paid down the money, but the third 
advanced only the half of bis share, that û 50001. the ad- 
venture having failed, they lost not only their capital but 
■SO per cent more : What must each contribute to make 
good the loss i 

pROB. Liv, In a rectilineal triangla, given the base, the 
Tectangle of the other two sides, and the including angle, 
to determine and construct the triangle. 
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mixed, so as to malce 100 quarts in all, worth 12d. per 
quart ? 

PROB, Lix. To find a number of such a nature, that if 
12 and £5 be successively added to it, the sums shall be 
square numbers. ' 

PROB. Lx. To find three numbers, the squares of which 
shall be in arithmetical progression. 

PROB. Lxi. Any number of points being given, to find 
another, from which if straight lines be drawn to all the 
rest, the sum of these lines shall be equal to a given line. 

PROB. Lxii. The same supposition being made as be- 
fore, the sum of the squares of the lines drawn from the 
required point must be equal to a given square. 

It is very singular that the last problem is^ susceptible 
;of a construction inach easier than the preceding. We 
shall here observe, merely for the purpose of exciting the 
curiosity of the geometrical reader, that in the latter the 
required point, and all those that solve the problem, for 
.there are a great mapy which do so, are situated in the 
circumference of a certain circle ;% and it is very remaiic^ 
able that the centre of .this circle is the centi;:e of gravity 
of the given points, supposing each of them to be charged 
with the same weight. 

It may be observed also, that if it were required that the 
iiquareofone of the lines drawn, plus tbe double of the 
second, plus the triple of the third, iacy should make the 
same sum, it Nvould be necessary to suppose the first point 
loaded with a single weight, the second with a double 
weight, the third with a triple one, 8cc, and their centre 
of gravity would still be the centre of the required circle. 

The solution of this problem was not unknown to the 
ancient geometricians. It was one of those of the Loca 
plana of Apollonius; and this may serve to give us à 
more favourable idea of their analysis than is generally 
entertained. 



APPENDIX. 

IN ttie last parî^rapb of prob. 2, page 103, a prin- 
ciple is advanced, which requires some modification or li- 
mitation, Viz, tbat " if an indeterminate doublet be pro- 
posed, it is evident that the probability is 6 times as great 
as when an assigned doublet is proposed ; &c." For this 
property can only be true with 2 dice and 3 dice, bat not 
with 4, or 5 or 6. The probability of an assigned doublet 
with 4 dice, is i'^^, as determined in the preceding para, 
graph ; if this be multiplied by 6, it gives fnri ''^^ '^ ^ thn 
we add tlifi probability of a different iace coming up with 
each die, which is | x ^ x | x |, or -1!^%, it gives H%^ : 
bein 90 chances more than there are in all the 4 dice; 
which is imposable. 

The probability of an assigned doublet with 4 dice, via, 
•^^, includes the probability of some other double; for 
we may throw aces, and also fours, or any ot^er doublet, 
at the same throw ; which cannot happen with two, or 
three, dice. So that the multiplier 6 will answer to the 
probability of an indeterminate doublet, with two or three 
diee, but not with more. 

In all such cases indeed, the safest, as well as the eaùest 
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can come up, but S^ for the contrjiry. Therefore the 
probability of throwing it, is ^^ and that of missing it^ 
j^ ; the odds being 35 to 1 against it. — But, for an inde- 
terminate doublet, or any doublet, whatever it may be, it is 
plain that, whatever face of a may come up, we have only 
to find the chances for b missing that face, to have the 
chances against the doublet. Now there being 5 faces on 
B different from the face of a that may have come up» 
and only one that is the same as it, there are therefore 5 
chances out of 6 for. missing the face of a ; consequentjiy 
the probability of missing a's face, or of missing a dou- 
blet, is i; which being taken from all the chances, 4} leaves 
•|. or ^, for the chance of throwing some doublet or 
other : which is therefore 6 times (|) the chance of throw- 
ing the assigned doublet. — ^Or thus : the die a may come 
up 6 different ways ; and the die b may come up with 5 
faces all different from that of a, but with only one face 
the same as' that of A; there are therefore 6 x 5 or SO 
chances for both different faces, and 6 x 1 or 6 chances 
for the same face, or a doublet, out of the whole 36 
chancesf on two dice. 

Again, for 3 dice, a, b, c. First, the die A may come 
up 6 different ways, but the die b 5 ways all different 
from A, and the die c 4 ways all different from A and b ; 
therefore 6X5x4=1 20 are the number of ways for 
all three different faces, out of 6 x 6 X 6 or 216, the 
whole number of ways or chances with three dice ; conse- 
quently 216 *— 120 = 96 is the number of ways or chances 
for some or an indeterminate doublet, with three dice: 
which therefore is equal to 6 times (16) the number of 
chances or ways for an assigned or proposed doublet. 

Again, for 4 dice, a, b, c, d. By reasoning in the same 
way, it appears that 6X5x4xds 360 is the num- 
ber of chances or ways for all four different faces, or miss* 
inga doublet out of the whole number, 6^ or 1296, dif* 
ferent varieties or ways with 4 dice ; consequently 1496 *-* 



too = 0S6 ia tlic number of chances, or V'i^ t^ic proba- 
bility of tlirowing some or an indeterminate doublet witli 
4 dicei unil whicli is tliereforc not so mnch as 6 times 
ir'ivt) ^''° Jirububility of ttirowing a determinate doublet 
with tlie iftmn niimliCT (4) of dice. 

Ai^aiii, with 5 dice. Here, in the same manner, 6 x 
8X4x!>X'i!= 720, is the number of chances or ways 
of ihrowitig all iho faces of 5 dice different, or of missing 
A doublet, out of 6 s 7176, the whole number of varieties 
or cbanccK with livw dice ; therefore 7176 — I'iO :x 7056 
U tho numbtir of chances or waj's for tliromng doublets ; 
conMi(]uantIy l?i î is tlie probability of throwing doublets 
with A dice, and VtVt the probabihiy of missing tbem. 

Again, with 6 dice, the number of chances or ways for 
ft]l tho (ix lacasdiftrrent, iE6ic5X4x3x2xi= 720, 
out «f the nhok number, 6* = 466c'6, of chances or va- 
rieties with 6 dice. 'I'horefore 4^56 — 720 = 45936 is 
tile number of chances or ways for throwing doublets, 
with the lAmc dice, Con»»)uently ItHt ts the probability 
of throwing a doublet with 6 dice, and î^îfr is the pro- 
btdtihty of misking all doublets, with tbe same nombù' ot 
dice. 

As to the throm of 7 or mo» dice, it ts certaia that 
there must alw«\-s be a doublet, or more ; because the 
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little. Which circumstances may, perhaps, have- been 
occasioned by misplacing or miscopying some of the num- 
bers, by transcribers, after the figure came out of the 
bands of the author. 

Instead of that square therefore, we here insert another, 
of the same kind and extent, constructed and communi- 
cated by Isaac Dalby, esq; first professor at the Royal Mi« 
litary College, and is engraven on plate 5 of the arith- 
metic ; the properties of which are the following : 

1. The sum of the 16 numbers in each column or row, 
vertical or horizontal, and in each of the diagonals, is 
S056. 

■ 

2. The sum of the 4 corner numbers, of each of the 8 
concentric squares, is 514*, or the ^ part of the formai: 
sum 2056. 

3* Haifa diagonal ascending, &c, as in art. 3, pa. 205* 

4. The same with all the parallels, &c, as in 4, pa. 205, 
. 5. If a square iiole, 8cc, as in art. 6, p. 205. 

6. If the square be cut by one of the two stronger lines, 
ieither horizontally, or vertically, through the middle, the 
halves may change places, and the properties of the 
«qiiare will remain as before. 

7. Tliis magic square is composed of four other magic 
squares, of 64 cells each. 

5, If the 4 upper and the 4 lower horizontal rows be 
taken away, there will remain 2 magic squares of 64 celts 
each. And the like takes place when the 4 left hand, 
atid the 4 right hand columns are detached. 

9. And if we take away the 4 outward rows or columns, 
•li;ll round, the remainder will be a magic square of 64 
cells. 

10. The sum of the numbers in each of the horizontal, 
vertical, and diagonal ranks, in each of these lesser squares, 
is 1028, or just half of a rank in the great one. 

11. And the properties of each of these lesser squares 
are similar to those of the great ones. 
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COLLECTION OF USEFUL TABLES, 



TABLE 



0/ the length of the foot,, or other longitudinal n 
used in its Head, among the different nations, and M the 
principal cities in Europe. 

Having- frequently experienced great emburassment, 
while engftgcd ia certaio researches, from not beiog able 
to obtain accurate informatioD respecting the measures of 
different countries, whenever an opportunity occurred we 
collected with great care the proportions of these fordga 
measures, both ancient and modern, as compared with 
our own, and it is hoped our readers will coasider tbeiii< 




Ancient Roman foot . . 13g2 

Greek and Ptolemaic . . 1453 

Greek Phyletenan . . l681 

Foot ofjirchimedea or probably of Sicily 



bet in. lin. pta. 

o 11 7 a 



and Syracuse . 


1051 


8 


9 1 


Drusian . 


1570 


1 1 


1 


Macedonian 


1670 


1 1 


11 


Egyptian . 


2046 


1 5 


6 


Hebrew . 


1745 


1 2 


6 5 




1172 


9 


9 S 


Arabian 


1377 


1 I 


I 7 


Babylonian 


(1648 
(1635 


1 I 
1 1 


8 8 
7 5 


MODERN FBBT. 






English . 


1440 


1 





Altorf 


1116 


9 


3 6 




1335 


11 


1 5 


Ancona and the ecclenastical stah 


S 1846 


1 3 


4 6 


Antwerp . 


1353 


11 


3 8 




1624 


I 1 


6 4 


Arlea ... 


1279 


10 


7 9 


Aogabnrg. 


1399 


11 


7 9 


Avignon . 


' 1279 


10 


7 9 


Barcelona 


1428 


11 


10 8 


Basle 


1360 


11 


4 


Bergamo .. 


2060 


1 5 


2 


Berlin . . 


1428 


11 


10 8 


Besançon . 


14^ 


1 


2 2 


Bologna . 


J 792 


1 2 


11 2 


Bourg en Bresse and Huge; 


1483 


1 


4 S 


Bremen . . . 


1375 


11 


5 5 


Brescia . 


3247 


1 6 


8 7 


Breslaw . 


1620 


1 1 


6 


Bmges . 


1079 


8 


11 9 


Bnisseli . 


1299 


10 


9 9 


VOL. I. 


B S 







Chambeiy and Ssvojr 

China J Tribunal of mathematicE 

t Impena] foot 
Cologne , 

Constantinople i 

Copenhagen 

Cracow 

Dantzic 

Delft 

Denmark 

Dijon 

Dordrecht 

Ferraim 

Florence . 

Franche-Comté 

Frankfort on the Main 

Genoa (the palm) 

Genera . , . 

Grenoble and Dauphigny 

Haerlem . 

Halle in Saxony . 

Hamburgh 

Heidelberg (Palatinate) 

Inspruck . 



PPENDIX. 




feel i». lin. 


pirb 


1594 


1 1 3 


ematicE l623 


1 1 6 


1513 


t 7 




1300 


10 10 




3l6l 


2 2 4 




1678 


1 1 11 




J5LI 


1 7 




1664 


1 a 




1329 


DUO 




787 


6 




1508 


10 6 




1483 


i 4 




1110 


098 




1895 


1 3 9 




1433 


11 11 




1687 


1 2 




1345 


11 2 




1170 


099 




27Ô3 


1 11 




1611 


1 1 5 




1350 


113 




14(Ç 


■0 11 8 




1343 


11 3 




1300 


10 10 




1586 


1 I 2 






part* 


feet in. lin. 


pli. 


^AlftlU (the palm) 


1318 


Iff 11 




Mantua (the brasw) 


2190 


1 6 3 




MarseUles 


]1?2 


099 




Mechlin . 


10S4 


090 




Msntz. . 


1423 


U 10 




Milan JDecimalfoot . 
t Aliprand do. 


1231 


10 3 




2053 


1 5 1 




Jl^odena . 


2997 


2 1 




Monaco . . 


1110 


093 




Montpellier (the pan) 


1119 


9 3 




Moscow . 


1337 


n 1 




Munich ■ . 


136* 


114 




K^les (the palm) 


1240 


10 4 












Nuremberg /To.» foot - 
I Country do. 


1434 
1306 


11 11 

10 10 




Padu» . 


2024 


1 s B 




PiJermo . 


1076 


8 11 




Pari. (<■«>* ■ 
(■metre . 


' 1535 


1 9 




4731 


3 3 5 




Parma 


2092 


I 10 5 




Paria 


2217 


1 6 S 




Prague . ■ 


1424 • 


Q U 10 












Rhinlandifih foot . 


1473 


1 3 




Riga . 


1343 


11 a 




Rome (the palm). . 


1055 


8 9 




Rouen, aa at Paria 


1535 


1 0^0 




Savoy, tee Chambery, 








S<!ville in Andalusia 


1428 


11 10' 




Sienna, common foot 


1784 


1 3 10 




Stettm in Pomerania 


1763 


1 2 8 




Stockhobn 


1545 


1 ID 




'•"^ [IZ^L. 


1377 
1395 


115 
11 7 




Toledo . 


■1318 


10 11 




Turin (Kedraont) 


2414 


18 1 




Treat ... 


1729 
BBS 


1 2 4 


5 





pirtt 


fMtiB.lni.pl>. 


ViIlixlolM 


1307 


10 lo 7 


Venice . 


1638 


117 8 


VeroM . 


1609 


114 9 


Vicenza . 


isia 


1 1 7 « 


Vienna . 


M93 


1 s a 


Vienne in Danphign; . 


1524 


10 8 4 


Dim . . . 


1190 


g 11 


Urbino . 


1673 


1 1 tl 3 


Utrecht . . . 


1C67 


8 10 7 


Wamw . 


1684 


12 4 


We«l 


1110 


O 9 3 


Zuiich 


1410 


11 9 



Of lome other meaturet, both ancient and modern, etmptàred 
tvith the English ttandard. 

The ancient cubit in general was a foot and a half. The 
Hebrew! however had three cubits: 

Ist. The common cubit, which was a foot and g half Hebrew 
measure, or 2617 oftliose parts of which the English foot con- 
tains 144a 

2d. The sacred and modern cuQlti which was one Babylonic 




MEASURES. 



S7S 



reneh feet. 


English feet 


6 


6-3959 


StV? ^•2854 


. 22 


23-4515 


. 20 


21*3195 


. 18 


191876 



MEASURES OF PARIS. 

Toise of Paris • • . 
Metre, or new measure . 
The royal perch 
The mean perch . » . 
The lesser perch, used at Paris 
The acre is 100 square perches. 
The are is 100 square metres. 

MEA8UREJ5 OF CAPACITT FOR LIQUIDS, 

The Muid for liquids (Paris measure) contains 8 French cubic 
feet, or 16744*7071 English cubic inches. 

Six French cubic inches make a poinçon, or by corruption 
poisson, =s 7'2Ô77 £ng. cubic inches* 

2 poissons make • 
2 demi-setiers « 
2 chopines • . . 
2 pintes . • • 
4 quartes . . • 
36 grand setiers 
Litre • • a cubical decimetre = l^V pinte. 
A Muid therefore is equal to 72*4871 English wine gal- 
lons, or about <lf hogshead."* 

FRENCH DRY MEASURES. 

The litron contains 36 French cubic inches, or 43*606 En- 
glish cubic inches. ' 







Eng. cub. inches 




demi-setier 


14*5353 




chopine 


290707 




pinte 


58 1413 




quarte 


116-2827 




grand setier 


465-1308 




Muid 


167447071 



16 Litrons make 
3 Boisseaux •' 
2 Minots 
2 Mines 

12 Setiers 



1 Boisseau 
1 Mînot 
1 Mine 
1 Setier 



Eng. cub. inches. 

697'6g6 
2093088 
4186*176 

8372*352 



1 Paris Muid 100468*224 



Hence the French Muid for things dry is equal to 46*72 
English bushels, or 5 quarters 6 bushels 2*88 pecks. 

The following tables of ancient measures have been added 
from Arbuthnôt. 



Vallatlolid 

Venice 

Verona 

Vicenza . 

Vienna 

Vienne in I 

Ulm 

Urbino 

Utroclii 

Warsaw 

Weset 

Zuricli 



Of. 



0-72525 
0-967 
2-flOl 
n-604 

1 '208; J 
1-4505 
2-4173 

0-9S7 

120-875 
ÎX57-0 
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GRECIAN MEASURES OF LENGTH. 



Dactylos 

Doron 

Dochaie 

Dlchas 

Orthodoron 



Spithame 
Pous • •> 



Pous . 
Pygme * 
Pygon 
Pechys 



} 



Orgya 
Stadios 
Dulos 
MilioQ 



} 



Inches. 
075546 

3 02187 

7'55468 
8-31015 

Kng. inches^ 

90656ak 

12-0875 

Eng. feet. 

1007^^9 

1-13208 
1-25911 
1-51093 

Eng. paces. 
1-00729 

1007291a 
805*8333 



ROMAN DRY MEASURES. 



Hemlna • 
Sextarius • 

Madiut 



Eng. pints. 
•0-5074 
1-0148 

£ng. peck. 

X-0141- 



ATTIC PRY MEASURES. . 



Xestes - 
Chenix 

Medimnus 



Eng. pints. 

0-9903 

1-486 
i'Q906 



* From tbit measure is <leri?ed the Eng lish lror<} pigm^é 



JIWUH DRY MKACURXS, ACCOBDIHG TO JOSZTHim. 
Eng. pintl. 

GmIuI 0*1949 

CU 3*874 

Gmmt 7*0133 

Eag. pc^ 
Sath l-46li 

Eos-boik 

Epb^ 1-0961 

LmmA 3*4807 

En^qnutcr. 

^*^ } .... 1-3702 



SOMAN MBAtDBM FOS LIQUIDS. 



o-s^5g 

Sextariiu i.igsiB 

Cmgiiu 71713 

Eos.gsllow- 

Uroa 3-5857 

Amphora 7-I713 

Eof. bofi. 
Cul«iu 3-3760 
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Eog. gall. 
Hin . . . . • . 1*7225 

Seah 3*4450 

Bath 103350 

^ Enç. hogs. 

Coroiw-. . . ... • . 1*6405 

FRENCH MEASURES* 

The English foot is to the Paris foot, as 1 to 1*055977 
The English square ft. is to the Paris, as 1 to l* 136307 
The EnglL^ cube ft, is to the Paris» as l to 1*211277 

The French wine pint contains 58*1413 English cubical 
inches; and the English wine pint contains 28*875 cubical 
inches. / 

NEW FRENCH MEASURES* 

The new French measures were established by a decree of 
the national convention, on the /th of April 1795. The ele- 
mentary measure on which they are founded, is a decimal part 
of the distance from the pole to the equator ; that is, a decimal 
part of a quarter of the terrestrial meridian : for the Metre, 
which is the element of all the rest, is the ten millionth part of 
that distance, and is equal, in the old French measures, to 36 
inches and 1 1*296 lines. A metre, in length, is the element of 
all the lineal measures; a square metre is the element o£ all the 
superficial measures ; and a cubic metre is the element of all 
the measures of capacity. 

MEASURES OF LENÛTH. 







Eng. incbesb 


Millimetre 


• . 


•03937 


Centimetre 


• • i 


•39378 


Decimetre 


» . 


3*93786 


Metre 


» . ' 1 


39*37860 


Decametre 


• • 4 


. 39378605 


Hectometre 


m « 


. 3937-86059 


Chiliometre 


■ . • 


39378*60599 


Myriometre 


1 . a 


393786*05997 



A metre is 
A Decametre 
A Hectometre 
A Chiliometre 
A Myriometre 
The distance from the pole to 
terrestrial meridian, according to the late French 
ment, is 32815504 English feet. 

. Centesimal degree s 328155-04 English feeU 



Miles fur. ;irdi tett inch, 
_ _ _ 3 3-37 

— — 10 2 978 

— — 109 1 1'86 

— 4 213 2 6'60 
6 1 lift 1 605 

the equator, or 4th part of the 



MEASURtS OF CAFACITT. 

Eiig. cub. iiKlio. 

Millilitre -06106 

Centilitre -61063 

Decilitre 610634 

Litre ... . ' . . 61-06345 

Decalitre 61063450 

Hectolitre .... 6l06'34504 

Chiliolitre (cubic metre) . 6i063-45O42 

Myrioliire . . . 6lO634-50427 

A litre ia2*ll4, or nearly 2( English wine pints. 

A Hectolitre is 2*6434 wine gallons, or 2 gall, 2 quarts 1*14 
pint. 

A chiliolitre is 4 hogsheads, l2 gallons, 1-36 quart ; or 1 tun 
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En£^. square feet. 

Hectare .... 107685-64540 

Chiliare .... 1076856-45407 

Myriare .... 10768564-54070 

A Hectare is 2*472 English statute acres ; or 2 acres i rood 

35*5 poles. ^ . 

» 

MEASURES FOR FIRE WOOD. 

Eng. cubic feet. 
Decistere .... 3*533764 

Stere (cubic metre) . , 35*337645 



END OF THE FIRST VOLUMB. 
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